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. FOREWORD ' 

• ' ^ ■■■■■ ■ ■ --"^ 

Ed Begle recently remarked that curricular efforts during the l'96lO's taugl;it us a great deal about how to 
teach Belter niathematics, but very little about hdw to teach mathematics better. The mjithematician will, 
quite likely, agree with both parts of this statement. The la:fman, the parent, and the elementary school 
teacher, however, question the thesis that the *'new math" was^really better than the "old math."* At best, the 
fruits of the mathematics curriculum "revolution" were not swefet. Many judge them to be bitter. 

While some viewed the curricular chaises of the 1960's to be **revolutiqpary," other? disagreed* IJiomas 
O'Brien of Southern Illinois University at EdwardsviUe recently wrote, "We have not,made any^fundamentalj 
Change in school math,ematics."l He <4|es Allendoerfer*who suggested jthat ^ curficulum which heeds the ways^ 
in which young children learn mathematics is needed. Such a>curriculum would be based on the understanding^ 
o'f children**s .thinking and li^raing. It is one thing, however, to recognize that a conceptual model for mathe- ' 
matics curriculurp is sound and necpary and to ask that the child's thinking and leanung processes be heeded, 
it is quite another to translate these .ideas into a curriculum which <^ be used effectively by the ordinary 
elementary school teacher working in the ordinary^ elementary school classroom. 

% ' * _ . 

Moreover, to propose ihat children's thinking processes should sewe as a basis for curriculum development 
is to presuppose that curriculum makers agree on what these processes are{ This is not the case, but even if it 
were, curriculum makers do not agr^e on the implications which the understanding of these thinking processes 
would have for curriculum development. . ' i • * 

» • 

In the real worid of today's elementary school classroom, where not ihuch-hope for drastic changes for the 
better can be foreseen, it appears that in oMer to build a realistic, yet sound basis for the mathematics curricu- 
lum, children's mathematical thinking oliiSt be studied intensfvefy m thdit usual school habitat. Given an 
opportunity to think freely, children cleariy display certain patterns of thought as they deal with ordinary 
mathematical situations encounter^ Saily in their classroom. A videotaped record of the outward manifesta- 
tions of a child's thinldng, uniflfluenced by any teaching on the part of the interviewer, provides a rich source 
for conjectures as to what this thinking is, whatment^ structures the child has developed, and how the child 
uses these structures when dealing ^with the ordinary concepts of arithmetic. Jn addition, an intensive lirCaiy sis 
of this videotape generates some conjectures as to the possible sources o£ what* adults view as chijdren's 
^'misconceptions" and about how the school environmenf (the teacher and. the materials) "fights" the child's 
natural thought processes. , . - * * 

* • * ^ 

The Project for the Mathematical Development of Children (PMDC)2 set out to create a more extensive and 
reliable basis on which to build mathematics curriculum. Accordingly, the emphasis in the ftrst phase is. to try 
, to understand the children's intellectual pursuits, specifically their attempts to acquire some b^ic mathemati- 
cal skilU and concepts. ^ • - 

The ?MDC, in its initial phase, works with children in grades 1 and 2. These grades ^eem to comprise the 
crucial ^years for the development of bases for the future learning of ^i^athematics, since key mathematical 
concepts begin to form at these grade levels. The children's mathematical development is studied b^. means of: 

1. One-to-one videotaped interviews^ubsequently analyzed by various individuals.' ^ 

' , * • s 

*2. Teaching experiment^ in which specifTc variables are observed in a group teaching setting With, five to 
fourteen children. * > ^ « 

N . . . , 

3. Intensive observations of children in their regular classroom setting. 

4. Studies designed to investigate intensively the effect of a particulaf variable or niedium on communic^; 
ting mathematics to young children. ^ , ' * _ * . ^ 

l"Why Teach Mathematics?" T^e Elementary School Journal 7G (Feb.- 1973), 258.6iB. 

2PMDC is supported by the National Science Foundation*, Grant No'iPES 74-18106-A03. . . . ' '* 



5» Fonnal testing, both group and one-tp-one, designed to provide further insights into young children's 
mathematicai knowledge. ' ' ' * * . 



The PMDC staff and the Advisory Board- wish to report the Project's activities and findings to all who are 
interested in mathematical education. One means for.accomplishing this is the^MDC publication p^rogram. 

Many individuals contributed to the activities of PMDC. Its Advisory Board members are: Edward Begle, 
Edgar Edwards, Walter Dick, Renee Henry, John LeBlaw:, Gerald Rising, Charl^ Smock, Stephen Willoughby 
and I^uren Woodby. The principal investigators are: Merlyn Behr^Tom Denmark, Stanley Erljvanger, Janice 
Flajte' Larry Hatfield, William McKillip, Eugene D. Nichols, Leonard Rkaart, Leslie Steffe.and the Evaluator, 
Ray Carry.'A special recognition for this publication is given to the PMDC Publications Committee, consisting 
of Merlyn Behr (Chairman), Thomas Cooaey and Tom Denmark. - . ^ ' * 



Eugene D, Nichols 
Director of PMDC 



<3 



PREFACE 



This piablication is'^a summary of"PMl5C Technical Report No. 9. ' 
That piablication is the^ report of rhe results of a t^^^ching experiment 
conducted 'during the academic year 1974- a5 .with fifst .gr^de children. 
'Th^ teaching experiment."was done to investigate (1) the roie of ' mathe- 
matical' experiences on the Sfe^cglopment of counting,^: addition, ^ubtrac— 
*tion, -mental aritlinetic/ classificatdxDn, and various other topics in 
'arithmetical cioriricula -and (2) the~role of qbantitat'ivei comparisons 
and ^class inclusion as readiness variables for, learning the content . 
in'U). 



J ThQ names of the' schools used in this study^,^are fictitious/ The , 
study took place in a city in the Southeast with a population of' 
50,000. " » ^ \ . ' 

' TfianJcs are expressed to the principals' of the two .efemeritary 
s'chools, the teachers, and most importantly, the* chrl^ren. Cqofjeration 
sucli as that exp^efienced by the principal 'investigator is critical 
in the^ total enterprise of research. dnd development in mathematics^ 
education.- *^ -j* i * • 
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- The potential of Piagetiari theory as a readiness theory for learn- 
ing mathematical conterit seems hardly explored, even though some, studies 
.have been directed toward such a purpose. On the face of it, the psycho 
logical mechanisms Piaget calls mental operations ought to determi-ne, in 
a..^ubstantj^6^nner, the ma.thematical' consent 'related to cardinal and 
ordinal number a-child is a1»le to- acquire within at least a two or three 
months ^ime span. But whether a child who does not display mental "opera 
^tionq,, in a Piagetain sense, forms mental operations related to cardinal 
and ordinal numijer during the-*^urse of instruction is an unanswered 
question. The issue is simply this— it is not known how children develo] 
mathematix:ally through the. course of an instructional' program except in 
the most global of ways: Untrl'the charts of childrens' progress are 
carefully documented, the best that can be done in the development of 
instructional programs in mathematics is to guess at the answers t?S:he 
most bas?.c of questions. An illustratiorl ds the introduction of the-, 
missing addend problem. During the 1960'-|, program 'developers introducec 
■univefsa-lly.v- the missing addend problem ift the first grade with the 
hope "that it would connect, for the children, addition and subtraction. 
Of course, if it did, then "^"^great savings' transfer would occur in the 
learning of subtraction facts. Just define s^u^b^^action in terms of 
addition. But teachers found the missing addend, problem a source of 
great frustration for many children. With such fee'dback program, 
developers essentially abandoned introduction of the missing addend 
problem in the first grade. Most (fecisions made relative to the intro- 
duc^ion, then aban^nment of the missing addeftd problemwere done in the. ' 



absence 'of any data on the way children develop throughout the "course 
of a -mathematica program. That such ^ata is desperately neede'd should 
be clear from, the example given. In fact, .this study shows that both 
•decisions are essentially incorrect-that of universal introduction and 
that of universal abandonment. Moreover, a' gr^atr 'deal'of information is 
presented on how one -may Wr'mine : which children are ready for intro- 
duction of the missing adden\ Problem and which are not-a very useful 

piece of information. ^ 

Before delving into the study," a' few preliminary ideas are^useful^ 
in understanding the°nature of the variables . The readiness variolas 
are founded in Piaget's developmental theory, and the ^achievement 
■ variables are founded ^n the mathematicaP theory of cardinal and ordi- - . 
nal number.- Even though- Piaget offers a developmental theory concerning 
cardinal and ordinal number, the mathematical theory is distinct from 
the psycliolo,gical theory. In order to be precise concerning the rr^the- 
•matical theo'ry, a discussion of some important aspects of cardinal . and ^ ^ 
ordinal number is given. Likewise, discussion of Piagetian theory.'con- 
c^rning cardinal and ordinal number is offered. For the purpose* of the 
- readiness study, Piagetian theory concerning number, quantity, classifica- 
tion, and relations is ^assum'ed to be internally consistent. The theore*. 
tical' interrelationships of number, class inclusion, relations, one-to- 
-one correspondence, and set* partitions are discus§^ in the, next ^few 



sections . 



The Readiness Variables 
^ . *^ . * 

Quantitative Comparisons 

• Number^ in Piagetian theory > Piaget, in his classic Work " The Child^s 

Conception o^f Number , attempted to show that cardinal and ordinal number 

are developmental, arising^iri the child as a synthesis of Grouping I, 

ft * 
Primary Addition of Classes, and Grouping V, Addition of Connected,^ 

Asymmetrical Relations, .While the data presented-in this book are "old," 

the basic theory of ^ the Genevans concerning the development of number in 

t*he child has not changed substantially over the last three decacles 

(Piaget, 1970; Beth and Piaget, 1966; ^Sinclair, 1971), Number, for 

Piaget (1952), "is at ^the same time a class and an ^symmetrical relation" 

(p. 184). 

Eveo though^' the relefVance of the total grouping structure to cogni- 



tion of^ relations has been questioned (Steffe^ 19 73) , literature of the 
Genevans- concerning the development of nunlber can- be understood^ only ^n th 
context of the grouping structures. Two essential 'conditions for the 

• , . -J ^ 

"transformation" of ^.classes into nt^nbers exist (Piaget, 1952, pp. 183-^ 
84). Given a class, all o^f the elements must somehow be regarded as 
equivalent, but at the same time distinct. To -illustrate these two con- 
diti'ons imagine 'some hierarchical system 00 A^i^ A^C A^CZ •••CH^^j^ 
of classes wher^' the following classes contain single elements 




• • 1. A 

1 

■ , 2. A ' = A_ -■ A-. 

• '• •"4-;.A3' =A^.-A3 . ; ^ 
For- exarapleV. A^ could be a bead, A^' a cube, A^' a bean, etc.. 

The first condition given is that all elements must be regarded as^ ""^ * 
equivalent (all qualities of ^ the individual eleinents^ are .eliminated). 
But, if condition ■on.e holds, then, for example, A^ would not be a class 
of two elements,* but instead only one, for A-^tJ ^I'^'^^l — ^^^ich is to 
say that the quality of* the elements are eliminated.. If the differences 
of A^ and A^ * are taken into, account, then they are no longer equivalent 
to one another except 'with respect to A^. This brings the, second essen- 
tial condition into f6cus. In effect, the equivalent terms must remain 
somehow distinct, but that distinction ho longer has recourse to^ qualita- 
tive differences. Given an object (the bead), then any other *obt] ect is ^ 
di^ting.uished from tljat object .by introducing order — by being placed 
next to, selected after, or etc. "These two conditions are necessary ^ 



and sufficient to give rise to number. Number, is at the^'same time 4 

• • r 

clasd.and an asymmetrical relation'*. . .(Piaget, 1952, p. 184). -According 
to Piaget (1952, p.. 184), in qualitative ^logic, objects cannot be, at one 
and the same time, classified and seriated, sinCe addition o*f classes . 
is x:ommutative whereas seriation is not commutative. HoWie^er, if the 
qualities of thje elements are abstracted, then* bhe two^roypings (I and 
V), no longer function independently, but necessarily merge into a single^ 
system. ' ' 
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In Piaget's system, then, number is riot t9 Ibe reduced to one'or 

'another of the groupings, ^but instead is- a new ^pnstruction — a synthesis 

of Groupings I and V. Elements^ f rom the point .of "^iew of their qualities 

and either considered from the point of view of their partial equivalences 

and are^ classified, or are considered from" the point -of view of their 

differences, and are seriated.' It .is not possible to do both at once 

^> ' . L ♦ ' • " ' " * * A * 

Xinless the qualities are abstracted '(or eliminated), but then it is^ 

necessary 'to do' both simultaneously. . ' 

The only, way, then,' to (distinguish A^^, A^^^, a'^, A^', . . .is to 

seriate them: A ^ A A-^, . . . , vhere ^ denotes the successor relation 

and A represents A. ' where all the qualities of the element of A^^' have 

.be^n eliminated. ' Cleanly , Piaget considers each A to be a unit-element, 

at onc^ equivalent;^ to , but distinct from all th^ others, where the ^ 

• • ' / ^ M 

.equivalence arises through the elimination of qualities and the distinc-. 

iziveness^ arises . through the order of succession. 

The ^notion of a unit is central in Plaget's system And-ls not 

dedircible from' the Grouping Structures, but rather is the result of the 

synthesis already alluded to. Once rever.sibility is achieved in seria- 

t ion and classification, "groupings of operatipns become possible, and, 

define the field of the child's qualitative logic" (Piaget, 1952, p. 

155). H^re operational seriation has a^ a, necessary condition reversi- 

. ^ T . 

bility at the first level of reciprocity. 

A cardinal number, is a class whose elements are conceived 
as 'units' that_ are Equivalent, and yet distinct in-tl^t they 
can be seriated, and therefore 'ordered. Conversely, e^ch ordinal ' 
, number is a series whose te^mns, through following one another 
according to the relations of order that determine their 



respective-'pogitions, are^also units that are equivalent and' 
can_.therefore l^e grouped in a class. Finite numbers are , ^ 
therefore necessarily at the same time. cardinal^ and ordinal 
. . . (Piaget/ 1952, p. 157)/ 

The development of classes and relations does not, ^s it may seem from 

the above quotations, precede the development of number in Piaget's 

# 

^theoxry, but those developments are simultaneous. Without knowledge j 
/: of vthe quAntifliars "a,"^'We," "some," and "all," whic^i implicitly 

involve cardinal 'number , ^ the .child is^not capable 'of cognition of hier- 
archical classifications. A genetic circularity consequently exists in 
the developmental theory of classes^, relations, and numbers. 

« Quantity . It is now possible to disctiss t^e notion of quantity 
as elaborated by Piaget (1952,' p. 5). Strictly - speaking. Grouping VIII, 
Multiplication of Relations, should be discus&e^ prior to the.discussion 
on quantity. Suffice it to say that Grouping VIII allows the child to 
consid.er Uwo g^erceptual^ relations simultaneously .(e*g . , taller but 
narrowed" for two glasses of water)*. 

^ In the subsequent discussion, quantity as viewed by Piaget is 
described; a replication study by Elkind is discussed; quantity is relate 
^^p<one-to~one correspondence; quantity, as a scientifric concept ^ con- 

trasted with, quantity in'Piagetian theory; and the relationship of 
, quantity and num^ber is poTnted out in^Piagetian theory.^ / 
. - Quantity as viewed by Piaget . Whether it be continuous (i.e. , 
liquid) or discontinuous (i.e, collections df objects) quantities, 
Piaget 's logical analysis of ^uantfity In children is the same. F'lrst, 
' there is what it termed gross quantity. Piaget (1952)- describes gross ^ 
quantity 'as follows 



At the level of the first stage, quantity's ... no more 
than the asymmetrical relations between qualities i.e. , compari- 
sons of the type 'more' or *less' contained in iudgments such as 
'it^'s higher,' ^not so wide,' etc. These relations -depend on 
perception, and are not as yet relations in the true sense, 
since they cannot be coordinated one with another in additive 
or multiplicative operations. This co-ordination, begins at the 
second stage and results d,n the notion of 'intensive' quantity,-' 
i.e., without units, but susceptable of lagical coherence. , As 
soon as intensive quantification exists, the child can grasp 
. . . extensive quantity. (p. 5) 

An illustration of gross quantity was given where tvo containers 
of beads; one containing green b^^s^ (A2) and orie containing red beads 
(A-) werfe placed before a child. • The containers were of identical 
dimensions. The child was asked if there were the same amount of. beads 
in the two containers^ and if a necklace made from the green' beads and 
red beads wQuld be of the same length. The green beads (or reds) were 
then poured ipto a container taller but' narrower than the two originals. 
Questions were then, put to the child concerning the^ necklaces , ^Children 
who were. capable only of gross quantity would think' that the necklace 
of green beads would be* either longer than the necklace of red beads or 
shorter, depending on which dimension »he focussed. Such children were 
not able to coordinate the dimensions of the container . 

' Children capable of intensive quantity were capable of coordinating 
the. two dini^l^sion of the container (higher but narrower) . They could 
use this compensating coordination to explain why the number of beads 
doesn't change upon pouring from one container to another, if they knew 
that the numbers of gfeads- were equal to begin with . r 

Psychologically, intensive qXiantity would not be sufficient for a 
child to compare, numerically, two circular arrangements of blocks of 
differing, diameters but of^ equal number. Orie arrangen;ent would be less dense bu 
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of greater^ diapeter (or circumference) than th^e other. But realizing 

this compensating relation would not guarantee that the two circular 

artangemehts contain thfe same- number" of b.lbcks According to Piaget, 

it would be'. necessary^ that aritfcimetical unit^ intervene. 

' Xogical multiplication of relations and the intervention of the 
* V. « 

notion of the unit are th#. two conditions for quantify to be extensive - 

quantity for .the child. LogicaJ. Multiplication pf. relations is a 
nelcessary "(but not *suf f icient) intermediary between gross, one dimen- 
sional quantity and extensive quantity. In the ^case of two amounts of 
liquid in two ^ull containers A and B, a child could make a decision 
about "relative amounts of liquid in A and ^ through logical multipli- 
cation in the two cases where B is both taller and of greater diameter, 
than A and where A and B have at least one constant dimei^sion (height 
or diameter). .In the case where both dimensions vary, nc? decision would^ 
be possible. In siich a case, the notion'of units would logically have 
to intervene before a comparison could be made. Piaget^s claim is' 
that, psychologically, if the ch.ild knows^ that the quantities are equal 
in some initial state, realizing that, they ate equal in a final state, ^ 
where both dimensions of the cylindrical containers vary inversely, 
demands a .conception of "units (Piaget, 1952, p. 21). In tlie case -of the 
r^d and green beads above, ^ thei unit is Piaget arithmetical unit. 

Elk'ind's refylicat^oa^of cjuan^ity . In His study replicating -Piaget 's 
experiments on quantity Elkind (1961a) gives the following, summary: * — 

' Eighty. . .children were divided into three Ag^ Groups 
(4, 5,*6-7) and tested on the three Types of Material for 
, three Types of Quantity in a systematic replication of Piaget 's 
' investigation of the development of quantitative thinking. 
Analysis of variance showed that success in comparing 
quantities varied signif icantTy with Age,* Type of Quantity, 



Type of Material and two of the interactions, • . - ^ 

The results^ were in close agreement with Piaget's ^ 
• finding that success in comparing .quantity developed in; 
three, age related, hierarchically ordered stages, • . • 
(pp. 45-46) »^ ' _ - . ; 



The^ types of material Elkitid used were (1) wooden sticks 1/4" square by 

1 1/4", C2) orange, colored water, a tall narrow glass, and two dr^.nking' 

glasses, one a 16 ounce glass and one an 8 dunce glass, .and y(3) ' large. . 

wooden beads that would just fit into the tall narroW glass- in (2) 

above. The types- erf quantity he compared, were - (1) gross quanti^ty, (2) « . 
' . - • 

intensive quantity, srfld (3) ejctensive quantity. \ / ^ ^-^ 

In the study, gross ^luantities were- easiest to compare, ' intensive 

f 

were intermediate, and extensive -were hardest. For the types of material, 
quantities involving liquids were hardest to, compare, with no difference 

between sticks and beads. There was a significant interaction bf 4ge 

• . _f ^ 

groups and the quantity compa;red. Comparisons involving gross .quantities 

» * *■ ' . 

' t ^ . ■ < ' ^ ' 

was easy for^ all 'three groups. However, comparison involving intensive 

quantities was quite difficult for the 4-year grdlp' and became inct^eas- 

ingly easier for. tfie' two older groups^ the same was true for corilliarisons 

' invplt^ing extensive quantities, but **these comparisons remained more . 

difficult than, the comparisons involving intensive' quantities 

^ • Since Piaget defines his stages in terms of the t^e of quahtita- 

tive comparisons children are capable of maki'ng, jLt i? clear from Elkind i 

study thaWa child may be able to make extensive quantity comparisons 

using materials of a given kind and thereby be classified at Stage 3,^ 

,btit changing the typTe of material could affect the type of Quantitative 

comparispn the child Jf^s' capable of and thereby altjer the stage^ 
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classification. > However ^ ther^ is a definite statistical ' reJ.ationaffip ' 

between age groups and >stages as exemplifies by th6 interactioa of *. 

groups and quantity compared and Jhifti and ^igrviflcant correlations between" . 

* • • , ^ * .* 

types <ff material. " • .v-- 

^ ^ ■ ^ ■ ^ ^" ; 

• Quanrtity and one-ro-one Correspondence > ^ Piaget |I968/* jxp: > 36, 37)' 

^ has identified' two psychological types of one-to-one , correspondence; 

qualitative one-to-one correspondency -and numerical one-t9-one cor.re- * 

\ - . ^ • . • " ' 

.sportdence. Qualitative correspondence, is based on t\xe qualities of the^ 

elements where an element of one class is made to, correspond to some" 

el,ement of another' cl,ass«ifecause of the qualities associated ^ith' tbe . * ^ 

elements — e.g., color, shape,^ or size, ^umerical correspondence is sjjch ' ^ 

that any element of one class is iriade to correspond to any element -"of the 

other class regardless of qualities of elements. ^*Each eT,emeht counts * 

as one, and its particular qualities have no importance. Each elem^t 

becomes simply a unity, an arithmetic uniby . " (p^ 37) v ^ . - /. 

\ ' ' . • i 

Another type of behavior associated with one-to-Qjie corre^spondence. 

/ ' ^ , "c 

J, » 

tasks is optical correspondence (Piaget, 1968, p. 34). Essentially, this' 

-is where children make globdl evaluations. An feixample is in a t^sk 

where the a^ult has, say^ six red checkers aligned in a .rbw an(^ gives ^ 

child the* black checkers and instructs him' .to put out the same number iii 

black checkers as red checkers. An optical correspondence wouLn be wh^re 

the child aligns *all the black checkers in a row adjacent tp smd thfi same 
►J , # , • 

length as the row of red checkers » Another optical correspo/ldence 1% 
wheire a child^ peaces one black checker by one red checker bi\t canriof 
cbnserve the correspondence established. If conservatioja is.^^sent. 



the correspondence is called operational ' ' - ^ 

Qualitative correspondence may be either optical ox operational. ' A 

child making a co^rrespondence between two collections based cm the 

qiialfties of the elements may. not be able tp' conserve the correspondence 

if the configuration of the elements is altered; in this case, the q^uall- 
4 • I 



tative correspondence is op^tical and not operational. If the child 'is, 

able to etsfise^ve tlie correspondenc^^h;is is^ an operationifl correspon- 
ds • 4 ^^-^ ' «. . ' 
(fence /i;e., the elements altered always have the ^possibility of being ' 

• placed back in the original position) . A numerical correspondence is 

essentially Qperational. Children , pass through three stages regarding 

one-to-one correspondence. The first 'is global evaluation, or essentiall3c 



no one-to-one correspondence (up to approximately five or six years of 

age). The second is, optical qualitative correspondence and the third 

is operational or numerical corresbQr^^ence. Piaget (1952) spells, out 

the relationships between different types of quantitative comparisons* 

o i . . 

land the different types of correSpondellices,' i.e., '^global evaluation 

^corresponds to 'gross quantity,' qualitative correspondence to^'inten- 

sive quantity,^ and numerical carrespondence to 'extensive quantity' 

[p. 90,1. ' ' • , ■ - • , • 

If two sets of objects -a^re placed in rows in front of a child 
capable of qualitative correspondence (and henie of intensive quantifi- 
cat;ion) and on6 of two sets is altered, th^n a proper judgment'' coiild 
arise in the case of: " ^ * . 



(1) ^ equal length and equal density of two sets; • ^ 

(2) greater length and greater density of one of the 
sets;* 

(3) equal length arid greater or less dqfcsity, or 

. . greater or less length and equal density^, of ohe 

, * * » 

^ of the set's; > ' 

but not in thfe case of: • « . 

^*4) greater length and stnaller density, or greater 
density and smaller length, since he must be 
able to deduce the proportionality of differences 
(Piaget^ 1952, p. 91). ^ 
Quantity as a^ scientific concept and* as £ cognitive-deveropment con- 
cept . * Confusion exists^ concerning what Piaget means^by intensive and 
extensive quantity and what intensive and extensive quantity means 
in a scientific sense. This section is an attempt to clarify that confusion. 

A.quantitV can be viewed as a collection of elements for which cti- 
teria of comparison have been established (e.g., ordinal numbers). ^ But 



it is well to view quantity in the general context of measurement • Mea- 

surement can be interpreted in terras of a function, where the domain of • 

the function consists. of a collection 6f objects (called bqdies) with 

# • 

definite structure and the ^range (for the purpose of interest here) a 
subset of t^e real numbers. The structure in thev-^domain is pf particular 
inter^t^ Through some empirical (or operational) procedure, the bodies 
of the domain can be ordered on, the basis of some property (qr dimension). 
The pYoperty is' called intensive whenever there exists two physical rela- 
tions < (otder) and = (equivalenceO' such that, given any two bodies B and 
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* > 

C, the trichotomy law holds, and the transitive •property holds for* 

' ' ■ ^ 'J 

It is important to realize the only way u^ne can be sure that the law 
of trichotomy and the transitive property \iold. is through experiment. A 
property is extensive if it is intensive ^ if there exists a physical 
operation that is dlo.sed/ with respect to the property, if it is commuta- 
tive and associative, and i'J it has the following* properties : (1) if 
A = B and C = D,' then A-+'C f B + D for all bodies' A, B, C, and^D, and 
(2) if A = B, then A + C > B for all C. * 

So, the domain of the function has definite structure, was 
stated without regard to number, and depends on Whether the property 
is'fn"^nsive or e;xtensive as well as^intensive (any extetisive property 
is intensive, but not converse*ly) . Once this sifructure has been'iden- 
tified it is possible, through assignment ''of some body as a unit body, 

to assign real numbers to -bodies through a process called measurement 

^ • f * 

(or application* of the measurement function). The function thus 

defined must preserve the structure of the domain. For an intensive 
dimension; this means that (1) F(B) = fi(C) if and pnly If B^=C; (2)^ 
„ F(B) > F(C) if and otiiy if B > C and, frfr an extenjsive dimension, F(B . 
C) = F(Bj F(C). Obviously, F depends on the unit selected so. that , 
F = k*G for artothef measurement * function G defined on the same domain, 
where k is a positive real number. An example of a domain of bodies 

^ • * ' ' . 

" important for this sttidy is the class of collections of physical 

Qbjects, where the comparison between sets is based on one-to-one 

correspondence. If the uiiit selected is a single object, the measure- 
' *^ ' * . 

ment of a set is its count. The measurement function then ^assigns 
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ordinal numbers to sets and preserves the additive structure (for a ■ 

dimension to be extensive, it is sufficient for the bodied to be pair- 

wise disjoint J. • ^ 

^ Contrast of Piaget's conception of intensive quantify and extensive / 

quantity with*<the -definitions given above are made with regard to the 

structure of tlfc domain of'the measurement function, with regard to 

"units, and witV regard to^ mathematical and cognitiye structure. child 

who is capable only of intensive quantity in a Piagetian, sense would not 

have mastered the notion of lihits. However, units of measurement may 

intervene in an intensive quantity (e.g., density)Mn the Scientific 

definition, 'but not in the Piagetian conception. When a child'is capable 

of what P'iaget calls "extenarivje quantity," units intervene.' Apparently, ^ 

a child, capable of extensive quantity iA *the Piagetian framework would 

' • - - • 

be likely to comprehend quantity, intensive and extensive, in the scien- 

tific sense. It should be noted,- tl^at it would be a restricted concept- 

tiqn in the sense of a farmal conlept and in the sense of generality 

'(i.e., a* C|hild would not necessarily tne able to conceive of all difg^rent 

quantities such as real numbers or^den&ity) . Surely, it s'ould seem for 

a child to comprehend an intensive or an extensive quantity^ in the scien- 

fific sense wij^units, he would of neafesity have' to, be capable of 

extensive quantity in the Piagetian s/nse due to the intervention of 

units in the scientific definitions. 

The reason a differentiation needs to be made between genetic , 

structures .concerning quantity and the scientific structures of quantity 

can be seen by^ example. Let B^.be a collection'^of collections of physical 

objects. If equivalence and order are dftfined on the basis* of one-to-one 
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correspondence in the usual manner, B. togethej: with -<the criteria for 
comparison which have been set up is a quantity* Do we have an exten- . 
.sive or an intensive quantity? It. depends on whether ot rrot the elements 
of B are or are not mutually exclusive, respectively. In either case,, a 
unit is taken to be a singular object so that the collections are unique- 
ly assigned numbers. A child's conception of gross, -intensive, or 
"extensive quantity in the Piagetian conception in no way depends on 
whether the collections of B are mutually exclusive. Rather-, it depends 
on the cognitive operations of which the child is capable. If ^ the child 
is capable of extensive quantity in the Piagetian sense, he ought to be' 
capabLe of comprehending the structure of the n^surement function 
under discussion, the unit of measurement, and the necessity of dis- 
joint . cc^llections b^ing used for addition of numbers*. 

Extensive quantity is identified with numerical one-to-one corre- 
spondence, both of which^ incorporate- the notion of a unit. As was 
seen in the section Number in Piagetian Theory , the notion of a unit is 
essential to numljer and is arrived at by a synthesis of Grouping I and 
V, as is cardinal and ordinal number. Consequently, extensive quantity . 
is paralleled by cardinal and ordinal number in Piagetian theory. Gross'" 
and intensive quantity correspond to stages in the development of 
number, which have not yet been discussed here. 

Quantity and arithmetic . • Two noteworthy studies have been conducted 
in which quantitative comparisons addition and subtraction; and manipu- 

latable objects have been interrelated* In the studies "(Steffe, 1966, 

> 

Le Blanc, 196*8), children for whom evidence was present that they"^were 
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able to make extensive quantitative comparison$ ' performed significantly 
better on tests of addition and subtraction problems than did children 
for whom no such evidence- was present. Both of tUese studies were con- 
'ducted toward the end o£^ the school, year using first grad^ children. 
Three four item tests were' constructed, each of these being designed 
to measure the ability of children to make quantitative comparisonTT^ 
Four geometrical arrange'taents were used, one for each t^st — circular, 
rectangular, and linear. 
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Note: Circular patterns have 4" and 7" diame'ters, 

IXi item 1 of one of the test using circular arrangements (see Figure 1) , 
if ar child made a comparison based on the, diameter of the t»wo circular 
arrangements (making a gross comparison), he would no doubt give ah 
incorrect response to the examiner's question, "Are there jnore blocks 
here or are there more blocks here or are there the same number, of 
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blQcks here, as here Cohere" is identified by^ pointing)?" A gross 
comparison could also be made based on relative density alone', which would 
lead to a '^correct". respons^*_j;^A child could also tnake an intensive 

judgment that one cit;:le had more blocks because both circles wer^ of 

/• " 

the same diameter t^ut one was more dense; this would 'also bfe'a correct 
judgmetit. It was, thetefore, possible for a,^g,h±i&' to respond correctly 
on this item without making an extensive a'uantitative comparison. The ^ 

same can be said for Items 2 and 3* Ho.'o^ver, for a child to respond 

/ ^ f 
correctly on Item 4, an extensive cbrfparison had to be made if one 

ascr^^bes to the theoretical intei^xelationships of correspondence, 

quantitative comparisons, and logical multiplication. Certainly an in- 

tensive comparison was not possible since there were the same number 

of blocks in each circle, all equally spaced, so that the arc distance 

between the blocks was always in the same ratio to the diameter. , 

The two remaining tests were strictly analogous, to th'e test using 

circular arrangements. In the two studies under review, there wa,s no 

attempt to explicate experimentally the theoretical interrelationships 

c 

mentioned immediately above nor are such attempts made in ,the present 
study.* The assumption is made that for a child to respond ^correctly 
to items analogous to tbe last item of each test of quantitative com- 
parisons under review', a process of "foYward transformation" had to be 
inftiated and the forward transformation involved* quantitative compari-' 
.sons, which in turn involved logical multiplication of relations.. 

The concept of forward transformation has been advanced by Beilin 

(1969).: ; . • ' . - - ^ 
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Forward transformation is a more significant type of 'transfor- 
mation than reverse trans formatipn* since it is the basis of ;nany 
kinds of problem solving. It. is apparently more^dif f icult to 
initiate, however, than baclcw^d or reverse transformation. 
Carrying out the forward transfo^rmation ineT^'itabley means ^involving 
.a compensation procedure with the dimensions of length and width 
jand ^so th^ transformation is inextricably involved with logical 
multiplication. . . ' ^ ' 

Successful response in the quasi-conseifvation** task is much 
more difficult Aian in the classic cousei:yation task. The difference 
as we have suggested,- highlights the role of the anaiytic^set which 
triggers an' /dmternal transformation process that gives rise to some 
^ kind of cortflict' among inferences. No conflict exists on the sti-? 
mulus side of the equation per se. Conflict results only from the • 
subject/s disposition to analyze the data of his experience in 
such way as to generate inferences which are in conflict* because 
of tmeir logical incompatability (i.e., "the objects cannot be both 
id^tical and nonidentical at the ^ame time") [p. 435]. 



Ition" ^udy 



Of the 341 first-grade children tested for the "addition* 
(Steffe, 1966), 128 were incorrect in at least one item of each test. 
Since Item 4 of eacfi test was very difficult fgr the^ 128 children, thBse 
children may be viewed as being gifoss quantitative comparers. They were 
designated as Level^4. Three other levels of an'ability to make quan- 
titative comparisons were identified: Lbv^ I. where all items of all 
tests were scored correctly; Level 2 where all items on exactly two tests 
were scored correctly; and Level 3 where all items of exactly one test 
were s^cored correctly. Analyses of variance indicated that statistical 
differences (p. < .6l) existed among the mean performances^ of the four 
J.evels|^or addition and subtraction probleips. " It is important to note 



J i. 

*Reverse. transformation is a process initiated by a child; either 
physical or mental, whejre, e.g., a collection of 'objects^ are returned 
to their initial positions in a conservation of one-to-one correspondence 
problem. \ * || 

**Quasi-conservation refers to a task where. the objects are not* 
moved physically, as in Test 1^ 
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that the test of quantitative ^comparisons was administered starting 

Mardh 8 and the test of problems was completed" pn April" 12, 1966. 

* Sullivan '(.1967) , in his critical analysis of Piaget's theory as 

it relates to School Curriculum, has' stated: 

insubstantial correlation between number -readiness (e.g., 
conservation of number) and the achievement of addition an? 
subtraction can be interpreted in both directions.. Simply, ^ 
it raises the question, of "which came first, the chicken or 
the egg;" that is, we do not clearly know whether learning of 
addition or subtraction enhances conservation or whether the 
opposite obtains (p. 21). 

When the significant differences among the four levels of quantitative 
comparisons noted earlier are considered, it must be pointed out that 
the children in the studies received very little or no direct instruction 
on' extensive quantitative comijarisons as measured, but had received ^ ^ 
instruction on processing sums and differences. Children who showed 
little "aptitude for making extensive quantitative comparisons involving 
forward transformation performed- statistically less well on the problems 
than children who were successful in making extensive quantitative comr 
parisons. Since the children in Level 4 did have a mean solution rate 
of approximately two out of every three addition problems and one out 
of » every two subtraction ^problem, it cannot be said that where instruc- 
tion on processing sums has been given, the ability to make extensive 
quantitative comparisons involving forward transformations is necessary 
for the solution of problems. ^ * , 

gut the results of the two studies were as theory predicted. Further 
analyses .showed children who did not make an extensive quantitative 
comparison and, in consequence, did not (probabilistically) initiate or 
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iKisuccessfully inijjp.ated aa internal forward transformation, also per- 
formed poorly on the type of problems most demanding a, forward trans- 
formation. For the problem structure a - b x; where the problems 
wer,e verbally presented withoat manipulatable. objects, the mean score, 
was only 24 percent. For the problem structure a + b = x under the' same 
conditions, the mean score was 49 percent. 

Abater $tudy conducted by Steffe and Johnson (1971) was designed 
•to answer -questions raised in the. first two studies (Steffe, 1966; 
Le Blanc 1968). .During November, 1967,^ 199 first grade children were 
giVen a test of quantitative comparisons. These 199 children were in 
eight classrooms housed in four different school buil^dings in a rural 
Georgia County. Between* Januai^y 15 and 24, 1968;" 192 (if the previously 
tested 199 children were administered the Lorge-Thomdike Intelligence Tes 
Level 1, Form A. The test of quantitative comparisons (discussed later) 
contained 15 items. Evidence was strong that a child could make 
extensive quantitative comparisons if he scgred at least 10 of the 15 
items'*correct. If he scored seven or less evidence was considered weak 
for extensive quantitative comparisons. Of the 1-92 children, 127 with 
IQ scores in the range of 80-97 or 103-120 wejre.used in the study,. Four 
groups of childr^en were^ then defined by crossing the two classification 
variables. During the month of May, 1969,* a '48 item prob.lep solving 
test was administered to 108 childrea remaining in fhe study at that 
time. Twelve problems for each of ^ the ; following four problem' structutal 
types were presented to each child: a + b==n, a-rb=H, a + n = b, 
and n + a =5 b. A treatment variable called Problem" Condition's (presence 



^ 22 ■ 

or absence of raanipulatable objects during problem solution) was used 
where children were randomly assigned to the two conditions. The 

( 

following research hypotheses were of interest. 

1 . Children */ho are able to make extensive quantitative^ ^ 
comparisons are able to solve arithmetical word problems 
with structural types- a + b^n, a-n = b, a + n = b, 
and n + b = a better than children who are not able to 

•make extensive quantitative comparisons. 

2. Children who are not able to mak^ extensive ^qjiantitative 
coraparikons aire able to solve arithmetical* word problems 
with the four structural types in the presence of manipu- 
latable objects significantly better than in the absence 
of manipulatable objects. ^ >^ 

3. The problem structure a - b = n, is correlated higher with 
the problem structures a + n = b and n + a = b than with' 

a + b = n. - 

In the analysis of the data, it was found that mean performances 
of children in the high and low categories of quantitative comparisons 
differed substantively on addition problems (a' -h b = n) ii\ tfie case of 
no manipulatable objects present during problem solution (48 vs 75 
percent). But mean performances across the two categories did not differ 
in the case of manipulable objects present for the same problem struc- 
ture. The analogous mean performances for the problem structures a - b 
= n, a + n = b, and n + b T^ a'-did^not differ witliin objects present or 
objects absent. However, mean performances on the structural types 
a-b = n, a'+n = b, and n^+ b = a was between 46 and 54 percent, in^^ 
elusive. The mean pe^rformance for the st'ructural type a -f b.,= n was 
approximately 75 percent. So, hypothesis (1) was rejected for all 
problem structural types except for a + b ='n. 



The presence of manipulatable objects was a strong variable for 
all problem types for all categories of cl^ildren. Hypothesis (2) waa 
not rejected and was extended to include extensive quantitative comparers., 

The correlation of the problem structure a + b = n with the three 
others was in the interval [.45, .59] while the* interGorrelations among 
these latter three structural types fell in the interval [.65, .79] with 
most greater than .70. These correlations do not contradict hypothesis 
(3). . ■ \ ■ 

Moreover, in view of- the low mean scores for the subtraction problems 
and in view of t.he significance of quantitative comparisons in the case of 
the structural type a + b = n, instead of considering the ability to 
make farward and reverse transformations basic to an ability to solve 
arithmetical problems of the various structural types, it is now hypo- 
thesized that the ability to make^forward and reverse transformations is 
basic to the acquisition of an ability to solve arithmetical word problems. 

The test of quantitative comparisons used 'in the Steffe and Johnson 
(1971) study was developed in ^an earlier^ study (Harper and Steffe, 1§68) . 
Eight of the test items involved a forward transformation and seven a 
reverse transformation. Of the eight items involving a forward trans- 
formation, six involved a "comparison of two equal sets, three of six 
objects per* set, and three of eight objects per set. The geometrical 
configurations varied across these six items with configurations of '^)^ * 
circles, (2) rectangles, (3) lines, and (4) triangles, sinc^ comparisons 
of two ^qual sets of objects are easier in a rectangular configuration 
than in a circular or a linear configuration (Steffe, 1966-). The 
objects in two of the eight items involving a forward trans forma- < 
tion were arranged in lines — one of six objects and one , 
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of eight objects* These items were included to provide some floor In 
the test^ If two row.s of objects have equ|il length but one has great"&r^ 
density, an intensive quantitative judgment would suffi'^e for a correct * 
comparison of the. numbers of objects in the two sets • • "One^'of" tile two 
items was exactly t)f this nature. In/the •other item, the row of eight 
objects was shorter than the row of six objects^ Actually, an intensive 
comaprison should be necessary for a correct response,- but children who 
were capable only of gross comparj^ns should have responded correctly 
to the item if they focussed on density, which seems to be the most 
iikely focus. The six Sterns which 'had the same number of objects in 
both sets required the children to make an extensive quantitatfive com- 
parison if they were to respond correctly. 

Since it is^ the extensive quantitative comparison that makes pos~ ' 
sible a numerical cotrespondentie, the child who made a correct compari-r j 
son by using one-to-one correspondence was said to have established a 
numerical relation between the sets of objects. If a child made a . 
correct comparison by counting, then, because the three stages^ In* 
coordination of cardinal^ arid ordinal numbers corresponds to t lie th ree * 
stages in numerical correspondence, the child waS said to have 
established a numerical relation between the twc3 sets of objects. 

The remaining seven items of the test invoXved objects which the 
child moved. Four of these items involved situations in which the child 
had to compare two sets of 'ob:jects .with the same number in, each set. ' 
These items varied in many ways from the corresponding six in the first ^ 
eight discussed above. One of the most *stl:iking differences was that, , , 
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in the items with movable objects, the one-to-one correspondence was' 

established by the children before they were asked to compare the two * 

sets i^ their final state. A principal component anaJ;ysis supported * 

a contention that different abilities were required to distinguish • 

between Jthe items containing equal numbers of objecW in *6he sets to be . 

compared and the items containing unequal numbers of objects in the sets 

to be compared. It is important to note that these items ^varied acxoss ^ 

transformational types (forward and'- reverse ) . Other fluctuation of x 

iterm^dif f iculty was not a function" of the transformational type as 

Beilin found (1969), but rather a function of the final geometrical 

* 

configuration of the objects. 

^An interesting study has been reported (Mpiatigu and Gentile, i975) 
where an experimental test was made of the hypothesis that cbnservatidn 
o3c number is a necessary condition for learning other number cohcepts. 
The children used in the study were kindergarten students enrolled, in 

two schools in surburban Buffalo, New. York. ' « . ^' 

.4, 

An eight item conservation of number- test and a fifteen it^m. 
arithmetic test were administered to the children as pretests. Any child, 
who scored at least'' s^even on the arithmetic ^pretest was ^discarded from 
the study. The children were then randomly assigned' to^xperimental ^ 
and con'trol groups. The experimental group was given ten 20-minute " 
arithmetic training session and the control group was given the 15- 
minute session playing a card game. The .arithmetic conq:epts tested were: 
rote and rational counting; number recognition; relations (just before, 
just after ,.»^^etw4en) ; number syntlfesis and analysis. • 



• The .experimental group dramatically outperformed the control group 

, ' * * 

on^the postteSt arithmetic test: When the post achievement t.est in 
arithmetic was regressed on the pretest conservation scores, no differ- 
encQS could be detected in the slopes of the regression lines. This lack 
of differences in the slope of the regression lines was taken by t^ , 
experimenters ^s meaning that conservation of number is not a necessary 
requirement for learning arithmetic. 

There are, of course,, great differences in the studies^ reported by 
Steffe (1966); Le Blanc (1968) ; ^ Stef fe and Johnson (-1971); and Mpi^ngu 
and Gentile (1975). The first thr^e studies concentrated only on problem 
solving performances, whereas the latter study included basically order 
concepts. This difference in, criterion variables is very 'important, as 
Br^inerd (1976) has ^hown order concepts * (transitivity of weight) to pre- 
cede" cardinal number concepts (his test was analogous to the extensr\^ 
'quantitative comparison test, static items) by as much^^ two years. 
His critical ages where order concepts were present and cardinal number 
concepts not spanned the ag^ interval from 5 to 6 years. * Consequently, ' 
it would not be expected thft one wpuld predict learning of one from the 
other during this age span. ^ The situation is not as clear, ^owever, 
for first grade children. . 

One should also consider that in essentially two^weeks of arithmetic 
instruction, the experimental children went from a mean of 3.57 to a mean 
of 11.17 out 'of 15 — from approximately 24 to 74 percent. When consider-* 
ing the scope of the learning tasks, the mean increase is quite substan- 
tial for such a short p.eriod of time. The children were required to count 



in both directions from any number between 0 and 11 and count by two's; . 

find the name of a missing number in a given sequence (1-10); find numbers 

just before., just after^ of between any two in the sequence (l-10);*and^ 

find the correct answer and provide a correcjjt justification to an item 

such as "three a^d two make 1k)w many?" Either the children -vere very 

able or else the' criterion items were very close* to the content taught. 

No delayed post test was given, so it is not possible to ascertain the 

qualitjAof the training in the sense of retention over time. 

«, ^ ♦ 

\ The four studies discussed in tfhis section definitely raises a 

C' * / 

fundamental question needing resolution. This questl^&n is as follows: 

> 

Are childre;p who are capable of only gross quantitative ■ 
comparisons able to acquire arithmetical lofTowledge 
.to the same extent ^s children capable of extensive 
quantitative comparisons? . . 

The question, as stated, is imprecise. It will, however, be made 
more precise in other sections of 'the report. 

Quantity and set partition * In Part III of .The Child's Conception^ 

of Number, Piaget (1952, p. 11^ discusses the additive and multiplicative 

composition of* number. In the discussion of the additive composi/xion 6f - 
"^numbe'rs, the goal was to discover whether the child is capable of 
understanding that a whble'. remains constant irrespective of its parts. 

In the^^first oroblem, the child was that he is. to have four sweets 

^ • ' r ' 

at one time and -four at another^ The ^a^^&t day, he is to have the •same 

number but, because he will be less hungry at the first then at the second, 
he will have only one sweet at the first time and all the others' at the 
^ ^^cond. peans were used to illustrate each statement, three beans 



h%ng taken from one pile of four and put -with ^he^other four to 
represent the situa^on the second day. The child A.as asked to coi^e 
the other. twp, [(4 + 4) and (1 + 7)] aAd to say whether he would eat th^ 
same number pf sweets on. bo^h days. The second problem consisted of 
giving the child two unequal sets of counters and asking him to make ^ 
them equal (apparently it was always possible to do so). In the" third ■ 
problem, the child was given some counters and -was asked to divide them • 
equal parts (again, it apparently was always possible to dp so) . i 



Into two 



Three stages were identified regarding the three problems, where, 

^ *». 

the stages were the same across problems. In the first stage, the 
children grasped neither the equality of the two arrangements (4+4) 
and (1 + 7) nor th^ permanence of| the whole in spite of changes in the 
^distribution of the parts, th^ latter bei^g a characterization of the 
famous class-inclusion problem reported in the same volume (Piaget, Chapter 
7, 1952). The last <and operational) stage was characterized by 
reversible ope'rations. ' The middle stage is a transitional stage where 
thfe'ch'ild can^De^^led to a realization ofu^he invariance- of the whole, 
but does not. discover it spontaneously. The same type^of ^henoinena 
can ^e observed with regard to the remainiiig twp problems. 

Two aspects of the relationshl£^between a set and its partitions 



are esse^ial.- The first is that a partition exhausts a colleotion, 
and the secpnd* is that^any two partitions ate' not equal sets. The , 



first is^essential for the child to reatize what 'is invariant relative 
to the second, "fiaget's study of addition concentrated on these two 
aspects when he aske.d a child to recognize, for example, that 4 + 4 = 
1 t 7. So, it would seem that partitions of *a collection , as a concept, 



is developmental and highly relaTed^tb quantity and nuiriDer in Pi4getian 
theoxTT." • . , 

Slass Inclusiotv' * # 

-' ^^^-^ • • 

In the section Number in Piagetian tfieory , it was pointed out that 

Piaget views nested classification as bein^ essentia], for number, 'and 
reciprocally, number as being essential for nested classifications. * . 
. Piaget (1952) has stated that '^class and numjjer are mutually dependent, 
in that while number involves class, class in it/s turti relies 'impli- 
citly on number" (p. 19^)." The difficulty bf understanding the aerial " J 

inclusion associated with whole number was {Pointed out by Sinclair X1970, 

- ^ '\ ■ 

^1 150-151) . In^'an experiment designerTb^ A. 'Morf (Greco and Morf , 1^62 

pp/ 71 ff),. a collection of 9 cubes is placied'*in front of the child. The 

experimenter had 6ne block and added td it until a good deal more ^han' 9 

'^were present i The question put to the child was whether there wa^s a time 

when -dhfi experiment errand child had the same number. The five- and somfe- 

times the six-year olds were not at all sure\ , Class-inclusion, then, is ^ 

tjo Piaget an integral aspect of a childs' numerical reasoning-. ^ On the ^ 

other hand, numerical reasoning is ^n integral part of class inclusion. 

Dodwell and Elkind have performed replications .of Piaget 's 'experi- 

ments on the ability of children to include partial classes, within a total 



^lass, i.e., if AVJb - G (Af\B"% <(> ), then AQC gr BQC. ]Pov his sub-» 
jects, Elkind (1961a) selected twenty-five children from each of the 
grades kindergarten to third. The question asked.^of each child was, 
"Are there mare boys (or girls depending upon the sex of the -child being 
questioned) or more children in your class?" ' Otheif^uestiops were also 



asked to gain assurance that -the children understood the above question. 
On the basis of the* responses,^ the children wer^ placed in three stages; 
Stage '1 if either \C A^.or CC B, (A = boys, B - girls, .and C children) , 
Stage ^ if C = A or C"= B, axxd Stage 3 is either C 3 A or COB. Fifty 
percent of the f ive-'ye^r-olds , thirty-two percent of the six-year-olds, 
twelve percent of the seven-year-olds, aijd eight percent of the eight- 
year-olds were in Stage^l. Correspondingly, 48, 56, 76.,^ and 92 percent 
respectively were in Stage 3. The .four distributions o'f iJercents were 
statistically different. 

Dodwell (1962) was interested in investigating the reOTonse to 

• \ . • 

class inclusion Questions and responses made on' the tests of provoked 

and unprovoked correspondence discussed earlier. In the discussion of 
th^ results, he stated that the "ability to answer correctly questions 
which involve simultaneous consideration of the whole class and its 
'(two) com^nent subclasses, appears to develop to a large extent inde- 
pendently of understanding of the concept of cardinal numbers (a^s* 
measured by the tests* for provoked and unprovoked correspondence)" « 
(p.. 158). • - • ' 

The ab^ove studies are what may be called "one-shot" studies, that 
is, studies that test an. indivudual at a point or points in time. The 
question immediately arises, then, if a child is on a given stage at a 
given point in time, with reference to a particular situatioti and parti- 
cular materials, will the same child be on the same stage at a diff<erent 
point in time, all other things constant? Dodwell (1961) ,^using the; tests 
devised in an earlier study, made a test-retest reliability study with 
intervals o£ one week and three months. * He comments, "The short-term 

■ ■^ - • 



- 31 



reliability of the test is highly satisfactory, and compares' well with 
the, reliabilities of many co^ercially available cognitive tests. The 
long-term teliability indicates considerable stability in the development^^ 
of nunijer concepts. ; . . (p. 30).. 



j^. In this* same study, Dodwell examined the data from his^ original 
sample of 250 children to detect differences due to seX'and socio- 
economic status. * He reports that differences were extremely small, in- 
significant, and did not favor either sex. To test for socio-economic 
status, the children were divided in^o three groups on the basis of their 
fathers' occupations: (1) professional, (2) clerical and semi-skilled 
and (3) semi-skilled or unskilled tra4es. No differences were det*ected 
among the groups, but the higher socio-economic groups scored tnore 
favorably. " « * ' , * 

Class inclusion being unrelated* to one-to-one correspondence does 
not prove conclusively that it is not an integral part of the child-^s 
'conception of number in a serially inclusive sense, nor does it prove 
that it is not an integral part of whole number operations. The latter 
two- problems 'remain to be studied more definitively. 

Logically, addition and subtraction of whole numbers and Piaget's 
class- inrius'ion problem are inextricably .-intertwined. Little, data are 
avadl^ble, however, concerning acquisition of addition and subtraction 
and performance oh the class' inclusion problem. Sullivan'- \l9>67) , in. , * 
his critical appraisal of cognitive development theory to school curri- 
culum, noted that If a relationship was demons t^rated. . .between -the 
att-ainment of addition and sjubtraction and the^ooden bead problem, 



A'9 



32 . 

it might just as; well be interpreted that" addition and subtraction is 
a necessary condition for class inclusion. . . (p. 2)" Sullivan unwit- 
tingly may' be, partially correct as, already noted, Piaget sees number as /" 
a synthesis of^ Groupings I (Primary Addition of Classes) and V (Addition 
of Asyimnetrical Relations). Operational classification, however, awaits 
the development of number where the elements of the classes are considered 
as units. Conseq^uently, Piaget 's formulations lead to a genetic^ circu- 
larity among classes, relations, aiid number. Class inclusion is taken 
as the criterion of^ presence of Grouping I, so that, from a genetic 
fipint of view, there is no reason to attribute necessity to one or the 
other of class inclusion and addition '^nd subtraction (as studied by 
Piaget) for the presence of the other. So, addition and subtraction may 
be necessary and sufficient for class inclusion. 

> 

Training studies . Beilin (1971) has given an extensive review of 
the literature pertaining' to training children to ^terform logical operations 
Class inclusipn was included in his review. In fact, he found few data 
regarding the training of classif icatLou beyond that pertaining to class 
inclusion. The major goal of the training studies reviewed by Beilin was 
to determine whether class inclusion is symptomatic of an underlyfeig 
mental organization pertaining^ to Classification, Grouping I: Primary 
Addition of Classes, or whether it is mainly the result of experience. 

The most noteworthy of the ' studies reviewed by Beilin is thfe one 
conducted by Kohnstamm (1968) due to the results and the subsequent 
controversy created by the study* Kohnstamm's kppro^ch was. to use a 
total educational experience to teach children class inclusipn. He used 
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three instructional approaches, one a puire verbal method and the otijers 
a verbal method supplemented by pictures oi^by phxs:^cal objects. In 
the purely verbal method, he asked questions such as "In the' whole 
world, are there more dresses or inor? clothes?". In the case of incorrect 
answers the children were told they were incorrect and were given the 
correct answer as well as a reason for the answer. 

In the second instructional approach, the purely verbal method, 
-was supplemented with pictures of different classes. The same feed- - 
back procedures were used. In the third instructional approach, the 
verbal method along with pictures was supplemented, with Lego-blocks. 

In the case of the purely verbal instructional approach, six of 
twenty five-year old children were observed to have learned how-to 
solve the class inclusion problem. In the case" of the second in- 
structional- method eight of twenty five-year old. children could • 
solve 'the pictorial items as well as the verbal oiies. In the ca^e of 
the third 'instructional group, sixteen of twfenty children could solve 
the picture it^ms as well as the block items. 

K6hnstaimn's (1967) results clearly indicated that experience may 
be a primary fafftor in solving the class inclusion problem. But the 
Piagetians' took exception to his interpretation of the results of his 
. experiment, claiming they were "figural structures" rather than operative 

structures.' In response to Kohnatamm's work, Inhelder and -Sinclair 
^ (1969) undertook a learning experiment in clasa inclusion Ath el6ven 
children. ' When using Kohnstamm's criteria, they, observed .that nine ^ 
of the 11 children succeeded in class inclusion. When more stringent 
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^. criteria were established, only two of eleven succeeded. The more 

stringent criteria involved a valid explanation and correct response 

to a problem of a different form. , 

•The response of Inhelder and'^inclai^ to the Kohnstamm experiment 

is very important because Grouping^I \^Quld imply that a child who is 

operational with class inclusion has at his disposal* a potetxtial of 

elaborating a nested hierarchy of classes no~t restricted "to a class 

and one of ^its subclasses. The class inclusion problem is njitrely a 

•convenient way of tapping this potential. Children trained on k 

narrow front (with only two classes) may act as if they have the 

potential of elaborating a nested classification but may not, in fact, 
t 

be capable of doing so, A similar situation in mathematics teaching 
is where. a student is trained to prove the triangle inequality (a -h 
b ^ c, where a, b, and c are the lengths of the sides of a* triangle) 
and, given: a triangle, 'knows' that the sum of the length of two 
sides always exceeds the length of the third, but thinks it is possible 
to co|istruct triangle but of a three , inch segment,, a four inch s.eg- ' 
ment, and an eight inch segment. 

Rather ghan dwell on the complete set of training studies surround- 
ing *class inclusion, Beilin's (1971) summary statements are cited. 

These studies of class inclusion point to the 
' fact that training can^lead to successful acquisi- 
tion of this logical ability. ... 

The question of operative achievement from 
instruction and training still' appears ndt fully 
^ resolved. . . . (p. 105).' 
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It must be pointed out t^iat when Bellin states that training call 

f r 

lead to successful acquisition of class inclusion, he considers class 
iaclusion as being .-sifliply one class included in anoth*er. The position 
being taken here is that the structure of the class inclusion relation 
(a partial ordering) must be taken into account ^for any claim of operati- 
vity to be^made. - It is not enough to train children on a particular prob- 
leva or set of class inclusion problems, test them on the same problem or 
set "of problems, and- claim class inclusion has been internalized as a 
flexible,* functional scheme. *^ 

Classification .. In order to fully appreciate classification behavior 

^of children, it necessary to discuss classes per se. " Generally, when 

/ 

objects are classified together, they share common properties. For 

example,' quite dissimilar objects can be classified together under the 

f ^ 

heading, "fruit.*' What makes these objects "fruit" is what is common. 

Within the .diass of fruit, however, important differences exist — oranges 

and apples are different. Given a universe of objects, three distinct 

kipds of p,roperties exist (Inhelder and Piaget, 1964). 

/ 1. Properties specific to members of a -given class (e.g., the 
properties which make items fruit) which, distinguishes the class 
f rom sDther classes (from vegetables, meat etc. ). * * i 

2. Properties which are common to meters of a given class and 
~ those of other classes to whi^h it belongs (e.g., that which is 
common to fruit and. vege|:able s ) . ^ 

■' 3. Properties which differentiate members of a give;i class one 
tra^ anotfier (those which differentiate a pear from an apple, for 
example). * ' -^v- ' 

The intension of a class is the propierties common to the elements, 

and the extension of a class is just 'the members' of the class* The coordi 

nation of the intension and the extension: of a class is what develops in 



children in stages, ' - . ^ 

Young children below about six year's of age have been shown to* employ 
^primitive behavior in attempting to fo^ classifications • The, types of 
collections formed' by the§e children have been called complexive collec- 
tions or graphic collections (Inhelder and Piaget, 1964), For example, 
children were asked to classify a collection of geometric objects^ to- 
gether, some triangular shapes, some square shapes, and some half ring 
shapes. At least three varieties of graphic collections were identified. 
First, some children constructed a number of subcollections , ignoring the 
re.st of the material which was' never classified, - The, subcollections had, 
no common property — the cl?ild would change criteria of classification 
within a subcollection. Sometimes, subcollections w^re not formed but 
properties of individual items noted. Second, success-fve similarities * . ^ 

r ■ • 

between one object and th,e next were formed. While this is an improve- • 
ment over the type of behavior noted in the first example, it is not true / 
classification since no over-all criteria for classification were found foho 
subcollections; subcollections were not differentiated, and part-whole 
relatioitships were not »identif ied. Third, definite figures are made -out 
of the objects — a "house"<is made, then windows, etc. That is, the child 

makes no real attempt at classification, but instead' plays with the objects, 

» 

constructing what^'ever comes to his fancy. 

The graphic collections described above have two features differen- 
tiating them from ^true classes . First, some collections are formed on 
the^basis of the spatial arrangement of the objects^. Second, no criteria 
for classification (no properties wl)ich tied 3lL the elements together) 
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were isolated by the children. These two aspects -are simply another ^^ay 

' of saying that' intensiye properties were not identif ieci by^ the children— 

these children are at Stage I (pre-oper^tional) . as regards their classi- 

fication behavior. 

, --^ Stage II (or transitional) 'classification behavior is ixi advance 

over Stage I classif^Tcat ion. behavior , but it is not yet operational' classi- 
fication behavior. Stage IP classification 'behavior can best Be cKaracter- 
ized by a recognition of intensive properties^ with no complete coordi- ^ 
nation between the intension of a class ^nd the extension of a class. 
Given a class of objects? children, are able to separate the class of 
obiects into subclasses. This means that they understand that all elements 
can be classified, each subclass contains elements of a specific kind or 
which possess a s^ijacific property, and two or more subclasse§ are con- 

*^ structed." Yet, the subclasses formed are not 'thought of as forming a 

hi^archy of classes. The class-vinclusion .relatiqn'is not mastered; 

The class-inclusion relation being mastered means simply that, 

» ... 1 

< given a class A which is contained* in a class B, the child understands 

(J 

--all of the A are some' of the B but all of the A do not constitute all of 
the B*^ '.For example, if is the class of ^Siamese cats and B is the class 
of. cats, then all Siamese cats are certainly cats, but they do not exhaust 
the cats. That is, there are cats that, are not Siamese cats.-^ So,< all 
of* the A do pot consittute*all of the B, but just some of the B. Chil- • 
' dren at the transitional stage of classification certainly realize that 
Siamese cats are indeed cats, and in fact are part of the set of cats? 
So. one would think they would understand class-inclusion. But they 
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may not. It is :critic^l they understand that there are cats other than ^ 
Siamese cat 3 or, ip, other words ^ that all cats are not Siamese, If A' 
denotes the set of. nonSiamese cats, then AU A' = B and A = B - A^. 




To understand class-inclusion, the child must be- able to engage in 
re^/^rsible thinking. To do so is to be abl e to conceive that the Siamese 
cats, together with the nonSiamese cats (aUa'), make up the cats (B) ; 
and that the cats, minus the nonSiamese cats, make 'up the Siamese cats 
(A = B - A'). In this reversible reasoning, the child has to be able to^ 
conceive of, the total class of cats as, being made up of 'the tvo subclasses 
at one and 'the same time. Stage II children, when focusing on the cats, 
lose sight of .theL subclasses, and when focusitig on the subclasses, lose 
sight of the total collectio.h. Typical responses of transitional children 
(Stkge II) are given in the foHowing situati-onsv ""A" picture is^shown 
to the children on whiph •thfere^^re', say, four Siamese Cats and tK^ee 
cats which areriK>t'i5iam^se", The children are asked to coioparT the niimbet 
of cats ;:o the ntmiber of Siamese cats. Wh en asked to do s p the child^rei^ 
will compare the Siamese cats to -^the other cats. 

The chil'dren at. Stage III (concrete operational) are capable of" ' v 
solving the* class inclusion problem, and are much j^^^^ flexible in their 
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classificaf ion behavior than are Stage' II children. Stage'. II children are 
able to build hierarchies of classes. For example, they a^re capable of 
conceptualizing such hierarchies as maltesifi terriers are part of the 
terriers, terriers are parts of the dogs, dogs are part of the mammals, 

' t 

and etc. Stage III children "are not only capable of building hierarchies 
of classes, but are able to change the criteria of classification and^ re- 
-classify a set of elements in a new way. The child may consider new' 
dogs in his classification and refine the classification^ tb include many 
more classifications than thpse given. Two complementary 'processes 
e:fi.st that describe the Stage III flexibility in classification/ One, 
given a classification, the child can go bacl^ and construct finer 'classi- 
fications or whole .new classifications and not be tied to %he one con- 
structed. Two, a child can anticipate, a classif icatfion before it is'^one. 

In summary, the fei^wing' three stages in children^'s classif icatory 
behavior have been identiKfced: . :r ^ ^ ^ ^ 

Stage one^, (Preopqratidn^) 'Given a pollec^ion^^f objects and told 

to Vput everything together tlhat) ^^s toother, ^ a- child at this stage 

forms what is kp-own as "graphic collections." -%l\iie does ^nv^thlng,'''-fie 
. / ' 9 ^ . * ^'^-'H- til-' 



constructs one or more spatial wholes I This is a ^ild^^^^irst atft-femp't 
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to coordinate 'part^whole relations with -those of^ equivalence and difference* •< 

Stage two > . (Ti^nsitrional) At this stage, the caJftt^ucted^coJ^lections 
are no longer graphic collections. Trial and errog plays a large role 
in construction of classifications and no over-all plan is* presencV* 
Qiildren cannot yet solve the class— inclusion problem but do understand 
that all elements need classifying, each subclass contaj^ ^elem'ents- which possess 

, . ^ . . ^ 
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a specific property, ''and two or more subclasses are constructed. 

Stage three . ^(Concrete Operational) Children at this stage are _ 
: . 

able to coordinate the intension and extension o!& a class, as evidenced 
by tlie solution of the class inclusion problem-. Children at this stage 
are capable of conceiving of hierarchial arrangements of classes, anc} are 
capable of imposing more thj^n one classif icational system on the same 
collection of elements, anticipating the new classif icational system 
before ^^c^yrying out the' classif ication. . ^ 

dfass inclusion a(nd arithmetic . Surprisingly, class inclusion has 
not beeix.used to any /great extent by mathematics educators in studies of 



children's acquisiti/on of arithmetical content or in studies designed to 
assess effects or instruction in logical reasoning • . . especially classi 
fication. A study of the latter type was carried out by Johnson (1975). 
This st^udy is- critical for^he utilization of class iixclusion as-a readi- 



ness variable in the present study, so it will be discussed in, some 

• ^ . y 

detail. / 

The purpose of the stu^y was to determine if specific instruction 
on classification would ^improve the ability of young chfildren to (a> form' 
classes, (b) establish select>ed ecfuivalence and order relation^; and, if 
so, would transfer occur to otiier class-related activities or the tran- 
sitive prQperty. The sample consisted ^f kindergarten and first-grade 
children with chronolorgical ages in months in the intervals (64,* 76) and 
(77,' 89 Xy respectively. The children were furtjjer categorized intb IQ 
internals of (80,^100) and (105, 125), as me^asutjed "byvthe Otis-Lennon 



Mpntal Abilities test. Random assignment was ^sed in forming aji experi- 

^ - •' 1 

mental and a control group. 
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The learning material w^s- designed, to provide children with 
experiences ^'forming classes, intersection and union of classes, the 
complement of a class,' and- relations- between classes and class elements. 
The intensive properties oj the class'^s could be'abstracted through ^ 
simple abstraction of .physical pi;c^,erties (-e.g. red) or else wdre 
functional properties (e.g., things to ride in). The first tthiree sessions 
(1, 11^ III) were .desigfied to^provide experiences in forming ^classes . 
In the next three sessions (IV, V, and VI) work was done on the inter- 
section an^ complemenV<>f the intersection of classes. The children ^were 
put in a conflictive situation where it wa^pointed oiit that an object 
could not be placed inside of two nonc^verlapping hula hoops simultaneously. 
The two following sessions (VII ^^nd-^VIII) incJhded activities concerning - 
formation and union of olasses. Sessions XII - XV contained activities 
designed to operationally define ther relations "more than," "fewer' than, 
and "as Tiiany as." The remaining sessions ^(IX - XI) involve^ practice 
matei;ial on formation of classes involving union, intersection', complemen- 

* * r 

tat ion, and nested classifications. n * 

hould be pointed out that all of the necessary content was 

incxu^ the> Instructional session -to enable the ehild to .^olve the' 
class ^ion problem. All he had to' do was structure the infbrmation^ 
gssenti ^^gj.y^^^^j^g through Stage II classification was 
includet^^ instructi-on, as well as the set relation* "more than," 
»'fewer t.^^ ^^^^ which occj^ir in'l^ie question of the problem. 

' . included recognition of iijrtensiv^ propertles^specif ic to 

a given ^^^-^^^^^-^gp ^hat an oSject can po^^eg^/^moi^e than one in- 

' ♦•oTtsive pre ^ 

teua^ Intersection^^^fid utrion)^-' reco^ition of properties^ 
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that separate elements of a given class (complementation); and recog- 
nition of properties coiranonto members of a given class and other classes 
to which Tt belongs (nested classification, intersection, union, and 
complementation). It was felfc that the class, inclusion relation'must • 
be structured by th^ child.. If instruction is to ^e assimilated reg^rrding 
classification, it must be broadly based, including Intensibh ai^^^-exten- 
. sion o ses . But^the child must coordinate x^e intension and the • 

extension. ^Specific training, su^ as Kohnstamm's only serves, a narrow 
• function in acquisition of Stage III classification behavior. ' 

The posttests^ were separated into achievement tests ^nd transfer 
tj|^. The achievement tests were a connective test (and^oi?, and 
not), a relations test, and an intersecting rings test. The transfer 
tests were a multiplication of classes and relations test, a class 
inclusion test, and a transitivity of relations test. 

The data analysis showed* that , the treatment -greatly affected 
achievement. Age did not yield significance, whereas a categorization 
variable (IQ) did yield ^igr^if i^apce for ail achievement mean -differences. 



The peans for the cdnnective achievement test were 71 percent for items 
based on content contained in "€he learnillg material, and 72 percent 
for items based on content not contained^ in the learning material in 
the case of the experimental group. For tl)e_control group, the analogous 
means were 42 percent and 33 percent. For the relations ^achievement test 
and .the intersecting rings test, the_^means were 78 and 44 percent for 
the experimentals and 52 and 11 percent tor the controls. These means 
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indicate tliat the treatment was highly effective for its designed purpose. 

In the case of the transfer .tests., treatment wa§ effective for the 
multiplication of classes and transitivity tesjts,'but not for the-class 
inclusion test. Again'; age was not significant for*" any test, but intelli- 
gence 'was, especially for the class inclusion test, *which had a gr^d 
mean of only 29 percent. The grand mfean for the transitivity test wtas 
68 percent and for the multiJ)lication of classes and relations test, ' 
the means were 63 percent (3x3 matrices) and 55 percent (2x2 matrices) 
fo^r the experimentals and 44 ^li^cent (3x3 matrices) and 39 (2x2 matrice^) 
for the controls. , " ' 

From^ the training sessions, it was evident tha^ class inclusion was 

resistant to the instruction ^ The intersecting ring items showed improve- 

■* * * * 

merit due to the training, but there was strong evidence that the control 

children viewed the intersecting rings as forming three subregions dtie , 

to the most fy'equent response choice in a multiple choice format. More- 

. - } y ' ^ . • ' 

*over, direct instruction was given on intersecting rings. 

It appears, then, that while one can dramatically improve children's 

classification capabilities in the sense of recognition 'of intens*^>^ pro- , 

perties of a clasg, it is quite difficult to iinprove the coordination of 1 

the intension and extension by instruction on the intens:^n and necessary 

subskills. Direct training is effective, as. shown by Kohnstamm, but that 
** 

training is shallow, as shown by Inhelder and Sinclair • 

* '» ♦ 

The conclusion drawn here is .that cl^s inclusion is resistant to ' . 

* * • 

trailing, if the goal •> of tHat training is to influence the structure of 
class inclusions as a relation . 4lftilfe this conclusion is stronger than 

T" • . / • ' 
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the one made by B611in, he did not have the advantage of Johnson's study 
in his review. Johnacn (l-r/S) "goes on to extrapolate "When considering 



ERIC 



the results of the st-4idy • . • a serid'us problem is revealed in that - 
children are being presented with concepts they are conceptually unable 

tdr handle. In a subtraptiorf problem sGch as 9* ^ 5 = 4^ if a child thinks ^ 

. / * . * \ ' * * • . 

that the difference is larger than the minuend he might .just as well wrjLte 

something like 5 r 9 = 4'* (p. 143) • ' ' ' - ' 

Very ^little work has been done. attempting to show a causal rela- ' 

tionship between class inclusion and addition and subtraction, Vitale 

^ (1976), ±n a study conducted to evaluate the fcomprehensive School Mathe- 
matics program at the kindergarten and first-grade level, observed a 
correlation ^f .06 between class inclusion and subtraction computation 
and a correlation of only .28 between class inclusion and addition 
computation. These. low c>orre-Iat ions cannot be taken as showing no re- 

^ lation between class inclusion and subtraction and addition, because . 
*the addition and subtraction items were computation items presented * 

using numerals. However, she also' observed a correlation of only^ :^9 ^ 

• • • •■ « ^ 

between class inclusion and 'subtraction problem solving. As the sub- 

• . . . # 

^traction problems had -^to be read by the children, ^possible effects of ' 
cl^ss inclil^ion- may have bfeen iliasked due to reading diffidvlties. More- 
over, rtie study dj^s not show possible effects of the lack of class ^. 
inclusioa on 4saming of addition, subtraction, and especially of the 
missing-addend -problems, Jt does indicate that not as much relationship '\ 

* exists between class inclusion and whole number opefatioi^s as Johnson \ 
•implied • ' j ^ ^ 



*'* ' Th'fe Achievement Variables ' • ' 

-Quantitative comparisons and class inclusion are, personalogigal . 
•variables c Of a cognitive na^re. They are based in ^iaget 'si groiapld^g 
struetures but have a logical relationship to cardinal and ordinal^ 
number. >'But the extent to which they are ireadineSs variables* for learning 

* m 

different aspects- of cardinal and ordinal num6er isV^t to, be determined. 

• -»»■«', 
Seven clust^ars of variables are defined in the subsequent presenta- 

tion. Each one of-, the^e clusters is used in a multivariate analysis of 

f ' r 

variance where Quantity is used as a "categoriEatlon variable — extensive , 
quantitative comparers versus^ gross quantitative comparers,. Through these , 
analyses, a determination ofr Quantit^^as ^readiness variable for ac^uisi- 
tion of content of first grade ftiathematics can be accomplished. -While 
the multivyiate analyses caryaot be, used to. prove deductively Quantity 
is a readiness variable, statistical differences can be ^sed to gain 



^ logical i 



support or rejection of hypotheses arrived at through^ logical analyse^.- 

" ' ' " ^ 

The statistical differences would be especiai;Ly compelling if the mathe-- 

matical learning tasTcs of the children are controlled to include what ave , 

considered as mathematical learning tasks critical ^to acquisition of the 

content in question. ' ^ ^ * 

In the next section, those aspects of cardinal and orxdinal niinbet . 

important for instruction of the children, for the definition of the ♦ 

achievement variables, and for ascertainment of a logical connection between 

the two readiness variables and the achievement variables, are ~Rresent-ed . 
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Theoretical and Empirical Background . of Cardinal and Ordinal Number 



' In his classic work, Set Theory , jEIausdorff (1962, p, 29) leaves car-. 

dinal and ordinal number completely undefined and asserts. that relations 

between cardinal _aad ordinal number are merely 'convenien~ways to ^expresa 

relations betweeti sets, Hausdorff (1962) conmented that "this formal e^- 

planation say^ what the cardinal nuiubers\are supposed to do,, not vhat 

-they ar^,,,we must leave the determination of the 'essence^ of cardinal 

number to 'philosophy" (pp. 2£-29) . Although Hausdorff point of view is 

consistent wltlyfflpdern postulational developments- in mat^iematics , it does 

^ot lessen the import^ce of his. work on cai'din^l (a^d ordinal) -number 

for research on acquisition of mathematical knowledge. For the structures 

whiith characterize the>mathematical "knowledge the child / is. ^sked to acqu4^ 

• . • « . - ^ *. * 

seldom, if ' ever, • correspond__exactly in form tro structural aspects of the, 

child's natural thought. \ It Is truely the , case that Hausdorff is not con- 

cemed with the nature of cardinal^ (and ordinal) number ^d leaves the 

* * ** 

.determJjxation of their^'^essence" to philosophy, and ultimately to psychcc- 

logy as ,t^ell; , Not onl^ is 'there a difference in the way in which the ob- 
jects called t:ardinal and otdinaJ. niimbets \sLve viewed in mathematical struc 
tures as discussed ^by Hausdorff and in genetic structured as discussed by 
Piaget,^ but there are> f ormal^differences* In the structures and these dif- 
.ference^ are profound. . - / „ 

In the following exposition, only "naive" set theory is dealt with.- 
'In this theory, .such constructions as "the set^'o'f all* cardinal numbers" , 
lead to atitinomiesi For a theorem is provable which leaids to unbounded 
sequence ^of ''cardinal numbersn-whfch means that for any set of cardinal 
numbers, there, is 'sfill a greater one.^ Coi^sequently, the set of all 



cardinal niimbers"Tfs not conceivable even though it would appear to be so.. 

In the axiomatic treatment of set theory, these obvious coiftradi-ctions have 

been remp^^ed (Kelly, 1955, pp. 250-81). Since the theory does not allow for 

iinlimitd^ ^construction of sets, the objects ^{^: x is a cardinal numtrer}^ 

and {x: x is /an ordinal number} do_ not. Represent s'ets* A distinction is\^ 

made betwedn a class and> a set, in that a class is undefined, where.as a set 

is 'a cluss which is a member of another class. That, is, a cldss x is a 

set if- and only if there is a class y so that x is a member of y. Using 

this, special restrici:ion, cardinal and ordinal numbers are defined to 'be 

sets of a special Jkind. Ilather than follow this axiomatic treatment of 

the development of cardinal and ordinal number, the treatment by Hausdorff 

is adhered 'to because dt is felt to be closer to modeling child thought. 

. • '/ 

^ Orderec^ systems . During subsequent discussion, occasion aris^ to 
employ general ordered systems. 'The basic concept of ordered systems is 
that of a partlirally ordered set .. ready e^iample -of a ^partially ordered ^ 
set is the set of. sublets P(X) of a given 'set, X ordered^- b^ the set' inclusion 

relation "^'^ . ' . • ; <»*^ . - ' ^ 

If P is a partially ordered set^^and E a subset of "P, then an element • 
t * # • ^ ^ - 

x^of P is called an upper* bound for. E if 'for every e E, e < x. An element 
X is the least upper bound for'E if, for •any other upper bound y e P, x <'y. 
Analogous definitions can* bre 'given for^ lower bounds and ^^e greatest lower 
bound. of E. ■ A l^attice is a partially ordefed set for which every "two *^ 

' . ' ' . * ' ' ' * ^ 

element -subset {x,y} has a least ^upper bound and a 'greatest lower bound, 
Examples of lattic.es are P(XO ordered ^by set intlusion 'and the positive 
integers ordered by divides b." The least upper -bound any two 6ets 
A and^ B of.P(X) is AVJ B and -the greatest lower bound is kC\^\ and the 
least upper bound of any ttgro positive integers^prdered by ."dividf s is 



their least, common multiple and the greatest lower. Houn^ ishe'ir *gi?eat-.' 
est common divisor, * ' ^ ; , . 

A- chain in partially ordered set P is a subset C of P in whicli < 
is connected (that is, a subset C where if x,, y e. C,, x < y or y < x) • 
Any such subset C of P is partially ordere4 by < and is a lattice as well 
as 'a chain. The set ^of natural numbers' ordered by < is an example of a 
. chai^. . * . . 

Cardinal. Number . Hausdorff (1962) assigns" objects, called cardinal 
numbers, to ^ets *fn such a way that if object a corresponds to set^A and 
object b corresponds to set .B, a =» b if and only if A is equivalent t:o B, 
It is important to note that the set A to which ^^he cardinal niimber a is 
assigned' may or may not be an ordered set. Two cardinal numbers ;may be- 
compared by comparing the sets to which they are * assigned; a < b means ' 
that A^Bj where^ BjC B. If may be that A ^ -B^r in which, casfe AC B, 

^ The sum and^^roduct pf cardinal number's. determine their arithmetic* ^ 

„'•'/' ' . ' ' ' 

"■^The^um a^+ b of. twd cardinal niinbera ip the. cardinality of the set- 
* theoretic si^m A,Q^**, wherfe A ^nd B are any two disjoint aets having the^ 
cardinalities. a and b respectively (Hauadorf f 33)." This .definition is 



Subleties exisjt *con^fetning comparison of any two cardinal numbers in 
that i^^ is, in fac^;, true^that the comparability of anjr two cardinal*' 
numbers relies on Zermelo's well-orde^ring theorem, which states* that any 4 
set can be well-ordered. This theorem Is necessary (In Hatisdorff's de- 
velopment) to' show that there do not exist* two 'incomparable sets^ i.e., 
that it is never the^ase that there exist no A. and no so that A,^ B 
and ,B,^ A. : ^ 



y . . "VJ" ^^^^ substitute4 for "+ 
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justified because if C and B^^D where D and C are disjoint, then cU D 
-^A'^B, so that the cardinality of cUd is equal'to that of aU B. n 

* The product of two cardinal numbers a and b is defined as ^follows. 
"The product ab bf t\^o cardinal numbers is the cardinality of the set 
theoretic product A x B, where A and B ere' two sets with cardinalities 
a and'b respectively (Hausdorff, p^. 35)." The product of a and b ,is in- * 
variant of the particular choice of the sets A and'S just as was the 
^tm^ except that in the sum, A and B^ had to be disjoint. That is-, if 
A->* p, ahdt.S^ a, ..then A x E^C x D, so that the cardinality of C X D is 
equal to that of A x The ^c"Dnitouta'tive, associative, aad distributive 

. • ^ ■ \ ' 

y laws hold for the ptocesses just , defined, and depend directly. on the 
commutative, associative, and distributive laws for set operations. 

Barnes (1963, p. '194) defines a cardinal number -as an equivalence 

- 

class of sets without regard^to order. With regard to thig definition, . 
there are two uses of cardinal number — a c^ass usage and a m,ember~o4;^ 
a:-class usage. The member HDf-a-class usage refers to* the practice of 

.using a representative set (a standard set, but not necessarily so) from 
a particular eqiflvalence class. For example, one might look at a 'horse 

,^and say7^"that horse has four legs," "Four" in this case is used in the 
member-of-a-class sense. The class i^sage of "four" is implicit in the 
fallowing statement: "Horses normally have four legs." In the first 
casfe, a particular collectrion was referred to, and in the second, a class 

f v * 

of ^collections was , referred toC Logically, set equivalence is ,a critical 
concept for. the class asage of number. Set equivalence, of course, is 
based on*one-to-one correspondence. ^ 

A contrast of card inal number in mathematics and number as defined by 
Piaget . It wo^ild seem that the class asage of cardinal number would not 
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develop until numerical one-tcf-one correspondence is available. But 
here a fundamental d if ference • exists between the mathematical development 

of cardinal number and Piaget's notion. That difference can be character- 

f- * \ * ' 

ized by the notion of a unit. In the mathematical development, -no analogue 

' of Piaget's "arithmetical unity'* exists Except for elements* of sets. "Set" 

% ^ • ^ 

is taken as an uhdefineH object and relations anfi cardinal number are 



defined in t erffi ^ of sets. Such a procedure is acceptable although Piaget 
(1971, p. il) is of the opinion that to define cardinal number in such a 
way is to introduce "number" into the definition of number. His opinion^ 
is based on the different psychological types of one-to-one-r correspondence — 
operational one-to-one correspondence assumes number. 

Whether Piaget's psychological analysis Is correct should be discussed. 
Van Engen (1970,. 40) commentedythat Piaget does not distinguish be- 
tween a relation that may e^^ist Hatween two or .more elements of a set 
aAd the elemei^ts of a set;^ Van Engen 's claim is cefrtainly true, because 

Piaget *s arithmetical unity depends on otfdeir relations for its construction — 

* \ ' ■ 

order of some type is essential for the objects to be considered as 

distinct, ' but yet equivalent. » - ' ' . 

The question of whetjier order is essential for the development of 

cardinal number nee'ds an answer. Logical identity is involved. Tarski 

(1954) has defined* logical' identity as- follows: "x « y if , and only if, 

X and y have every property in comfaon (p. 55)." Examples and uonexamples - 

may clarify the concept. Set equality is an example of logical identity 

and set equalivance is a nonexample of logical identity. From the definition 

\ I ' % 

one can conclude that (1) every thing is identical uo itself;- ^(2) if 
--.x then y = x; and (3) if x « y and y « 2 then x^« z. Logfcal identity 
^is therefore an Equivalence relation and has an accompanying symmetrical 
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difference: relation ^ot identical to/' T?his symmetrical difference re- 
lation seems to'-be quite important in ♦classification because if objects 

• * 

are classified together, they, share common properties, but they also are • 
different one from the other even if this difference is no more than' the 
fact that the objfects are distinct. Suppose we have two physical objects ^' 
with every physical property in pommon. Would they be indistinguishable? 
Cer£ainly i^ot, for- two distinct physical objects are always nonidentical 
because they^ can never have every property in common — spatial positflon 
is an example they can never have in common. In case of number, however, 
it is clear that Piaget is considering mental constructions and not physical 
objects." But the aritshmetrcal units Piaget speaks of need not be arrang- 
ed mentally in a linear order to be held distinct. Rather, they can he 
arranged mentally most any way by virtue of the fact '^hey are 'distinguish- 
able as objects" (albeit' mejital constructions). They are not logically 
identical to one another because they are different: objects — 'they may • 
have inde'pendent existence in the mind much the same way objects which look 

• ■ ' ' , ' • ' ■ • . 

alike physically have indepemcjent existence. 

The beginning of number for a child may be set equality, which is a 
logical ^id^ntlty. collection of objects in one beaker is the same col- 
lection no matter whether it is thrown out the window of ^ an airplane or 
poured into another beaker. A child may think there are more objects in 
one breaker than the other, , but also know they are Che ^same .objects. Here 
''more'* denotes a global evaluation having little to do with the objects 
'themselves. It is iri this ^ense that the member of a olass-s^eaning of 
cardinal number may arise before the class meaning. ^ 

The abQve 'argument was advanced to illustrate the possibility that 

♦ y 

i 

cardinal number and ordinal number may be distinguishable in ^their development 



That does not mean logical identity is to.be considered_.a necessary and 
sufficient ^condition for the psychological existence of cardinal number,^ 
Nothing may be farthetfjrom the actual case. It-would be rather sur- 
prising, though^ if a child had a concept of cardinal number but not lexical 
identity. • . ' 

If one does not consider "number"^ to be necessary 'f~6T operatory one- 
to-6ne correspondence, how is, one to account for the development of opera- 
.t||.onal one-to-one correspondence? If a child sets up a qualitative one-to- 
otie correspondence between two classes and one or both bf the classes were^ 

rearranged, there would be no hoje that without logica^L identity ,^-the 

' )' • ' . : • ^ ^ 

correspondence would be maintained • Following Van Engen (1970, pp. 34* ^ 

52), if a number (e.g,,^four) is regarded as ^ particular set in* the mem- 

ber-of-a-class meaning, then logical' identity^is purely a logical prere* 

quisite to number whil6 one-to-oi^e correspondence^ is not. It is_quite . 

feasible that a child leams^'inember-of-a-ciass meaning of cardinal number 

before the clasg. After (or when) the member-of-a class meaftings are > 

established, (at least for small numbers) .the child may then construct 

one-to-one correspondence concepts. 

Ordinal ' number . Just as set equivalence is a basic notion for car- 
ies 

dinal number, set similarity is a basic concept .for ordijial numbers. For 
clarity, the order relations discussed below are asymmetric and transitive 
(strict^artial orderings) as well as being connected. Two ordered sets • 

are called similar if there exists a one-to-one correspondence between 

■ ^ ' If' 

-their elements that preserves the order in the two sets. In .syihbols, "A 

is similar to B" is denoted by "A'» B." Set similarity is -ah equivalence . 

relation just as is set equivalence. Hausdorff (1962, p. 51) assies 

order types ordered sets in such a way that similar sets ^ and only 
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similar sets, have the same order type assigned. In symbol')^, r = s means - 
R a, If a set is well-ordered, then its order-type i^- c^led ah ordinal. 

number. ' . " . 

* * < 

- In general, the arithmetic of order types is not isomorphic td the 
arithmetic of cardinal numbers. For if A and B are disjoint ordered 
sets, then the set theoretic sym of A ^nd B (A + B) is a new oi^der^d set 
such that the order of the elements of A is retained, the order of the^ 
elements of B is retained, and* every a e A precedes every b e B. If av 
is the order type of A, b.the order typ^ of B^' then a + b is the order 
ty^e of A + B. That a. + b ?^ b a in -geheral can be seen -by the following 
example. Let A = {1,2,3.,,... ,n}^ and B = {n+1, h+2,...}. The* order 
type of A i5 n, the^rder type of B is ^ ,'and the order type of^A + B is 
n + 0), ^where o) is the order-type of the' natural .numljers. But the" order type 
jpf B + A is u) + n which is not u) because B + A * {n+1, .ri+2, l',2,...',n} 
contains a last element (A + B does not). Sow + n?^n + a3'. Because , 
n^lfed 'ii are -ordinal numbers and, in general, since the above example shows 
that* the sum of two ordinal numbers is not comrniutative, ,the arithmetic 
or ordinal numbers is not isomorphic to 'the arithmetic igf cardinakt numbers. 
Nevertheless, two sets with the same ordinal,., pumber necessarily possess the" 
same cardinal number. If A is a well-ordered set, A is a chain. An 
intifltive example of a chain Important to subsequent -discussion is as 
follows: Let A be a well-ordered set.. Then A has a first element, say. 
.a^; A - {a^} has ,a first element, say a^; A - {a^, a^^} has .a first* element,. 
say*a2; etc., so that A » {a^, a^^, a^, a^, ...}. The^notation used here 
is that the index of every element is the ordinal number of the set of 
elem^ts preceding it. For a^, "3" is the ordinal ^niimber of {a^, a^^, sl^ ^ 
which is called a segment of. A determined by "a^." In more general terms. 
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, each element a of A determines some segment S. where 8 = {x e'^ki" x < a}. 
V If Q = {x e A:- x ^.P}, then A = S=+ Q. Note that a ^ S because < is 
irreflexive, so a is the 'first element of Q. A result of this definitionr 

t 

is that a well-ordered set is nevpr similar to one of its segments, which 



"^leada. to the fact that for any twoj^inal numbers a and b, -either a "< b,- 
J) < a, or else a = b. In particular, a < b means that A is slarilar £q « 
segment of B. Of course, if it were possibje for B -to-be similar to one 
of its segments ,■ then it woald be true that a = b as well as a < b. 

.As indicated above, fhe elements of i~sel A whid^ is well ordered 

h 

can be indexed by successive ord;|Lnal numbers. If A is a finite set, then 

I* * • 
A = {aQ, a^, •••^a^.i^" and n is the/ordinality of A where 0 is the ' 

V' . t • * 

ordinality of the empty set. ^Because any ordering of a finite sfet' is a 

-well-ordering, it is impossible to distinguish the orderings with referee 

^>the ordinal number of the set; i»e.., all orderings give the same ordinal 

number. Thereby the ordinal and cardinal numbers of finite sets cor- ^ 

respond, and it is possible to find the cardinal number of a set by a 

prdcess of counting, that is^ by indexing the elements of the set A bySthe 

ordinal numbers {0,1,2,..., n-1} by virtue or successive selection of single 

elements. ' (Select some a , then some a,, etc, until the last one a is 

0 ^1 n-1 

selected.) Then n is called the cardinal number of the set. This pro- 
cess is oftBn referred to as counting. It is important to reccfgnize that 
counting l^as its basis in ordinal number. . 

The notion of equvalence classes 'of finite ^sets is implicit in the 
above discussion because ^ is an equivalence relation. This observation 
has led to the definitioh of an ordinal number as an 'equivalence class 
of well-ordered sets (Barnes, 1963, p. .194). THe set {0, 1,2, . . . ,n-l} 
-of cardirial4.ty (and ordinality) n can be considered as -^he standard set of 
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an equivalence class of sets each of 'cardinality -n. It must be ^xp^icitly 
pointed out that the arithmetics of cardinal numbers and ordinal numbers 
of finite sets are, in fact, isomorphic ♦ * ' ^ 

To view a cardinal number as a class of sets should b,e no more 
foreign than to view the objects of a finite fie^d forj|ed by the integers 



modulo a prime as classes of ' sets. Of course, to tell- a £ive year old 



child that a number is an equivalence class of sets *is absurd. Tlfe 



identification of a numb.er as a set of objects, howler, ^ is a natural way 
to think about cardinal ordinal number.] In the w^ll-known "empty hat" ^ 
^Van Engen, 1970, f)p. 38-39) approach to cardinal number, "O'^is defined 

owe* . / 

to the empty set, is defined to be the set containing 0 as an element, 
eto More formally,- 0 = 0,' 1 = {0};-2 {0,1}; 3 = {0,1,2}; 4 « {0,1,2,3}; 
• ••; n = {0> 1 ,2, • • , ,n-l}. Thus, "4" is the ordinal number of the'segio^nt 
{0,1,2,31 and^ is identified with the segment itself. 'Because cardinal 
and ordinal numbers are indistinguishable* in this. conVs^T^, it is also 
the cardinal number of the set. 

Concretely, if A is a* finite sed to be coun^iec^ then by successive 
selection of elements? successive se^ents of set A are determined and a 
chain of ordered sets is formed. "One," in tjj^ selection of the first^, 
element Has both cardinal and ordinal characteristics in that "one" tell^ 
how many elements have been selected and al^p that the first one has 
been selected. A subset of the .collection A of one element Has also 
been determined. "Two" in th^ selection of the next element also has 
both cardinal and ordinal characteristics in that "two" tells how many - 
elements have been selected and also that the second one has been- selected. 
The Segment corresponding to "two" is an ordered s^et, is a subs^ of the 

• ■ • l • ^ * • 

collection A, and'^ contains the set consisting of the fir ^ e lement. It 



is ordered by the refkt?ion 'Jprecedes,*^ which is transitive and -asymmetrical 
(anc^ is, thereby ^strict partial ordering),. ^ If this counting process is 
conti±nuy^tfntil A is exhausted, then A » {a^.a^,* . . ,a^} has- been well- 
ordered. by the relation "precede^." A chain of sets has been established 
In that if = {a^}, A2 =• {a^,a2}, etc., then A^C A^C-.-CA^. In this . 

one' can say that one is included in two^ two^ is included in three, 
— ^. . . ' 

counted in a different wa>, A « {a *^a^*,a«*, . . . .a *}. It 

^Wtt: ^be noted * that while a.* may ftot be ^the same elemeAt as a^ , neverthe-- 

N ^. - • . - 

^ess ,is the ith element and also the cardinal number of A^* «-{aj^*, 
a2*/.. .,a^*} where i < n. While A^ and A^* are similar (and therefore 
equivalent), they are not necessarily equal sets. * • 

Set similarity as £ developmental concept .. The concept of set similarity 
^ has been shown to be„ developmental by- Pia'get (1952, p. 97)- He differentiates 
between qualitative correspondence ^between two seriations and numecicjal * 
correspondence ^between two series.. The construction of a single series and 
that of finding a one-to-one correspondence between two series amounts to 
the same thing insofar as hxs behavioral analyses show. Children g^ 
^through three stages with regard to set similarity — no conception of - th^ 
possibility of seriation, or similarity; seriation or similarity based on 
perceptual processes; and then numerical correspondence .between two serife^^ 
Cardinal and ordinal number as developmental concepts ♦ Piaget's (1952 

^ * * ft o «■ * - , 

p. 157) definition of number is close to the concept of a well4ardered^ 
^finite set. ^n his Study of ordination and cardinatiSn, Piagef*' (1952, Cha. 
VI)- employed, three experimental situations, ona invoi^ving.^ seriation of 
Sticks, one seriation of cards,' and one seriation -rf hurdles and miats." In 

\ ' ' - ' 

... 

the seriation of sticks experiment, the child was as^ced to seriate ten 
stic^ from shortest to longest and then was^^iven nine mor| sticks an^ 



was' asked to insert these 'into the series already formed (the materia], 
was constructed in such a way that'* no two sticks were of the s,ame length). 

He was*theh asked to count the sticks of the series "after which sticks 

' \ • / 

not counted (or sticks the Qhild had trouble counting) were removed 'ap- 

p^rei^ly along with one or two he did not have ^trouble counting. The 

experimenter then pointed to some stick remaining and asked how ma»y 

stepB ? *doll would climb when it reaches that point, how many steps would 

be behind. the doll and how many it would have to* climfe^^in oi^dej/ to r6aeh 

the, top of the stairs formed by the sticks . ^'The series ,was then disa^_ ^ 

ranged and -t-he same questions as before were put to the child who would 

have to reconstruct the series in order to answer the questions.^ 

There is no question that aspects of ordinal number and cardinal • ^ ^ 

number were involved in the ^ov^ experiment . Any conclusion drawn wlt|i ' 

•^'regapd to. number, howev^er, hf necessity is a function of a capability to 

construct a series of sticks'^ased on the connetteci asymmetrical relation 

/'longer than" having little to do wi^. ordinal number. To demonstrate the • 

point more*concretely, an eig^itjear old child was askeH which of a collection 

of books on a table would fc^ the third, on^. He answered,^ '"What .do you 

meap, a^y one could be third.'", Piaget 's ^periment with the staircase, 

then, was- more an .experimerit concej^ning -similarity /between a set ,of n , 

sticks ordered by "shorter than" and the- standard counting set {l';2,...,n} 

"than, was an experiment concerning ordination and cardination. "A 

similar analysis holds for the serialioh of the cards .experiment . While 

hu: 

< 

say that it too .involves specif ic relations. jrj- 

( * . 

Piaget's (1952, Cha. 5)'' experiment^ With set similarity were alstJ 
dependent m^on particular relations. As siich, ft may be that ^the particular 



no analysis of the hurdles and* mats experiment is given, suffice it to 



/ 



. relations influenced the-duecomes of the exi^erlments. In the mathematical 
development, the connected, asymmetrical, t\ransitive relation "preceded' 
is wh^is'is important—not "shorter tKan" for. dolls ^ or "smaller than^ for 
.hats. While particular -order relations 'determine ordgr of prece<||ji(f e , 
precedence is only incidental' and nat primary in t^he ordering,^ 

It should be clear that Piaget views a child's couceptio^^^f number 
a^ both cardinal- and^rdinal. A child can make ^cardinal judgements and 
ordinal judgements, but when one is presenf the other^sis always possible. 

Addition and^ subtraction of ordinal number , Bi/ainerd' s^l976)^ data 
not .withstanding, th^re is not enough- evidence available to' make a decision 
whether cardinal and ordinal' -dumber develop as "a unified construct or * " 
.whether they develop somewhat independently. - Piaget/s data, of coi^se; - 
lead to t^ conclusion that they develop as a , unified constH^t. If a 
child's number concept is as Piaget views it, addition for a , child would 
be best modeled by addition of ordinal numbers. An example of ordinal 
number addition follows. If a% 5" and 3 = 3, then 5 + 3 is the ordinal' ^ 
number of the set {a^, a^, a^, a^, a^, b^, b^JT, where A = {a^, a^, 
a^, a^} and B =• {b^^, b^^, b^}. To rename 5 + 3, the child cpuld count 
"ojae-", "two", "thr|e", "four^ "f ive",'^sLV' , '.'seven"^ "eight",'or could 
count "six", /'seven", "eight", which represents a counting-bn of B to^^. 
In both cases, 5 + 3 J.s renamed as 8. 

' " ' X 

Subtraction of ordinal numbers i*k possible in- special ^ases. If a 
aird 6 are ordinal numbers and a < a and 6 determine a unique ordinal 
nu mber g sktdsfying the equation a_j fXJ^& (Hausdofff 1962, p. 74)* C is 
of ^ type W (g) - W (a). where W (3) = {ordinal number < 6}. Cieai^iy, if a<8\ W(a)^ 
W (e). An example is if a is 7 ^d g is 9. then W (a)=^ {0,1,2,3,4,5,6}} W 
^{0,2,3,4,5,6-,7,8} and W (g) - W (a) = {7,8}. C is a remainder in the following 



sense> If a is'an element of a well .ordered ^et P,'S = '{x e A: x < 4} andv 
.Q f'{ y e A:" y > a}, then P = S + Q 'and S is' the segment arid Q*is the 
remainder determined by a^. Essentially, then, 5 is the ordinal number 
associated with the: remainder of W (3) determined by a. The solution C of ^ 
a + 5 = 0 is denoted by S - a for finite a and 6. . * - ' 

In the case af the equation n + a= 6 where ct.. < 3 , the solution is 
also ^represented by 3 - a. for finite a and 3.. However, the solution is 
arrived at by the following process, n + (a - 1> is the predecessor o^,^S; 
n + (a - 2) the predecessor of n + (a - 1); and so forth, until n is ^ 
reached. Concretely, if x + 5 = 11 is the equation, one counts back from ' 
I'J. to -reach 6 (tihe solution) in t*he following way: "ten", "nine", "ei^t"., 
"seven", "six"; so since "six is the predecessor of x +_ 1, x must be slxi 

In the case of the equation 5 + x = 11, 'the solution is founcf by 
counting the remainder, starting with the first element of the remaincfer 
arid proceeding , to \the l^st. * It ^should be clear that one could also -start ^ 
with the last element of the remainder and count- backward to t^he fif'st. 
In either case, a double counting process is. necessary : Ten is one; >iine 
is-tvo;. eight is t]iree;^even is four; six is five; 30 the answer is six.^ 
Or;»six is one; sev^ is twof eight is three nine is four; ten is five; 
eleven- is six; so the answer is six. In the case of counting-back, rather 
than courltiril predecessors of elements in the remainder, one can count 
th^ elements themselves: feleven is one; ten is two; nine is three; eight' 
is four; seven iS:.five;. so the ^answer is six. / ^ 

TKe above counting processes associated with addition and subtraction* 

of ordinal numbers are hereafter referred to as "counting on" and "counting- 

"'■-••<• • , 

back" strategies. On the assumpt^-on that the child's concept of nvtmber^ 

« >^ * 

is basit^all}b modelled. by ordered finite sefs, they are viewed as being 



^1 



60" / . . ^ 

'^efitral processes when children find sums ,or diffetences. Counting-on and 

counting-back do" not necessarily involve tallying as in the above strategies , 

• • * # . ' 
for solving equations. Imagine a situation such as six blocks being in full 

View of a child^ and three not visible. If the child knows there are. three 

not in view, he^could start with three and count the remaining six on without 

'tallying. Likewise, a task could.be designed to 'tap counting back without it 
^ * 

involving tailing. ' ^ . 

i 

Addition and subtraction problems and counting; . Counting is not only 
involved in addition and subtraction in the sense of coiinting-on and counting- 
back, bujt is involved in other^ways for the child. . There .are three types o^ 
counting easily identifiable. The types are rote counting, point counting 
(or one-to-one adrrespondence counting), and rational (or mental) counting. 
The basis in mathematics for rote counting is the set of ordjnal numbers 
{0, 1, 2, 3, ... n - 1}'^ Behaviorally , rote counting is the recitation ^of 
the symbol chain '*one," **two," "three," .... The basis in mathematics 
for point counting is the one-to-one correspondence between a collection of 
n elements and the set of ordinal numbers {0, 1, 2, 3 . . "4' n - 1} represented 

by indexing elements:' A = ^{a^y a^, a^, . . -a^}. Behaviorally, successive 

• * .'►-_* 

elements of A are selected until they are exhausted. The b^ is in mathematics 
for^rational counting is counting-on and count ing-b,ack. But it must' be under- 
stood that counting-on and counting-back must be associated with mental 
representations of collections such as* A immediately above. Behavioral aspects 
of rational counting are given below. The child who is a rote counter can 
r.ecfte an ordinal.' number sequence while pointing to a set of --objects, but 
falls to index the. elements correctly. That\is; a -rote counter mi»scounts a 
set . of objects because of failure^ to tally *Eor. .each' obj ect of the set once 
and only once. * . - , 

L * * ^ / 
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The rote-couuter would-^not be expedited' to Solve addition and subtrac- 
tion problems. Consider this general problem: '*Here is a set with s things 
in, it. Here 'is a set with q things in it. How many things do you have 
altogether?/' When the items of sets S and Q 'are. placed together, (assuming 
§00 = 0) -the child must determine the count correctlyi^f or S VJ Q> 'regardlesa 
of the configuration of- the items/ if # (S'UQ) is to^ be cojrectly determined 
Ttia rote^ counter will-have difficulty finding # (S U Q) foj many configura- 
tion of th6 elements of' S ahd Q. The rote counter has analogous problems 
with subtraction. 

,For a point counter, each it^ in a colle<;tion > is perceived as an unique 
element, and is tallied once and only once when determining the cardinality 
of the'set. The^chJlld at this level of counting is heedful of objects in the 
set that are likely to be counted more than once. But the successive selec- 
tion of elements of a collection does not/«in the counter's miijd, determine 
a chain of inclusive sets: one is included in. two, etc. The counti?is a *> 
^labeling process.. w 

When presented an addition problem, the point counter .solves it using 
a counting all strategy . Given two * collections of things defined in the ^ 
problem (S- and 9), the chiid, counts S, count? Q, then counts P = S V Q. 
This involves counting Ikll of the objects to" count P. When subtracting the'^ 
objects of the set 'S from the set P, the child counts out 'elements of P, ' , , 
counts out elements of S, theq counts all of the element§^gX,PjzS--Xo dat>ermine- 
// (P-S) = #0 = p-s. At^this level* crf-s^untdJM|fcthe basic a4dition an? sub-* 
traction, facts would not be. available to tl^j^^H^ ^^^^^^ explicit. ^t^^ching 
had taken place, 



/A (S U Q) means the. number of SU Q. 
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.Rational counting is stratified iAto several levels according to 
the complexity and scope of the problem solving behavior 'exhibited by the' 
child. The levels, labeled as R-l; R-.2, R-3 arid R-4, are delineated below. 

- The first level of tational, counting^ R-1, is counting-on. The .child 
point-counts 'correctly, but also can determine correc^^y the cardinality • ' 
of •6he-set>=S U Q when S is co vered .or 6therwise nof subject to a point-count. 




A collection of p objects with s objects covered. 

^ The child holds s as both the cardinality of the co^^ered^ subset S, and 
at the sam| time , mentally recovers the ordinal property of. the s such 
that through mental awareness of s, he recalls the existence of t.he sue- 
c«ssors of srs ;f 1, s + 2, . . ., s + q = p. The child sCt .the (R-1) 
level can extract the ordinal sequence q + 1, -q + 2, . . . ,n f«m his 

- internalized simple verbal ch^in^l, 2, ^ .., q, q + i^^, , 
each 'integer q of* that* chain,ywl;en q < n 

' The child at Level can couiirt~on in the mannep^escHb^>^R-.l , 
as well as solve' problems in the class presented, below/ Ttie* child can count 
S, "one/V'two," "three," "four," -"five/''and then considering QCP, and ; 




//P Is known: say 9 
//S is known: 5, ' 
Problem: • find Q. 
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sUQ = P, count on from five:* "six," "seven, " s^'eight "nine" while at 
the same time tallying Che count of Q. 

The next two level-s of rational counting are ^detei;mined by counting 
back. It yLs possible to conceive of point counting back as ♦well as point 
counting forward from "one" as described above. • A child may start at 
say, "ten,", and count back'to "one" verbally or by labeling a cqllection 
"ten," . I "one," the latter being^ point counting back. As a pre- 
cursor to rational count^ing back, the child can use a sophisticated point 
count back to solve a missing addend problem. Let # P = 9, Q visible. 




4lM 




' ? = SUIT 

#Q = 5, and S covered. The child can count back assigning the numbers 
• "uinei" "eight," "seven,"** "six," and "five,-* by a point-count, to the 
five visible objects in Q. "The child can then construct symbori(taliy 
the set S with tallies assign4d by a continued count backward of the 
sequence "f our ,"■ "three'," "two," and "oigie." He thei^ counts theTiallies 
and deteriiilnes r/S\ , « ' ' 

' < , . . f - • 

The student at level R-3 can extract mentally, from the ordinal , 
sequence p-1, p-2, . . c, . . ., 1, the fact that c i n the sequence 
conveys the cardinality of the set> of units available"^or~the continued ^ 
count-back. The fact is used to solve* the miasing addend problem by - * 
eliminating the need for, a tally of the unknown number of objects when 
counting-back, and inherently, the point-count of the tally. When given , 
a set P and a set QCP»^the student c^ f ind #S when the set is covered 
using onl^ a counting-back procedure^ 



•In the problem dragrammed "above, let p »'9 and q » 5, The child at 
level R-3 point-counts the five items of the uncovered set Q usin^g the 
"backward verbal^chain" "9, 8, 7, 6, 5", At this point, the student 
understands 1 that to cont'inue the count "4, jj, 2, is the reverse of 
'tlje count "1, 2, 3, 4",- Hence the-//S is determined without addi^onal 
cotajating. 

The level Jl-4 cai^be used to -sodve- problems wher,e' P » s\^Q, //P is 
known, #Q k^aown^ but S and Q are bojii^vered. 




known, q known, ^ unknown • 



predetermined number 4f tallies. 

1 2 3 4* 



Ag^ain, for concreteness, -let* p = 9,' q =.4 in the above diagram. The chi^d 

\ ^ , ^ ^ 

at level R-4 can determine a tally- of q = 4 while counting-back- the ■ 

The tally is to ^ • 1 , 1 ' 1 1 . \ 
The count-back is . /'9, 8, 7," 6" and is corresponded to the tally. 
The //S.=» ^s is then determined by the student's Rareness ' that the end 
of the count-back produces s = 5,, 

The typds of counting are-^^^^arized below. 

Rote cotinting " recitation of a simple verbal chsiLn but wlth^in- 
correct point counting ^ 

Point-counting — Correct, use of one-to-one corred 
Rational counting ~ • * , * 
r1 - rational countir^-om 
R2 - rational counting -on with tally 
^r3 - rational counting -back 
R4 - rational counting— back with tally. 



lotidence counting. 



To 



\ 
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The counting all strategy^can be used to solve addition and subtraction 

problems as well as exercises such as 3 + 2 or 5 2 . Children also use' 

• i 

the counting-on strategy to solve th^ problem modeled by s' + [' | 

f ' • . * 

Rational counting-on, R-1, is used, since the child considers either one 

of the numbers, as a starting point and the other number to represent • 

a ^et of units in the verbal thaip/ For .exaq^ple, to solve 9 + 3 =» | | , 

the student might select nine as his starting point in'^his verbal chain 

and count on three units more in the chain: **ten,** "elevei," "twelve/* 

There is no niaed to count through the forward' verb'al sequence to the' 



number nine since the child mentally* extracts the cardinal property of 
"niiiene^s/\ At ^e same, time the child initiates a three unit count 
from, the number ninb in tt^ verbal (mental') chain. The child does not 
need to keep^>a(^ tally in the problem if he .makes marks^over "3*** to begin ' 
wi,th* Otherwise, a 'tally is needed. ' . ir 

The missing dddend problem is solved with a rational C(^unting-on 
strategy that utilizes a tally/ The level, of rational counting used is 
R-2. When given the missing addend problem, the missing- addend Jis per- 
ceive<^as part ot the total sum. Given the problem 3 H// the 

student counts-on fro^ three to e\even and symbolizes the unitsjof the 
missing addepd with a* tally as he counts. 

T?lie child solves a problem like 9-5 = [ | by' starting at nine to 
count tlie units in the backward ordinal sequence, ffe counts baak five 

• i^mn 



units to the number five and mentally extracts the next- number in the* 
backward-ordinal sequence and names' it as the* solution to the problem. 
In 'this pro.blem situation, the student is asked to solve the problem by 
counting back. ^ * 

Trie' Achievement Tasks ^ i^^^ 

Ordinality and cardinality tasks . In Piaget's study of cardinal dnd 



ordinal^ number , he was concerned with two basic problems. Firsts the chiljd 

had to determine a cardinal numt)er given an. ordinal number and, second, 

the child had to deterraine'^an ordinal number given a cardinal number (Piaget, 

1952, p. 149), These experiments have been discussed^earlier in the "Sfection 

on Cardinal and Ordinal dumber as Developmental Concepts . It: was pointed . 

-out in that section that Piaget's experiments were mo^ an Experiment con-t 

.cerning simil'arity between "a set of n sticks ordered fey', "-shorter tlian" and' 
^- « V. ' ^ >: * • * 

^he counting. set {1, 2, 3;.., n} than they'were experiments concerning 



the two problems posed.- Different tests for the coordination of cardination 
and ordination need ca> be constructed to eliminate that Criticism, of Piaget'V 
work, while emphasizing the relation "precedes.*' , / 

* T^e following' termirtology is adopted for description of t^e testing 

.;'*'' V ' , . , - ' 

formats.. "P". .'denoted a finite^weH ordered 'set ordered by the jrelatioit 

IprecedesJ'.. "S'!. is a segment of • P determined by any element p of E anii : 

' - ' ^ ' ' . ***** • " ' • 

Q is the , remainder. ' The .minimum element of, Q is denoted b'y;q. ' I ' 

Two tasl^: 'w^re-desigiie'd^s'ee 'Appendix aX) . In the ^First. task (A) a 

^row'''T5f 12 -coupterS'^was presented to the ahilti*. The first two .questions 

* ' .* . ' ^ * • • . 

- of the- task^e^ermitie, whether ch'iJ^en cail start with, arxy counter, given 

an orientatio/i of firs.t and "second,, and determine a sucessor and ,a predecessor 

v-^ • ' . : ; ' , — • L 

" Th.e.*- third .q^^^^ can ^art with an element , / 

cf + 2 .of Q and..^dfetermin"e the" cardinality of S,. the segment determined 
^-by qr-^rfe- minimum element of Q. lAe third question -.also determines whether] 

tha^ch;Lld c^trraetermine .Jihe Cardinality o'f P givfen the r cardinality of S. 
/{iowever, -various r^spbilse 'sa^uenCies 'are possible.^ For example, ^ if a child 
.was not able' to 'determine "the .cardinality of * S given the ordinal ^number 
q + 2., he was,,^as.k^d £o <iet-ermin*e' t cardinality of P giv^n q,+ 2, If ; . 
su-cces^ful in finding- Ohe^ card ih41ity of^P, he was then asked again to finli.. 
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the cardinality of * ^ ^ 

The second task (B) was presented with S determined by the three ob- 
jedts covered. The basic intent of the task ^as to determine the cardinality 
of P ^iven an elemeht of Q (in this case q + !)• The first question was 
designed to orient the child to the direction of the relation "precedes". 
Again, different response sequences^ were possible. But whether the child 
found the cardinality of, E or not, he was asked \o *^find the cardinality of Q, 

Logically, class inclusion and quantitative comparisons should.be ^ 

readiness variables for a child's acquisition of the ability to aerforra 

the two tasjcs abov^. Class inclusion is logically involved because in 
* . • * 

% 

order to find*the cardinal number of P given that S is covered and Q visible, 

^ r' \ 

phe child needsto know that the objects of S, even. though they are covered, 

^ / . . 

make up part of the objects of P (or^ll of the objects together), and 

that there are mpre in 'P, than in either S or Q. If S and Q are not united 
in the mind of the child, but remain separated, the ^ost likely answer 
for the total numbei: of obje'cts is the number of visible objects , or the 
number in Q because there would be no conception of P. Class inclusion 
is also .logically 'involved in finding the number in S given q + 2. The 
child * seemingly would have to realize that the objects of S^, even though 
they are covered, are part of the objects of P. 

. . • * • ' . ^. 

Quantitative comparisons should be a readiness variable for the two 

tasks because ordinal numbers and cardinal numbers satisfy "the conditio^ 

for a quantity from the scientific point of view. As noted in the contrast 

of t>he Piagetian's notion of quantity and the scientific notion of quantity, 

0 

it would seem that ^ -child capable of extensive quantity in the Piagetian 

r 

sense should be capable of comprehending extensive and intensive 
*quantj.ty in some cases in the scientific sense. Cardinal and ordinal number 



should fit those cases, because a singular object can be consi/ered as a 
unit. *^ , " 

From the two tasks on cardinal and cardinal number, the following 

variables were identified. ^~ . 

1 -v 

1. Successor-' of an element (task A, question I3 or c; task B, question 
la or b). Range; {0,1,2} - 

2. Predecessor of an element (task A, question 2a). ^ Range: ' 

a*. * 

r .3. Number in S (ifs) (task A, question 3a; taskB, question *3a) . Range: 



4. Number in P ^ (//P) (task A, iquestion 3b ; taskB, question 2a). 
Range*, {jo7l,2} • „ ' . 

5*- Number in S Number in' P "(task A, questions 3a or d or f or h; 
task B, questions 3a or b; task A, questions 3b or c or g; 
task B, questions 2a or b or c) . Range: {0',1,2,3,4 } 

The sucessor and pr^i^ecessor variables should be clear. However, 
'the others need discussed. 

1. Number in S . In task A, question 3a was.tihe first time the child 
was asked to find-the number in S; Likewise, in task B, question 

3a was the first time the child was asked to find the nmnber in S. 
In task B, there was '^distinct possibility the child would^use the 
'information that there were eight in set P ^nd five showing, and do * 
a subtraction prablem[. * Nevertheless, he would obtain the number in 
S from ordinal info^riliation, but not necessarily by counting back*. 
He could count on to find the number in'P, then use a subtraction fact- 

2. Number in P , In task. A, question 3b, the child could possibly 
use the information that there were seven in set S (question 3a) and 
then use addition. Again, however, he would use ordinal information 
to find the number in P. Task B, question 2a, was th.e first time the ' 
child was asked for the number in P in 'that task. 

3* Nuipber^'^in S + Number in P . This variable was identified because . 
it was felt that some indication had to be given for cases where 
the children found the number in S or the number in P after prompting. 
Given that the. child missed one or more questions of the .Number in S 
or of the Number in P questions, the experimenter attempted to give * 
the children additional ilBinnation which coxild help tfhem find the 
Number in S or-P. If a c^U was successful after* prompting, it 
could be said that^ he hac^^Hf^ notion of the interrelationship .between 
ordinal and cardinal nuipb^r^but did not initiate the counting process' 
on his own. There is ^ the possifctflity that the child appeared.; to 
find the number in S or the number in P after prompting, but%id so 
-as a result -of rote counting. This possibility dictated that the 
^ #S + //P vari.-^ble be differentiated from either bf the 

\ , , ♦ 

^Domain of e^ch variable is contained in parentheses and the range is 
stated in set notation. 



//S or //P variable. The range of //S + //P is HO, 1, 2, 3, 4} due to 
the questioning sequences, but was not merely the sum of- //S and //P . 
variables. A child could score 0 on either of the latter two variable 
but 4 on #S t //P variable. * • , 

Counting back , just before , just after, and between tasks « Counting 



9 ' 0 

has been described mathematically in the section on ordinal number.* Be- 
cause the cardinal and ordinal numbers of- a finite set correspond, it is 
possible mathematicalli^ to index the ^elements of d set A by the ordinal 
numbers {0,1,2, . . . , n 1} by virture of successive selection of single el 

(select some a^, then some a., etc., until, the last one a , is selected), 

u - 1 - . - • . nrl 

Then n is the ordinal (a:nd cardinal) number of the set. Of course, count- 
ing begins wfth 1, so the above set- is replaced by {1,2,3, . ,n} , where n 
is associated with the last element selected a^d^with the entire set .rather 
than being associated with only the set A, 

The tasks* for Counting Back, Just Before, Just After, and Between 
are presented in Appendix A. 2. From, the tasks, the following variables 
were identified. * " ^ , 

1. Counting Ba^k- « If a child coVld not count three discs and Gount 
back from 3, n6 further questions were asked. If a* child successfully 
completed the task with discs, he waa asked to do it^ with 8. If 
successful, he was asked to do it with 12. . Unsuccessful, he was . 
asked to count back from 15 without objects and without counting 'up 

to 15. If a child made errors with 8 discs," he was asked to do it 
'with 4, but the variable was scored 0. If he, m^de an error vith 
12, the variable was scored 1 and the task was terminated. If he 
made an error with 15, the variable was scored 2 and the task 
terminated. If he did each task correctly, the, task was scored 3. , ^ 
Range: {0,1,2,3} ' • , . . ' ' 

2. Just Before . In task B, the child had two chances to score 1 on 
the, task. If not correct on the preliminary task, he was told 

the correct answer. Range: {0,1-}. - - ' 

\3- Just After . In task C, the child had two chances to score 1 on^-' 
the t^sk,- If not j:prrect ojn the preliminary tag^k, h^i was told the '* - 
^correct answer. Range: (0^1). ^ \ 

4. Between. -The child received 1 poijit for each5»jitjanb^-»he. f^und ; ' 
between two other?".* In case he coiild npt find ^^^^ivumba^ jbetvefen 1 
•and 3, he was told the correx:t answer. Ran|e :';vfQ'^J>^'''i3i4}<. _ 



It was eocpected that the variable Cour^ting Back. would not be related 
%to class inclusion nor to quantitative comparisons. ,The reason f or^ this . •/ 
expectation was that one-to-one correspondence counting or rote* counting ^ 
would be sufficient 'for completion of Ghe tasTcs. The variablesyju^t Before 
and Just After are in the same category — rote, counting would be suffixiient 
for correct solution. The variable Between, however, was expected to have 
•quantitative comparisons as a readiness, variable, ' The reason for the 
expectation is that for a child to realize that , 10 is bet^JS^een 8 and 12, he 
had to realize that 10 is a successor of 8 as well as a predecessor^f J 




Consequently, Reversibility at Piaget^s first level (R") would seem to 
be' involved. This being the case, quantitative comparisons would be a read- 
iness variable because reversibility and quantitatfive comparisons are y 
manifestations of the same general scheme. 

It is not as clear that clasX inclusion is a readiness variable for 
^Between. One could make the argument that class inclusion is aNreadiness 

variable because, in a nested set sense, 8 is included in 10, which is' 

T - ^ I . 

in turn, included in 12. So, 8 is less than 10 and 10 is less than 12. / 

Likewise for 9 and 11. Agkin,* however , class inclusion toy nox be a readines^ 

variable because ordering processes may be sufficient to answer the question-s* 

9 is after 8 and before 12,. so it is between 8 and 12. 

Verbal problems . Rational-' counting is not necess^y to be abli^-to 

solve^verbally presented additrk| ^nd subtraction problems modeled by 

the sentences a + b = ti^^jici a' - b = n ^ere b < a. Qae-tQ-one c^^sp^on- 



dence. counting and a "counting all" strategies are s.uffitrient:. ,If the ^ 
/'•.gr^^lem. ;^*Mary has five marblesi N^cy has two . How many marbles' d^ 
.;*i?6tir**gia:lfe haye?"*is presented\to a six-mar old, ^thfe clirila could count 
•/^pdt^f Ivje ^la^&i^S' from a rjarble source, two more, then count the, selected 



marbles, starting from one and proceeding through seven. Of ^course, such 

• ^ • " ■ ■] 

aj^strategy does not incorporate all of the information available to the 



child, as both subcollections were counted twice, • counting--on strategy 
would be more efficient, but not necessary, in the solution. ' 

vln thfe case of a subtraction problem, say, "John has seven pepper-- 
mint' sticks. He eats three. How many does he have^eft?" a child could . 
count seven objects from an object source, count tjj^ee of the seven, and--^^ 
then count the ones remaining. This solution process is merely the re- 
verse*^of the "count all" process described above, Conse^juently, i?t %s 
referred to "as a "count all" process for subtraction. The more sophisti- 
cated process* of counting back modeled by subtraction of ordjpaj^^umber^ 
would entaiL the^ child starting at seven and count jU^Hp-ck three xn either 
one. of the two ways identified in the section Addition ^nd Subtraction of 
OWinal Numbers. ^ - ' 

• Thj^ missing addend problem is modelled by the sentence a + n = b. 
An example is "Joe has five pennies. His father gives him^ som*e more. 
Now he has nine. How many did Joe's father give him?" Of course, two 
solution strategies are possible, jne involving rational Stinting and 
one involving a countings-all strategy for subti:action. ^ 

It would seem to, be the case that gross quantitative comparers * 
would not be capable of solving the missing addend problem' through rational 
• counting pijocedures. However, extensive quantitative comparers would have 

a greater incidence of eolation through countingvon than^gfoss quantitative 

. - - # -1 ' 

comparers, but would not always i)e capable of initiating such solution 
, procedures because rational pouating level R-1 and strategies used to scJlve 
*..the missing ° add end problem are not isomorphic. The 'statement of the missing 

addend probleii wolild - undoubtedly militate against a counting-all subtractiye 



solution. — \ • ; " ' ♦ 

Many children who are capable of only gross quantitative comparisons 
may have mastered counting-all procedures fpr* addition and .^Ti^rraction . - 
Consequently, quantitative comparisons would not.be as st>rong a readiness 
variable for addition and subtraction problems as for missing addend 
■problems. Quantitative conrparison should be, however, a strong readiness 
variable <f or raV-onal, counting solutions to addition problems and. -counting, 
back solutions to subtraction problems. That is not to say, ho</ever; 
that quantitative comparison is not a, readiness variable for learning to . 
solve addition and subtractioh^roblems , In the section. Quantitative 
Comparisons and Arithmetic , statistical differences were observed, between 

performance on addition and subtraction problems between the group of. gross 
and the group of ext^sive quantitative comparers. ' . - ' 

Pre^ejice *or. absence .of manipulatable objects during, problem, solution 
has been cpnvincingly shown to be a significant variable (Steffe, .i96|5:» 
LeBlanc, 1968; Stefte ind Johnson, 1971). The reason' the variable is* 

significait may be because objects * facilitate one^r^to-one correspondence 

* - ' 

counting. -Two different setns of^ six problems per set were constructed ♦ , ' 
In. the case of verbal problems with objects, the objects, were always present 
where the objects used were objects named in the problem statement. Eaih 
problem was read to the child in. total before he^ started to solve It. ^. If 
necessary, the problem was reread to 'the' child ♦ The child was told he could 
use the objects to help,,him find the answer and^ was* urged' to use them if 
he made mistakes. The problems are presented .xn Appendix .A* 3. 

* In the verbal problems with no obje'cts present during solution, the ^ 
child was -asked to write the number sentence for the' problem. ' Records 

were' made of whether the child considered the sentence- as open or closed 

- '•■ . - * . 4 _ ... 
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and whether he processed the inf orraatiion before or after .he 'wrote tha 
sentence. The problems are presented in Appendix A. 4. ^ . 

It would se'era*that class inclusion- .would-.be- a readiness^ variable , 
especially for the missing addend^ problems and tji^ subtraction problems. 
In cas^s where children soiye the problems by a counting-ail procedure, no 
relationship would be expected. But wl^re children 'are faced with ]the 
necessity ofc counting on to solve a problem, one w(juld expect relationships 
i-rith clas^ inclusion and processes used on those problems. The childi;en 
*were urged to read each problem if they could. If not, the experimerrter 
•read the^problems to the children. ,^The sentence for the firet problem, if 
not CTicten by the child uaon request, was written by^the experimen^ter ^ ^ 
However, every means possible was used to urge the child to wite the^ 

•t " • • • ' 

sentence. The variables are identiried as follows. * * ^ 

Problems with objects present . 

i. .Addition". Range: ,-.0,1,2;^ ^ . ' 

-2.. Subtraction-. Range: ^6j^l,2^ • ' - , 

3% Missing Addend. Rang^: •*0U,2; . - . ^ ■ . I \ 



Problems witK' objects absent . 

1. Addition. Range: (0,1^2} . , ^ ' ' 

2. Subti*Sct:ioa* Range: {0,1,2} ' ' ^ ^ ^ 

3. Missing^ Addend. R^.ge: -.0,1,2'- - " ^ ' ' ' " ' 

Set partition tasks . In the section, Quantity a^d set^ partitions 
arguments were advanced that quantitative' comparisons and cla%s inclusion^ 
would be readiness variables for set partitions,. Four t^sks were constructed 
to test the ability of a child to form fi^si partitions . The tasks were con- 
structed to test the invari;ance of the number, of objetts ^in a collection ^ 
regardless of * how^ they are. partitioned . They are presented iij* Appendix 



In the first two tasks, the xhild " counted to establish ^equivalence and 

in the ■ las t: -^two tasks he vas . told they were equivalent — in the third, a par- 

. » A • ' * 

ticular number^wss involved (100) and in , the fourth only a relation. The 

intent of the tasks was to estab^li^h trhat the two collections had the - 

same njumber in each, and then pactiti^an them^into a 'different number of . ^ . 

snbcollectioRS . ^If the, child /ocused pn the number of subcollections he 
• ♦ ' , " '' - 

would' respond to the it«i incorrectly. He had to disregard the number of - 

, . ' ^ ' ' * * 

subco*\lecf ions and jud^e them on the basis of the information before the 

* * ' ' I < 

'partitianing .. Two'^variables were ide^itified^ \ ^ 

1*.' Set*?artftiojis ^inh counting. Range: {0,1,3.; 
2. Set Partitions without counting! .Range: 

^ Ad ^tiSn and subtraction of ordinal number tasks . It has been argued 

that 'the objects Piaget calls finite numberrs (cardinal and ordinal) develop 

in the child as a synthe§is of Grouping I and'V, After presentation oi_^ . 

, ' ' . . • *% . ^ 

'cardinal and otdinal number in mathematics, it became clear that Piaget's 

potion of number is quite well modeled»-by a well-brdered finite' se^. But 
Piaget never, extended his developmental theory beyond the objects he called 

finite nambers. Consequently-, one^ cannot know the extent ^o which .opera-^* 
tioKs on cardinal and ordinal numbers are development J^l. Obviously, with- 
out ^ conception of numb4r, it would not be possible for operation^ to be* 

'tlhere. 3ut if the concept of number is present. in the child's mind,' does 
that also .imply^ the aper^ion? Or, ^i^e the operations a later acquisition*, 

^'perbiaps dependent upon school instruction? » ^ • • 

Addition and subtraction .of ordinal numbei^^^otild seem'to 'naye' 
quantitative comparisons as a readiness variable as well as class inc^^siori 

What is meaj^by addition and siibtraction of -ordinal. numbers is the count- 
ing-oti strategie;s and counting back Strategies with tallying discussed 
in the section on the mathematics of addition and suhfcraction or ordinal 

Tlumbers. iTThe tasks are presented ^inlAppendix" A.6» 
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* tasks .in the addition of drdinal number test are graduated in 

complexity. The first three tasks are warm up tasks^ and are presented ' 

verbally-. Errors are freely corrected: Tasks 4 and 5 are counting-on ^. 

ta^'Ks^^a'nd are a test of ordinal* number addition items-modeled by .the 

equation a + 3 = where ^ is unknown. Tasks *6 and 7 are ordinal number 

addirtion* tasks modeled by the" equatio,n a + |^ = ^, where ^ is unknown. 

The first three tasks of the subtraction of ordinal number test- are * 

' wann-up tasks presented- verbally to the children where corrections of the- 

children's errors w^jere ma4e freely. Tasks 4 ^nd 6 ar-e pountipg-back without 

» 

rallying. Tasks 5 and 7 a^e .counting-back tasks wit-h tallying. All tasks 

are modeled bv the equation -f- :t = i , wher^e I is unknown (or equivalently , 

by = 3^ :i ) ^ Four v'ariables were identified4 

• t ^ , ' ' ' - 

, 1. Rational 'Counting-on '(Tasks 4 and 5, Addition of Ordinal 
Numbers): Range {0,1,2} ' \ 
2.. Addition of Ordinal Numbers jTasks 6 snd 4, A^ddition of brdinai" 

Numbers): Range {0;i,2'; ^ ~ 
3. "Rational Counting-back (Tas]wU and 6; Subtraction of Ordinal 
NiHifbers):^ Range „ •;0,1,2 ) ^ " 

" 4. Subtraction ,s^f Ordinal /Numbers (-Tasks 5 an? 7, Subtraction of 
Ordinal Nn^bers) : Ra^e {0., 1, 2}.. 

Mental arithmetic^ problems . Tasks have been presented which could be 
*■ » * . 

legitimately called mental- arithmetic.^ But none of th^ tasks were such _ 

that the problem was presented in a written humepals^ormat .where • the child' 



v/as discouraged from using his fingers or tally marks !ls- ^ids . For a task. 

to be a test'of mental >arithmetlc , the child must not use* physical , pictorial, 

I, > • 

or bodily *aids in solving the problem.' The task could be presented in mb^^fe 

/ ^ 

^ne stimulus mode. The one selected here is written numbers, l^eth^ 
> * • • 
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quantitative comparisoris or class inclusion are readiness variables for mental 
arithmetic is uncertain. The mental arithmetic* test vis presented in^ Appendix A.. 7 . 

' * • * .* M . ' i 

Two scores were obtained for each problem, a product score (answer 



score) ajid a time score (the nymb^^ of sec_onds it took to start one problem 

and then finish by writing the sum of ^di^ferenfce obtained) . The variables ,Y 

\ ^ ^ ' \ 

were simp]^ ad|itioa ^nd subtraction time and product sco-ij^es. ^^^^ ^ 



*■ ■ - .ft ' . • ^' ; 

■". . ' , .-^ ^ ' ■ ■ . '/ ■ 

• t ^* • ♦ 

Nested classification tasks. . In .the ,secti<Jn Classification ; a distinc- 

^^^y^] tion was inside between the intension of * a class and the extension of ^ j:lass% 

' "* . The intension of .31 class^as* identified as the* properties which are coS^ ' 

Vmon to the elements of a class and the extension the members of the class. 

A 

• » * 

Coordination of the intension and extension x^as identified as what develops 
* in stages irt -children.. In addition to a^cla'ss inclusion test, it was 
" " ' decided that it was necessary to include a tfesT whiph would give- the child 
opportunity to demonstrate, within ^ particular hierarchy classes,^ 



an _ _ _ 
the ability fco: 



r. Identify properties specific ta members of'* a particular cl*a'ss 
whicji distinguishes, the class from other classes; ^ ' ^ 

' . ' *' ' 

2. Identify properties specific .to members of a given class and to 

• other classes to which it belongs; ' ' . * 

3. Identify properties which may be specific to one ot iaore members 
• of a given class whi,Gh distinguish them from other memff&K. . 

The nested classif ^^tion tasks .were designed to tap Stage II clas- 

sification behavior identified bv Inhelder and Piaget (1969)* as a minimal 

capability. An indirect technique was used. The two tasks w^^re designed 

usi'in^ the same '.material ^fet, the first task includ^Lng oife i^tance of the. 

'inclusion relation and the second two instances. * . ' ^ 

The material set consisted of seven pieces of ^polygonal shapecf-'objec^ts , 
'* ^ ^ ' , - ^ , ^ ^ \ 

'three round obiec<:a that were not buttons, four round nonwhite buttohs, 

and .IS round white buttons. Tfie '.polygonal shaoed objects included three 

^ ^ytrianguJ,ar shapes,' two square shapes, and twoparallelogram ll^jpes,* -Th^;" 

round objects i-npluded an orange felt, a. black checker,' and a red disQ. > ' 

* " % . • . - • . 

The ngnwhite buttons included twcJ blue, a yellow, and an orange. Ln each 
-task, the child was asked' to sort the* it-eris in particular wavs. In order ^ 
to ensure the^child recognized the properties of the classes;, spe'cif ic 
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items were given to the child, to classifv. * After the ahild tlassi/,ied 
these items (with Belp, if necessary),' the child -was shown a b'ox which 
contained an^object. The^ child *Fiad to agree that something was in the box- 
The experimenter ther> placed it into its re'spective place, . . 

The tUo ta^ks ^r^ presented in Appendix A..8. 

Two Badi^cftlestTon^were asked, one a question- of possibility and - 
one a question of fact. In task A, the- first ^question was asked to de- 
termine if a cbild could differentiate pro^Sertijes specific to members of 

f . f ' . • . o 

' 'a given class from prop'erties specific to u^embers of another specific 

class. Hereafter, such properties are called type 1 — the first type ^of 
"^properties J-isted in this section. Type 2 and type 3 properties are those 

properties in (2) and (3) of that same list» The fir^t three questions ^ 
\were to. test identification of typ^^l properties — or relevant attributes. 

The fifth and sixth questions were of type 3. Questions 5a, b, and e - 

were of type 1. ^ 



In^task B, the firS# three and the sixth quesfctions asked about ^type . 
■ • 1 orooerties. Questions la, b-; 2a; 3a; Aa; and 5a were al-so' of type ,1 

properties • Some of these questions , contained aspect-s of type 2 proper- 
ties (for exai^l*e, question 2 tested a type 2 property). jQuestion 6 was 
a*type 1 .^est ion ./ Questions 4, and 5 tested type. 3 properties. > 
~ • Neither of task A nor' task' B explicitely. asked t'hft child to solve 
the class inclusion^ orb blan; A/child could conceivably answer every 

^T^^Vstion'^orrecU,?^^ obje^gUis were * 

*. -r. ' . * '.^^ * " ' ^ \ ' ^ 7 

^ ^ ^-^ 'nes^W.' T^is wil-. by design. ' It would seem'^that tteither ;cla'Ss inclusion «^ 



r;or tgwanfitatlve' com^'Sri 



son woui.d\be read'ines's" varikbl-es for che nested 



. ^ ' clarification" -tasks, 'h- • ' -/ • V^. , * , ■ 



:er|c,: 



•i. 
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A supplement to the nested cia&sif icatiprKtas'ks was included after 

• ■ 2. ' .\] ■ - - ' 

the presentation of task B. This supplement ^as designed to test- class 

inclusion within the context of the nested classes. ^ " ^ „ 

TwQ variables were iQentifi^d based on the number of collections. 

. ^ Tv- Nested clasgif ication A. 'Range: .{0,1,2,3,4,5,6} 
2. Nested classification B. Range: {0,1,^,3,4,5} 

* L^p inclusion .tasks > The loop inclusion' tasks were designed to test 

- the capability of a child to view ire^ions^'as being nested or intersecting, 
* ' ^ if ' * • * 

Johnson (1975) found that one reason children tailed to -solve ^he class 

inclusion problem was that they viewed nested regions defined by two ' 

boundaries as separating the regions into two separate .regions . Moreover, 

as Piaget and Inhelder^ 01963) claim that the concept "inside" develops. 

early on in childhood . (as early -as fou^years of age) , • littl^ difficulty 

^should be present for a child to comprehend the concept "inside" as it 

pertaUns t!a a singly loop. Difficulties are introduced- when two or more 

loops intersect or when they a2;'e nested. "Inside" was defined operationally 

in the present, study by alacing a' ^tick. vertically in a loop and showing that 

tfne loop could not be pulled throug^fa th^e sticks Quantity was not expected ^ 

to be a readiness- variably for , loop' "inclusion tasks. These tasfts are pre- 

sen tea in *Appendix A.-^ . 



The Variables 




' The achievement ."i^iriables used in the oresent study t^rere partitioned for * 
the purpose. of -cfata a^alysi^^. The partitiSning Is based^ori logical 'groiSxS^. ' 
Inyestigatioi;! of thA achievement variables pet;* se is contained in the 
correlational study foll6xd.ng the i:.eadirress study. • ' • • ' - 

(duster 1 / The first cluster^bf' variables^ was composed of some of the 
variables identified in the de^riptj^on of the ordinality and carclin'ality f 

... . , , , . . 



1. Number in S t'^Sl . Ftange: -:0,1.2}, 

2. Number in. P (=?P).t Range: {0,1,2} ' , ^ , o\ / - • 
3: Number in S + ^•umber in '? (-v'S + ^/P) • Range: ltA,l,2,.3-,^i^ 

Cluster 2 . -The' second .cluster of variables was fortaed by .the re- 
maining variables identified in the ordinality and cardinality tasks and* 
in the counting back; just before, 5ust after; and be^^ween tasks. 

fl. 'counting Back'. Range: {0.1,2,3} . « 

.•' .2. Just. Before. Range.: /O.^! 

3: Just After. Range: xO,l; • . ■ 

4. Between. Range; {0,1,2,3,4} 

5. Successor. Range: {0,1,2} ' , ^ 

6. Predecessor. Range :^ {0,1} . • ^ 

Cluster 3 . The third, cluster of variables was fo^ed from the ver- 
bal problems, to" be solved using no objects. 

1., Addition. '"Range: {'0,1 ;!} ^ ' ' 

2. Subtraction. Range: ' {0,1,2} 

3. Missiug Addend. R^nge: {0,1,2} ^ ' - ' 
Cluster 4. The. fourth cluster of .variaMes'was formed from the ver 



bal problems .to 'be solved with objects and the set partitions test.^ 

H 1 . "'^Addition. Range: ,{0,1,2} ^ _ - " . _ . , . . 

' 2. Subtraction. Range: {0,1,2} 
» 3. * Hissing Addend. Range: {0,1,2} t - ■ ' 

f 4. Set partition* With Counting, Range: {0.^.^} • - _ 

-5.- Set partitions Without Counting . Range: {U,i,->. 

-eiuster-.S. 'This cluster of variables was omed-irom the additioty . 

arid subtraction^ of* ordinal numbers tasks. ' , ,, ' . 

'*1. • Rational. Counting On , Range:"" {0,1,2} • ■ . • • , 

•2.' Addition of Ordinal Numbers. /Range: {0,l,4r 

3 Rational -Counting Back;. Range: {0,^2} ' . • r i' 

■ ♦ 4. • Subtraction oi^dinal Numbers: ,S_and p covered; -Range: {%l,-2} 

Cluster!." Jlhis cluster of variables Vas formed from tje mental 

• . ••. 

arathmeticr proolemsi . . . . ^. ^ 

1. Alditioi; Product' Score. 'B^ngei • { 0 ,U2y 

2 SubCrapCion Product Scor,e. Range: „ HQ, 1,^>^ 

3*. Addition tMe Score. ' Range: {0,1,. ..,n} . , ^ _ 

A '-•iihtraction'Time Score. Range: l i ."^ 
. ^ -. clus;er 7 ThL cluster - of variables was formed from the 'jested • _ 

classification tasW, -the. loop ^nclusion _tasks , and a" post administratl5n 

•n;of't_he ciass^i-nclus-ion teStJ. ^ *' • ► ' ' ^ '. 

i 1. Class InclusTon; 'Range: • ^ '^yS »4 ,5 } . ; 

2! Leop Inclusion. Range: '^'"^ \ ^ . 1^ 5.'6} ■ •* ^ 

3 tTeS«d Classification A, ^"S^^ '2i.'4 5 } • ' / / 
i' MtlOa Classification B. Range:;^ ^0,1,2,3,J,5,} . 



y ^ - •81 ^ 1 ~. 

^ * * * . • 

* *^ The Design* (^f the Readiness Study . ... 

Samplj . \ ^ ^ . ' ^ 

. the fiipt grade children in Huntington Street Elementary School and 

Roberston ,Lane Elemeniiary school City,' Southeast, were used as the initial 

population. All of, these ^children' were administered the SMSG first grad^ 

test selecte4. by PMDC. staff in September of 1974. The two scales "used in the 

' ... ^ 

selection were SMSG Scale^04, Counting Members of a Given Set, and SMSG 

Sca:!^ 20'5, Equivalent Sets. Only those children for whom evidence was present 

.that they could count to at leaVt ^even were included in- the population. 

' ^ Two readiness tests, quantitative coTnpariso;:iS and Class inclusion, . 

/ ^ "... 

were, administered ii|divldually . to all of the children in the population. 

Children were judged to be either gross quantitative comparers ,'^xtensive 

quantitative comparers, or Indeterminate. Children £or whom-«vidence was 

present that they cpuld* not solve, the clas^ inclusion ptoblejii were then^ 

selecte'd- The children were Aen randomly ordered within each group of a^oss 

acid extensiv^ quantitative i«omparers within each school. The. first six 

* , ^ * - • • * r . . . . 

of each of the two quantitative comparison groups wer^e assigned to the 

experimental- group and th^ second six tc> the \c^ntrol ^roup,* as diagramm^ed. 
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During the course of the experiment two control children (one extensive and 

ot^e gross^ comparer) moved from the district and were subsequently replaced 

by two expensive quantitative comparers. ' ' # 

y -In summary, the characteristics of tiie 48 children in the sample were. 

as follows: » . . - 

• ' ^ • 

1. Eac^h child could one-to-one correspondence count t^ at least seven 



No 



Child "could solve the class inclusion , problem! 

3. >Jwenty four, of the children were extensive q^uantitative comparers 
t . ^ ^ ' • • . * 

ana 24 were' gross quantitative con^arers* , ^ ' , 

Tests '^ ^ ^' - . ' 

' ' ' ■ ^ * . \ 

Description o4, criteria on the readiness^t'ests . In th6 case of quahti- 
tative comparisons, evidence was considerjed strong, ^f av, child answeted 

- • . t., •:■.■(-.-- ■ - . 

correctly at least five of eight q.uestioris with justification. A child 
was judged to be a gtoss quanti^tive comp^afer if, judgements were made 
•on the basis iaf perceptual cues and\^"^agor^y of the answers were not 
correc£. An "iitton elusive" categ&i^y was also' present when clear 

■ ^ • . ' - • \ 

judgements could not. be madfe,. * ; * . . , , 



A criterion for the cla^ incjiusion tesD was not ^t issue because 

remaining 



88 of the i07 children scored the ^^s^ih^^jL^ Of the 



' children;' seven scored one. ■ ^ .^'-'i-r'^l 

Administration of the achievement ta^ifej ' The .test in,volvedi in Clu'ster 



4 variables was administered individually /t<^ the 48 ;phildren' in the sample 

as pretests during the first two weeks m October''<1974. *Durihg February 

' r- ^. , / ■' ^ . c 

1975, the tests in. all of Clusters 1-7 arid* t^e quantitative comparisons^ 

test were administeited. . 

' during February, each chil4''was interviewed in three different sittings 

) . ' ^ ' r\ ' ' 

of no more than 30 minutes pet sitting. EJjdh'* interview was .audioT-video 

recorded as well as hand recorded by the interviever. During the^irst ^ 



sitting, the class inclusioji test, tfte: loop inclusion test, and the nested 
c^ssification test were' adiiiini'st^re^,y-in "^^flSi.t order ' During' the second^ '.^ 
fitting, counting back, just before, j^ia;^. a'f tUt, *aad between/ta^^^^ ^* 
A- of th"e ordinali,ty~cardinality test,, 4isk. 'B ' 6^' th> for^dinaX^ty^carSlBalltyi. 
test; q^^ntitativ^ comparisons test ; ^i^r^al prpbf ems 
the set petition test were individually;/adinini'stgre*d,;in> thafi'o^'^^ 
During the third sitting, the mental, a^jLthmerlc lest,, th-^ . Verbal,? tQbleiijS . 
without objedts; the ordinal number aiditior\,test'; the ot:ty.nal numhgx^ . p 
subtraction test; a]id a test called th^^ formalization test_ (which has., 
not beenr described) were adminls{!^red, in that order. The .testers for 
the experiniental group were MrT Chkrles Lamb and M!if_. J^m^^^irstein. 
The testers for the control group were HjT' Curtis Spikes arid Leslie 
Steffe. • ; \] , 

^ ' . ^ t . "./^ • " ''/y: 

DaCT^ sources . Each audio-videq tape w^3 viewed and: all»; dat'cl weire j 
extracted from the tapes^ The d^ta weBe c6di$d' oa record" Sheets which '^ ;" 

A" \ " • • ■ • . a' ■ ^ ' 
Appendix B» The record sheets are ^'t>f ?s,ent'ed, in the or^der 

that the tasks were administered t©. the chil<i?en*. • ' V'.'- ! " ' '! / ^ T 

The first record sheet presented Appendix B |s.foi<ii-<^ 

The column on the left provides opportunity to pode whefHex.the cbil^reSv^^ 

pointed out each %ubset^ and t^e containing set. The two possibly ariswer^'^f/ 

• . . • Z.^- • 

are p?:esented in the middle column for each task with the correct choice 
in all capital letters. "^The last column provides the opportunity to co.de 
the child's r^esponse to the "Why?" question. For an item -to be 
correct, the child had to respond ^correctly to each*of the two questions 
asked. The rationale was included as supporting evidence /or the 
presence of class inclusion when available. Verbal justification 



was not .necessary for. an item to be scored correctly. Ea„ch itetrr" scored correc 
,on the secondjadmidistrati^ given a score of rl.'/ -A'^core of 0 was as- 

Signed. any otLhait'.riespbnse °p^tt«m for an item. In ca^e of the readiness * 
test^ strong e^i.aeAcfe/.;«7DUld be available fer the ^presence of class inclusion 
if fou'3f^6ut fiV!e items were answered correctly with justifica^tion on 
at* least°jon^ .of ; thosC^'To^ Strong evidence would be available 



. for ,tl\e\absjence p'f'^ inclusion if a score of 0 .or 1 'was obtained. 

\ . .c»"*'fTiTfe/.secQ-tid;'report sheet presented is for loop inclusion. TastevA,. 
s irxcltid^d three* directions to the chii^d. In order to be- given credit fpr 
!\:d<iirLg; t4s-k. Av^correctly, a child had to place the stick co-^pectJ^'-^ for^ all o^-'-^" 
/.thr^e: directions. lu such CBse, a 1 was assigned. In any other ..c^e^, * 

. a:0 was„^signed^ The tjl^ird direction was critical as the child had to 

' * * I~ ~ " ' 

realize" that it is not possible to place stick inside the green but not 

inside the red. Likewise, the child had to. place the stick correctly for 

each'of^the three directions in task B to be awarded a score of 1. If 

.not, a score of 0 was awarded. In task C, the child had to place the 

: * - . ■ ^ . ' , ^ ' * ^ . 

stick correctly for each of the two directions to be -awarded a score of 

1. , Otherwise a score of 0 was ^war(!ed.'' ' 4 ^ - 

'The third record sheet is a floW chart depicting the possible response 

paths a child could follow through the questions for nested classification ^ 

^ask A. There are. five rows (corresponding to the boxes), one for each 

' ^ \ ♦ - 

item.^ .The , insert in the upper right indicates whether the child, classified ' 
the items' in the warm-up task, independently or wheJiher help was n.eeded^*' 
The solid lines represent the correct response path. On any item, (each 
box in 'the left column represents an item) a score o,f 1 was awarded if a 



child's reispqnse followed the solid line response path. A 0 was awarded 

otherwise. ' c ^ - ' 

i • ( ^ , - 

The fourth recorrd'sheet is a flow chart^^depicting the , possible ^ ; 
* • " , , * '\ ' 

response-paths a child could follow through the. questions for nested^ 

classification ^task B. There are six fpws (corresponding to the boxes), 

.OQ.e 'fd'r each •iu.efn. The insert- in the upper right hand comer indicates 

'whether the child classified the- items ih the warm-up tasks independently 

or i^ether heJ-p wa^n^^eded. The insert** in'the 'lbw^r right hand comer 

' • , * _ ^ \ 

indicates the Responses on tlie nested classf'fic^^tion supplements Again, * 

*the solid lines represent the correct response .p^th. On any item, ,^,.^9 re 

of 1 was awarded if "the child's response followed the solid line?* A^O ^ * 

was awarded otherwise^^ * ' » r 



The fifth record sheet presented .consists of flow charts . depicting . . 

•5 

the possible response patSs for the 5o*unting back*'test and just before 

and iust after tests. P^; P, ; and P^^ indicate action sequences where 

34 IZ , <^ . . 

the child counts back from 8, 4, and 12. A sCore of 1 was-awarded if a 

child correctly performed P^Aut not P^r^'A score of 2 was'^'""3wa::ded it . 

a child correctly perfdjrmed Pg- and P^^ ■f.coulJ not^^jm^t b^ckffo^ 

A score of three was awafded if all thr^^were. done. *A -sc^re of*6 was^^v 

awarded in any other case.^.B^^; S^^;'A^^; ai^d> A^-^ andicate^ the respdnses-^ 

given to questions concerning what number comes us t bexcre Cor just-,- 

after) 14 or 11. a' score of 1 was awarded ,to the;*"just before" problem 
/ • • ,^ * • " . • ' 

if -either 3' or B,, were correct. 'A score or 0 was awarded*"in case«each' 
14 11 * > * \ ' ^ 

was incorrect. Likewise, a score of 1 or 0 was awarded to the "jjust afta« 

• / ■ " • ■ « 

questioti.' ^ ' ^ . 

The sixth^ecord sheet presented consists/of a flow chart depicting 



, , • . 86 • 

possible response ' paths for^the between tasks. A gcore* of 1 "was awarded 
for^each correct response. \'_ ; . ^ . 

The. seventh record sheet presented consists of a flow chart depicting 

- ' ^ ' .... 

possible response paths a child could follow through the .questions for 

the 'cardinal and ordinal nutnber Task A'. 'The first box (p=^p + 1)^ represents 

the child^s respo\ise to question '1 asking for the successor 'of 9. If 

immediate*iy. correct, a score of 1 "was awarded for Suc<iessor.^ If the child 

counted from the beginning or didn't know, a response was ascertained 

(box Ic) for the successor .of 10 (pA P + 1 :::^p + 2). In the* case a child 

was immediately corrept, answering "10" a score of 1 -was awarded for 

Successor. In any cfther ca§e, a score, of 0 was awarded Successor. ' Box 

2 ^p^j*^ pV 2) represents the 'child's resj)onse to question 2 asking the 

• ' ■■ • 

child to n^rae' the seventh counter givei^ the 'position of the ninth, if 

immediately ^correct, a score of 1 was awarded to Predecessor. In any * 

other case^ a score of 0 was awarded to. Prede.,cesaor . Box 3 Cq + 2 //S) 

'..['■" ■' • - ' ■ . . • ■ - 

repre^sents the child's response to question 3 asking the child to find 

t:h.e cardinality of S given the posit;ion of q + 2 = 10. If correct, a 

justification was asked fo,r (How do you, know?).- Box 3b (q + 2 SS^ //?) J 

represents the child's response to question 3b in Task A Asking t^he thild 

t*o find the cardinality of P. Regardi.ess of- the response (q.+ 2. n^) , 

the task was terminated.. If the response (q + 2S^#S) for question 3 

.was incorrect, vario'us other question sequences-we^fiLpossible. Box 3c 
' . ' . ' * -V V. f . ^ 

(q 4- 2 ssa^ //P) . represents the child's response to question 3c of^Task A 
asking for the cardinality of P givei> q + 2, If correct, ^question 3* 
v^s/r6peated -CBbx'3d (q H- 2 2=^//S)]. In case- of any response* to [ 
question 3^,* Task A was. terminated. If the response , in box 3c (q + 2 



.^^i/P) is incorrect, various response paths were possible and should^ be . 
self-evident. The f/S variaJble'* was scored from the re^^po^ise in box 3. Xhe 

variable was scored from the response in'^either box 3b or 3c.. The 
j/S + i^P variable was scored from the response in either of box 3, bo:^ 3d, 
or bqx (3f or 3h),; and^ from'the response in either* of box 3b, box 3c, or 
box 3g. It should be plekr that responses from box 3d, or bo« 3f or 3h; 
and bQx'3g were facilitated by the experimenter. ^ 

r 

The eighth record sheet presented is a flow chart 'depicting possible 

response paths a child could folloV through the questions for the cardinal 

and ojrdiaal number task B. The first box (q + 1 q +2) represents the 

xhild's response'^ to question 1 asking for the s^^cpassor of 5. If the 

response was correct, a L- was awarded for Successor. If incorre^tr question 

lb was asked.- If the response was correct a 1 wa6 awarded for Successor. 

In any other case, a 0 was awarded for Successor. Box 2 (q + lryf#P) 
r 

represents the child* s response to' question 2 asking the child' for the 

car4#faality of P ( the tptal number of objects) • given the position of 

q + 1. Tf the child* s response was correct, he was sequenced through 

box 2a. If the child's response was incorrect ,vhe was sequenced throii§h 

the appropriate sequences; box 2b or-box 2c. The f/S variable was* scored 

fponj the response in Box 3. The //P variable was scored from 'the response 

in Box 2. f/S + j/P variable" was scored from the responses in Box 2, Box 2t|, 

Ba::4'j2c, Box 3, or Boxes 3b. % - 

The nfpch record sheet presented is for the quantitative comparison 
/" ■ - ■ . 

''test and the verbal problems with objects test. In .order to be given ' 
credit for an item on the^^quantitative comparison test, a child had to 



answer the relational question correctly and have a^ response basis which 

indicated something' other than^ a sf)lutioh b^sed on perceptual features 

for one or more of the eight items. One point was given for each correct 

item.* The verbal problems ^ere scored on a right-jwrong basis for the 

product score. Whetlier the chird used objects and any observable processes 
• *■ . • 

wfere recorded. - , ^ • ^ ^ 

The tenth record sheet is fDr t:he partitions '-test. An item was > 

scoreii as correct', if a correct response was given to -the ^relational question 

ahS a justification. . . ' ' 

' * 

The eleventh record- sheet is for recording respoivses to tiie mental 

arithmetic test and the verbal , problems without objects test.- Of the 

\ ' • * 

data recorded on. the verbal problems without objec|s record sheet, only 

* ' .* . " . ^ 

the column **answer'^ was* uis^d in tlje readiness" anal^Sj^s .* The cSluiins 

headed by E, -S, E*+.S denote when t}ie problem was ''read b^ the* experimenter, 

the child or Ipoth., Other columns are s,elf-explanatory . THe items on. 

both tests were scored on a 0-1 basis, 0 incorrect; 1 correct, in the \ 

case of the answer. ' ^ ' • 

^The twelfth record sheet is for recordin^'the children's responses 

to the tests of addition and subtraction of cardinal and ordinal number. 

Of the data recorded^, only the columns "answers" were considered for analysis 

,in the readiness study; Some Comments are necessary to interpte't the 

other coding schemes. .On the addition test, records were ^nade o-f (1) '* 

♦ \ " . » . c ' 

whether the basis of the response was an immediately given fact, whether 

the child counte'd on, or counted all; (2*) where the observed prac^ss w,ere 

correctly employed (a child could make an executive error and s-till have 



the correct proc^s*s); and (3) what answer . the child produced! baseS on a 
gi^eri process: A section was' provided for* comments . On the subtraction 

test, 'space was provided to record whether* tHe child found the minimum 

• • • ^ 
elem^t of Q, Whether the correct^ prc?feess was employed fq^ of given " 

process, the answer, and the sou^rcp, of cardinality of S. The Lsitter 



could be obtained in various ways. 



Treatments , $r j^*, 

Deacriotion of the' treatments . The chiidren in the Control Viroup ' ' 
' : — < • i ^ , • 

participated in their regular mathematics progranf. Elementary SehocJ^ 

I4athematics for Kindergarten through Grada '6 (Eicholz and^.I^rtin, 1971). 

The children in the experimental group participated in mathematics classes^ 

conducted by Leslie P. Steffe and ^. Curtis Spikes. The 12 axT>erimental 

children in Oglethorpe School w^re taught from 10:00AM to 11 :00AM' Monday, 

Tuesday, Thursday, .and Friday and the 12 experimental children, at l^itehead 

Road School were taught from 12:00PM to l:O0Pm on Mgnday*, Tuesday, 

Wednesday, and Friday. Instruction began October 1974 and ended January 

17, 1975 for the experimental chiidren. r • c 

The instruction in tj^e experimental* groups was highly individualized 

for^ each child in that very few sessions were held where group interacjtion 

' s 

or group demonstration was used. Because' the instructibn was individualize 

the children frop the l^erimental group were pooled for data — 

analysis . - ^ • 

\ The first instsrructional week was spent on classification where thd 

terminology "and,", "or," "not," "some," and "all"* was introduced. The 

cojitent of the classification^ were dog, scyiirrel; and bird cutouts •ap.d ; 

•''^>- ' . • > ' , \ 

balloons, toy soldiers, toy horses, and toy cowboys. A sample^ inst];"uctiona 

■ session is given below. . ^ ^ , • . y 



Given a collection erf five dog cutouts, two squirrel cutouts^ 
and 'three bird cutouts, the chil^dren ^hould ^txe able to: 
1. Select al'lr of the dogs, squirrels, or bi^?ds;' 
2^ 'Select all of the animals that are not- birds, squirrels, 

or dogs ; ^ 
3., SelecF all of the animals that are not birds and nqj 

sqdirrels, etc; ' • • • 

> ^ • • 

4. Seleot some of th^ animals; and 

5. St*ate that- the ^dogs are some of the animals, 'but ^not 

s 

^ »ali of the animals, etc. 

a. Give the children the animal, cutouts and have, them select 
the dogs, the s<iuirrels', ^nd then birds*. . « 

b. Have the children select th^ dogs. ' Thefn ask, "Do you ; 
hsfve some of the animals?"' 

'c. Repeat (b)^ using the squirrels and birds. , 

d. Repeat* (b)* using combination of two, of the 'obvious ' 
: subsets. * • . ^ ; • . 

^ , • ■ ^: " - . • ' • - 

e. * Have the chifdren select all animals that are tiot 

•squirrels, birds, or dogs. ^ . , ' ' • 

^f . sRepeat (e) using combinations of' two subset^s^ 
g. 'Ask the children to compare the nuirf)er of squirrels. 

;and birds, squirrels and dogs, and birds ajKl dogs. 
^. Then have them compare the "animals aijd dogs, the. ' ^ 

\ ^ ' ' ' ' ^ ' 

ahimalsNana squirrels , arid the animals and, birds. 
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The second instructional ^e^k was spent' on, partitioning collections 

* . ^ 

of objects.'' Three ^basic activities were designed, ^e' first was designe.d 

using two sub collect-ions with counting, the 'second three subcbll^ctions 

. /■ * , 

with collating, and the third more than- three without' co-un ting. 'Samples *' 

* ' . ' , ^» "* 

pf' three activities are given below: . ' 



• Objectives: Given a collection of object, the child shouia be able to 
» ^ • ^ * « * ' * ' 

; * partition the collection int6 slibcollectians an'd realize that: 

f* 1'. ' There are as many objects in 'the subcoll^ctiqns as in . * 

the original collections, and . ^. , * 

> • . >» ' 

- ' * * ' •/ * 

^ / 2. The number of subcollections are compensated by^^the* 

' 'C-- ' ■ ■ • ■ ' ' ■ " ' 

, -number in each subcollection. • ' , ' 

Materials: . Construction papfer with two nonoveijlapping rings drawn * «- 
^ inside of anothe.r ring., • 



« N 



♦ ' Activitijes: ' a. Instruct ea2h -child to count out ten* objects and stre^'s^ * 

' , ^ ^ s ^ ' . • " \ • ^ \- 

. 4 . , that, ^ach has- ten.. - \^ . '* . . • * ' , . \ 

, \, b. Have the children place five^object^ in each Qi the two 

* ^ * , rings, and ask, "How many h^iQ (pcilnttng to the other)?" 



J 



and "How many altogether?" / ** . - - * ^ / 

. * * c. IJave.each child' take oije object from one of the rings' 

, ^ ^ • • ajdd 'place it .in the- o-ther and repeat questions in (b) . 

"-^ ' • ' d. Continue additions and st^btractions ^of otye object between 

' ^ the'' rings until all c4rabi>ri'ations slimming , to 10 are covered^ 

e. Repeat the above activities using nine objects; eight 

. ' • ; - objects; seven objects.. - • ^ 



4 



4 
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The 'experijnentfto: and children, each take five object|s. ^ 
The experi-oienter puts two inline ring and- three-'ln- the * 
oth-er WTt'h the three covered so that^'the childr,en kC^innot 
see the objects. The children are then asked to find * 

^out how^ny the experimenter has 'covered by using i:heir 
objects-* Repe^at with other combinations • 
Repeat (f) Rising other total n-dmber of objects^ 
Inst'ruct^ each child to pour his popcorn into a glabii-v 
Ask the children to 'estimate the number^trf-'kemels .of 

popcorn in l;heir glass. Check the estimation less t|han 

20 through counting; After a few estimations, tell 

children that^ th^re are 100 kernels of popcoirn in eslch* 
» - *. * ^ • • 

glass because they were counted. 

Form pairs of childr^ and have on^ child of each paic 
pour his po'pcorh ^intQ five 'glasses and the -Other into 
twenty glasses. Then a^k each ^pair who has^more popcorn 
or they both have the same, number of kernels. 
Repeat actiyity (b) changing the. number 'of glasses - . 
around in eaqh pair. ' . - ■ ?rN 

Have each child pour his popcorn into ten glasses. 
Ask the^ child 'if he has th^ same number of kernels ^ 
of .popcoTn, before pouring as^afte'r pouring. ' 



9,3 



^ ' 1.- Lin<e.50 glasses in a row and'haye each' child pour his 

/ . ■ J. " • 

popcorn into the glasses*, some' in e^ch glass. Ask e^ach 

child to compare the number of kernels before pouring 

^' * to the. number of kernels after pouring. 

The third instructional we'ek was spent on loop* inclusions aud 

intersections^. Sample activities are given* below. ^ 

I^oop Inclusions 

Objectives: Given a chain of wrings, ffu^^jj » child should be 

able to: ^ - ^ 

1. Place an object inside of exactly one ring, exactly 
two rings, etd^, ' ^ ' . 

2. Ascert;ain that any 'object inside of a gUven ring^is^ 
also -inside of its • containing rings, -anp 

3. After objects are placed inside of each ring, f ind ^how 
many are inside of. a given ring. . 

4 

V I C 

Materials:, Three closed strings of different colors where ther strings 
can be use'd to form concentric circles, and a pile of tile. 
Activities: a. Givdleach child one ring. ^Haye the children put ^e of 
their hands inside of it. Take the ring and show the 
children ^^^liat it wi'll %ot^Gome off ,^ so their hand is 
■ inside of ^it. 

* ' b. Give the children two concentric rings. Have stheto put ^ 
9ne of their hands insiderof exactly one "ring. Show the 

• children that th^r hand is not inside of*the innermost 

. ♦ " * 

' * ring because it can be/picked up and .their "arm is not 



inside of it. However, i for the outermost ring, t*heir 

• * 

' . ' * hand is' "caught." * , • . * 

» r • » 

♦ . ^c. Using two conc'entric rings, have the .children place (fnk 

^. of their hands inside of exactly two rings. Assist 

children ^who have difficulty by showing them that ^neither 
ring ^ill come off their hand. 

d. Giv^ the children three icings and -have them place tile * 
.inside of exactly»one ring*, exactly two ringsv= and exactly 

three rings. 

* * ' ' V ' 

e. . Place the five rin^s on the fi^or in^the appropriate 

way. Instruct 'a* child to ^tep inside of exactly one ring. 
Discuss why^the child is inside of Exactly one ring 
using the operational definition given earl-ie-r. 

Loop Intersections * . ** 

Objective: Given two or three overlapping' rings, a child sKpUld be able 
to identify the interior of exactly one or, more rings. 

\ * ^ • . 

Materials: A collection of rings made of different colored yarn.* 
Activities: a.^ . Place* Two overlappinjg rings jon the floor and have each 
^ child stand in difSerent parts of the interior — inside 

of one, of the othet and bothw sM.scuss why the children 

* ' • ^ / 

Stand where* they, do each time* ^ - • 

b. Give each child a checker, an,d havfe them place the^ 

checkers inside of exactly one* ridg' (e.g., the blue ring 
only),- and inside of exactly two rings (e.g., t)ie blue 
ring and the red ring) » 
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• • • • ' ♦ ' 

c- Place three overlapping rings on^he flo(Tt, a blue, 
a red, and'a green ring. Repeat /a) and. (b) with 
appropriate modff ication, ... 

; ' V ' ' . ■ ^ ' • ■ : ' . . 

The remaining, instructional time was. spent on addition and subtractiog. 

The instruction was sequenced according to the learning instructional 
phases for addition and subtraction. It is here that the instruction 

was highly individualized. Consequently, it is very difficult to describe 
any one uniform instructional sequence. However, the learning- instructional 
phases for addition ^nd subtraction are presented, after which activities 
are 'elaborated. . . 

" . In the exploratory phase,* for the children with rote-^ounttng 
abilities,, addition and subtra^^t ion ^problems .were 'not attempted until t^hey 
acquired point-counting abilities. TUis means that children who were * 
rote-counters were given many concrete examples of poifit'* count i^g^ to 
bring their level of counting Up' to the level of point-counting. ^ This 
was done in the* context of counting all strategies for addition and 

: subtraction.^ The counting-all strategy was ufed to solve addition and 
subtraction exercises at the% exploratory phase. The children at this 
phase were given the problem of determining hovumany elemefits there 
were in two sets, S and Q, when all the elements of. both were put together. 
T.he elements of S were^counted out, the ^elements of Q were counted out 
and placed 'with the elements^of S. The children then counted out all of 

. ' . • / 

• the elements of S\J*Q = P. The" students continued tliese types of activities 
with objfe'cts and-with their fingers, ahd worked spontanebusly from 

'bath verbal and written instructions for basic addition , facts. TWs 
means that being told: "solve this problem: How much is six and four?" 



,6 



and being given tlie symbolized statement — "6 + 4 = elicited t^xe 

*sa!np problem-solving behavior. In the case of using their fingers, 
the students counted .out six fingers, counted out four fingers, and then 

Y ■ ' • ■ '■ 

counted each finger and determined that the answer was ^'ten.". Concrete 
oSjects Were abandoned by all oT the children afte'r about two weeks of ^ 

instruc^tion o addition and subtraction. Finger dexterity increased- . 

' ' ' / / 'V 

if the sums^ were ten or less'. . 

_^ • ' * 

All Qf the children in the experimental groups were'^^introduced to the - ^ 

explpratory phase of a4dition and- subtraction. The reason fo^|^s decisic?a was 

that an attempt was made to let the children differentiate theqiselves in 

• » ' ' '\ * 

instruction to th^ abstraction- representation phase for addition and subtraction- 

It was expected that the chilcfren who were extensive quantitative comparers * 

would enter the abstraction- representation phase more quicKly than would " 

the* gr'bss quantitative comparers. The abstraction and tepresentation 

phase 'is' described below; . • , » 

In the ahstraction-repr€Lsent:$Ltion learning phase for addition, the ^ . - 

children can qse the counting-on strategy to solye ,the problem s + q = 

j j Rational counting-on, R-1, is used, since -tlie child tdnsiders * 

either one of the numbers as a starting point and the other numbers to 

represent a-^set of units in the verbal chain,* For example, to soUve 

9+3 \ , .thee student might select' iiine as Jii's stajrting poljjit in % 

his verbal chain and count on thre'e uitits more in the chain: '"ten," 

'""eleven," "twelve," - There .is no nedd t.o jcount ^through the forward - 

■/ ' • ' . . . • - 

verbal sequence tO' the numbet nine from one since the child extracts, 
meoitdlly, the cardinal property of "nineness." At, the .Same time the 
child ipitiaxes a .three unit coun^t from the number nine in the verbal 
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(mental)* chain* Th^ child does not neeti to count each unit iri the problem 
but does need to. keep a tally of three units, ' The missing ad^eud is 
solved with a- rationa-1 counting-on strategy that also utilizes a tally. 
But in a different way.^ The level o?. rational counting labeled^R-2 , ^ 

V 

sis needed here. \^en given/the missing addend problem, Xhe massing addend 
is perceived as part of the sum/total. Given the problem to solves 
3 + = dl, the student, counts-on from three to^ eleven and syml|^n.zes the 
, units of the missing addenS with a tally as he counts. In finalizing 
the solution, the .child point-counts the tally either simultanebusly 
while counting on* or after. The subtractidn problem is solved with R-3 
level counting— counting bacSN^ithout tally. The child sblves a proBlem 
like 9-5 I , by 3t'artfng 5ft nine to count' the units in the backward 
ordinal sequence. 'He cQunts *back. f ive units to the number five and 
mentally extracts t;he rjext number in the backward-ordinal sequence and 
names it as the solution to tiie problem. In this problem^situation, the 

• A. . ^ : 

chilti is asked to solva^.the probieni by .counting back. 

Inst rut tions on counting 'on and counting tack activities were given 
to each child.*' The first R-1 level counting' activities were as follows, 
A card with^three rings gn it ^ ' « (C^^Cvi.'^^^ used. Objects -we rte 
counted out while Ueing placed into pn5of thg^rings. These objects 
were screened from view, bbjects werp -coutited' out whila being 
placed into the pth-er rii;ig.' The children j^e re 'then asked to^ f 4nd how ^ 
ma'ny were in the big ring. Counting-all .strategies could be ^s'ed' to 
s'o^- the prtjblem -as we'll as. R-1 Counting. The goal of such ^acclivities 
was to have* the children abs'trac^:,,^^throug^ activities, that t^ie 

objects covered did not^have^to be recounted, bux ^nfe- could start 'with 



-the number of objects covered and count-on, as described abov'e in the 
abstraction-representation phase, / 

from the active -involvement in counting physical objects, children' , ^ 
were presented witfi exercise sheets with s\ams» They were encouraged 
to use ta'lly. markis with ^ncils in either counting all or R-1 counting 

^ The missing addend problem was first presented using a variation 
• o"^ R-1 dpunfing behavior, jj»nsforming[ it to R-2 .counting behavior. 
Instead of counting each coll'ection and covering one, the children were 
told there were- a certain number in the bi§ ring, .-so^ie unSer the cover, 
so liow many were altogether.* R-2 counting behavior was modeled by the 
teachers atid by able chifdren for those not able to display it. 

Because some of £he children ha-d a great de^l of difficulty with - : 
R-1 and R-2 counting, the siQ,lution to the missing addend problem presented 
in symbols (5 +0=* 7) was modeled using' partitioning as a base. Irf the, 
case of the, example, seve^' objects were counted out, five of the seven 
were counted out, and then the* t*wo were coxfaited out to go^lnto the box, 
^ child with counting-all strategies could ^xecute^ the so,lution presented 
in that.'wavT Efforts were then made to take the children tliat were able 
into solution by "11-2 level counting. ^ , 
^ Counting-back activi.ties were also presented, .^irst point count ing- 

' all and th§n rational counting back without tallying. Then counting- ^ 
back activites were then incotporated into subtraction exercise^ s.uch _ 
as 5 - 3 ^ rn^>/^The children were giveji a countitig-'BalSc board as . 
follows • They were* shown th^f to process 5 - 3 on the board, the^ would 
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'J. 



□ □ □ □ □ D. □ q □ □ 
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start- at five •and' cpunt off thrae, to find the answer "two." An attempt 

was- made to emphasize th^t even tho-ugh, s,ay "6" appeared under 'a particular 

tile, it told how many, tiles there ^vere up to and including that ti^-e. 

"a * 

Structured materials were used due to the great difficulty child experienced 

4 \ 

•in rational counting back.* ^ . • 

All of the childjren were presented with counting-on and .counting - 
back strategies associated with the three equations a+6=^; a + C^^'S;^ 
and* 3 - a = 5, and ct and B known and 5 unknown. The^ third learning- 
instructional phase was also dealt with in instruction ^ This? learning- 
instructional phase i;s "called the f ormalization-interpretation phase. 

The formalization-interpretation learning phase for addition and 
subti^action is , characterized by, the interrelationships of addition and 
subtraction. The student in this fiiaal learning phase for addition 
and sflNft^faction can relate problems of the type 9 - 5 = | | and 9 = [ | + 5. 
To become aware of the latter equation from the first one, the R-4 
counting — counting-back with tally — must he employed an^a utilized in a 
special way.'^ , The *student^ counts back five units nine to the number five* 
with a tally (mental) . He preserves the solution as four units 6f the 
nine and he preserves the fiv-e unit? counted-back, as part of the nine. 
The numbers five and four are parts of the number nine J The numbers ^ur 
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an^ five are considered as units, t * ^ 

So, the child 'realizes (with reconstructing the 5 uniTS }ie counted . 

back) t&at 5 units counted back on to four units results .in the o^riginal 

9 units*. In this way, addition and subtraction are interelated. So, 

when a child finds the sum of 5 and 4, he also knows t'he difference of 

: 9 and 4. ^ • ^ — , , , ^ ^ . • ■ * 

* . • • • 

The oppo'rtunity was given each child in the treatment to enter this, 

learning-instructional phase through vfritten work, families of equations 

were presented to the children for solution, such as 4 '-f, 5 = | | ; 

4 =9; .+ 5 = 9; 9 4 = [[]]; and 9 - s"'^ Q . The children 

were never told the interrelationships but were left to make the observation^ 

* * ♦ ^ - * 

The written work for ^ach child was retained as children differed greatly in 
the amount of written work they could do. . ^ 

Addition, subtrraction, and missing addend problems were given, to. the 
, children to so'lve during instruction on addition and subtraction. The 
* problems were presented in written format. Children who could read the 

problems w^re encouraged to work independently*- They-wera^ enfcouraged also . 

* * ' ' ' 

tb write a mathematical sentence for each prqblem they solved. The ♦ 

problems were read to the children who could not read. These children 

were also encouraged ,td''^^7rite mathematical sentences for the problems 

they solved. 

♦ ' The children were allowed to use -the hand7held calculator during the 

* . . «^ 
^y^J^3l four weeks ^of instruction.. The role of the calculator Twas to check 

• •< ^ 
sums or differences. ♦ • > ^ * 




The* Research Hypotheses m - - 

The research hypotheses' for the readiness study are stated, for each 

cluster -of variables. ^Rationale for the hypotheses* are contained in the 

previous sections and are summai^ized whenever appropriate. 

Cluster 1. The research hypotheses advanced for Cluster 1 variables 

' .• " . \. "X' ■ . • ■ 

are as follows: 

iV Extensive quantitative comparers obtain cardinal infor- ^ 
mation from' ordinal information to a greater extent than grogs 
quantitative comparers. • ' 
2. Extensive quantitative compare'rs who are taught counting 
^ strategies will be able to obtain cardinal. information from ^ 

ordinal information to a greater extent than extensive quantitative 

i ' . ^ 

comparers who. are not taught coimting strategies. 

3* Gross quantitative comparers axe not able to obtain 
cardinal information frotrf ordinal information regardless 
. of being taught counting strategies. 
" Cluster 2 . The research 'hypotheses advanced 'for Cluster ? 
variables are as -follows s * ^ 

Extensive quantitative comparers and gross quantitative 

ft \ ' ; 

comparers' 'do not perform differently on the variables 
Counting back, Just Before, Just After, Successor, and' 
-Predecessor. 

2. Extensive quantitative comparers will outperform the ^ 
gross quantitative comparers on the variable^^etween. ' • 

3. The childr4n in the experimental and control groups 
do not perform differently on all variables in Cluster 2*. 
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• / ' . ' ^ Clti^ter 3 . . The research hypQtheses advanced for Cluster 3 variables 

^ . are as follows : . . ' v • ^ 

_ ^ , ' \ ' . " . 

1..^ Exten^ive^ quantitative- comparers will solve verbjally^presented 
* * missing addend problems better than gross quantitative comp-arers. 

Differences will also* exist on-additrion and subtraction " ' . 
. problems, but not' as acfute^ as-^for the missing"* addend" problems. 

Moreover, '/subtiraction is more difficult for the gross 
quantitative comparers than addition/ ' ' . * ' — — ' 

« ' 2. The experimental group will out-per.form the control 

. ' group on all three problem types. ' .\* 

Cluster 4 . The following research hypotheses are advanced for the 

■ -„ . ■ * , • • I - 

pretest. •■ - ^ ' • 

, . . ' 1; .Gross. quantitative comparers are not able' to solve the 

* . * \- \ ■' . ^ , • 

missing addend problems nor' the subtraction problems. 

■ s 

• 2. Extensive quantitative comparers can solvfe addition" * 4. 

^ , ' ? ^^.^ subtraction problems and can, with moderate success, 

solve missing addend problems. 
^ } 3. Gross^uantitative comparers are not able to solve 

set partition problems but extensive quantitative comparers - 
are able to solve these 'problei^. 

4. Extensive .quantitative comparets will outperform gross 
\ . ' - _ .. ' ' " 

^ / quantitative comparers on- all variables of the cluster. ' 

In the case of the posttest, the following hypotheses were advanced. 

1. The children in the expetimental group will outperform the 

chil4i^en in the control group on all variables'! except addition, 

where there wiii be no difference in performance. This 

" hypothesis should be especially_true for th*e gross quantitative 

comparers. - - ^ ' . - 
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2. The ^xtensi^^e quantitative comparers will outperform the ^' . 
\ gross quantitative -comparers in the control group on *the 
.variables missing addend, subtraction, set parti:tl6ns \^^ith 

counting, and set partitions without counting, 

^ — ' " * > 

Cluster 5 , The following research hypotheses are advanced for»Cluster 

5 variables • , * « » * 

1, Extensive quantitative comparers are able to (a) ratl^al 

count^'on, (b) rational cou?fe back|j(c) solve ordinal |numbfer 

Addition problems, and#(d) solVe ordinal number subtraction , 
' . ' ^ ***** . , ♦ 

problem to a greater ext^tithan gifo^s quantitative^ comparers • 

2, The experimental gross ^quantj«:ative comparers will outperfotm 
the control gross quaatitative comparers, on the rational counting 

1 ai 

3, Rational countin-g on and addition of ordinal number problems 



on and the ordinal numbet addition problems • ' _ 



, • are highly related, » , " ^ • . , ^ 

4, Rational counting back .and ordinal number subtraction 

( * ' . ' 

* problems are highly related, » • " . 

Cluster 6 . No research h^fpo theses are advanced for Cluster 6 variable, 
Clus te^^^ , The research hypotheses advanced for Cluster 7*variables 
are as follows: 



^1. Quantity- is not a readine'ss variable for' any of^the' 

• •- " ■ r . - I ' " 

classification tasks, " ^ ' 

^ 2: The experimental group will outpetform the Control group 
# on nested classification tasks and on the loop inclusion tasks 
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■ i , *■ * 

. _ > - r''; 

^ S tatis tical ^Analys es ' , ^ ^ 

Item analyses , lin. ±t^m analysis was conducted for eacb test w,henever 
appropriate. Program ANLITH, an item analysis computer program made 
available py the Educational Research Laboratory of the University gf Georgia 
was .psed to conduct the item analysis. The prp gram X^as'%ffff1^^^a ^foir-' ^ ^ 

use at the Educational Research Lab olfatory by Yi-Ming Hsu and was developed 
by Thomas tJroneck and Thomas A. Tyler. 

Item difficulty (p-yalues) are^ reported" for each item. 'A p-value 
is a ratio of the number of correct responses to the total number of 
responses for an item. Test means, standard deviations, and Cronbach's ' 
Alpha rellabil*ity coefficient' are reported for each test as well as 
the frequency distribution pf tota:l scores* - * ' • ' 

X * 

Analyses of variance . Multivariate analyses or Variance were conducted 
for each cluster of variables atid were used to test the research hypotheses. 
Program MUDAID, Multivariate, Univariate, and Discriminant 'Aialys is of ^ * - 
Irregular Data^ was useji for the analyses of research (Applebaum & 
Bargman, 1967). .This program 'is available through the Educational 
Research Laboratory at the University of ^Georg,ia. ^ 

Quantity was used as- a classification variable (Extensive^ vs . Gross), 
^and treatment as an independent vs^riable in all analyses pf variance. 
Each analysis 'of variance'' then, was 2 x 2. Ajinivariate analysis of 
. variance and o'ne ^r more discriminant functioqs (cbrresponding* tp the 
significant effects) are reported in cases of significant interactions 
/ -.or m§in effects in the 2 x-2 multivariate anafyses* Correlation matrices' 
of the dependenf variables are" also pres^ted. 
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• / CHA^>TER-III . ^ / 



Presentation 'of the Results 




^ 



> Results of the Readiness Study - \ \. ^* 

Item analyses . ~ ' ' . . * \ \ 

r- Item analyses are presented^* for f^sts of ,^he readiness variables and 
for tests of some of the achievement variables. "These analyses ig^clude^Jt^ 
difficulty index for each item, a .frequency distribution for eacli test, an 
lat^rrial consistency relial?iljLty coefficient §or each test, test meaixs, Sind 
test .standard deviations. ' . ^ ^ . - .. I* 



Quantitative comparisons . The test, of quantitative comparisons 

(Appendix A. 11) was administered, to 107 children as a pretest\ ""^able 1 

contains the difficulty indices for each .item, and item characteristics. - ^ 

Items 1,' 2, 3, 'and 6 wer^ of comparable difficulty. These iteids either had 
' ' - % ^ • • ; 

. ' . ■ . Table 1 . • > . • .i ~^ 

*' ' , * 

Diffioulty Indices and, Item Characteristics \ 
'far Quantitative Comparisons Pretest ^ ' ^ ^ 



Item 


•Difficulty 


& I . - 

Item .Characteristic 


-F*- — ■ ■ ■* C"— ^ ' 



1 .70 ' Triangular arrangement; 'six re^L^ix green * 

2 • .74 Rectangular arrangement^six red, height green 

• * V' 

3 ' \'.''73 ' Random arrangerndBt; six 'red, six green 

4 \^ ' ^ .51 ^ vx- Linear arrangement; six, red, six green 

5 .49 Linear arrangement; eight red, eight green 
6- , .72 \ Random. arrangement'; eight' greeny six red . / 

7 ' .59 ^ Circular Arrangement; eight red* eight greeti 

* " • ' ' . ■ ' 

8 .54, . , Random arrangement; eight red, eight gree^' • 



a configuration conducive to solution by visual inspection- (triangjllaT or 
rectangular), had twc^ collections of six objects with a .random axj^angeiifent " 
(item ^3), or contained a collecti^ which apparently had^mor^e 'thatJ the ^ 
other (item 6). These 'items all demandeti an extensive'^^ifanjiitative comparison 
for correct solution due to difficult geometrical conf iguSa^iojis of .eighty 
objects in each c;3llect>ion £q be compared. They were the* 'critical items to* 

. i , . ' ^ ' \ ' '^^ - 

separate tn^'extensive quantitative*odJ5parers from the gross quantitatiye ^ 

comparers. ^ *. . 

" • * , ' ^* ^ 

The 1:est mean was' 5.01, standard deviation- 2.58, ati^ internal ct)n- . 

sistency reliability .84. The reliability of .84 supports , the,. clai^sification 

into extensive and gross categories. Further justificatibn of the vali^iuv 

of the two quantitative categories is that, if a chi].d scored at least 5.*. 

• ' • •* . ^ , • * ^ ' ^ 

o'ut of 8 cQxrectly with justification for his answers, evidence was strong * , 
'0. ' • • ^ • i> * • - ' / ' 

he would have m^de an e?:t;'ensivp quantitative comparison. Evidence was 

. *' * * , ' 

strohg' because at least one of items 4'^ 5, 7, or 8 would by necessity . • 

have to be arfswered correctly with 'justification. 

. ^' .^^ ' • ; 

The distribution of -t^al scpres for the eight item 4est_was as follows. 
Eleven children scored zejro, five scored' one ,^ five scored two, seven scored 
three, eight , scored four, ten scored five, twenV"'one s.cbred sev^n, and 

nineteen scored eight. • The rathet large fl^equenci'es fer the 'scoreS'^^Sre, 

. ^ . 

silc, seven, and eight can ie attributed to items'l, 2, 3, andJS. retrospect, 

* * j> 

those ite&s did not necessarily measure extensive quantity. 

The test of class inclusion (Appendix A. 10) given 
gr^ade population^^was extremely difficult (88 out of 107 scored Zjpro) , so' 
no psychometric analysis was needed. Evidence was available that only nine 
children had class, inclusion. * . j 
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Number in S and number in P > Tab^i^^^^2^ont.ains the difficulty -indices 
for the Numher in S and Number in P tests (Appendix A.l)/ The first item 
oA Number in § test was more difficult than the second. The first is 
probably more indicative^of the difficulty of the/4s items due to the 
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1 Table i > f ' 


* 




W<y ♦ 


Difficulty indices fqr //S and //P Tests 


* 




X 








* Item 


Test , • ' ' ' 

> • . * Number in S Number in P ^ 


* 














1 ' * . .31' • v46 " . . 




•* 




2 . ' ' -.54 \ . .44 , 


r 




fact 


z — 1 7; 

that the second item vas from the .second ordinality task and 


the child 




had proceissed a considerable amount of information about tjie task before * 




asked to find the number in S% ' . > * ' 




• \ 




^ Table 3 , 

Frequency Distributions,. Means, Standard Deviations, f 
and Reliabilities of the //S and //P Tests 








•^reqyency ' • 1 t^-' 
Distribution 


V 






'7 ^ ^ * 

Tota^ Score . ' ' / 


. .< 




1 

Test 


^ -Mean, ^ Standard^ 
0 12 .(Percent^ ^ Deviation 


Reliability 






.16; '23 9 .85 (42) • - .71 


.15 • 




' n 

f 


.V '17 ""19 12. .90^5) : 


- .33 
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J 

The Erequency distributions, means, standard deviations, and relia- 

bilities for'//S and //P* tests are given in Table 3, None of the distri- 

but ions appear to repres*ent normally distributed variables. Th^ relia-J 

bilities are extremely low and are a reflection of the rather large number 

* . • * 

of children scoring one out of the two items correctly. ,,The items were not 
homogenous. This heterogeneity" may be a result of the items being on 

different tasks and in different sequendes in each task. 

* * * • . * » • 

i» ' While-the Iqw reliabilities may be attributed to. the fact that, the tests 

contained only two items, the tests were administered individually by ' 

competent testers. Such individual^ administration ^should minimize errors 

of measurement. This argument strengthens -the necessity for better task 

design for tests of //S- and //P variables. 

• • • / ■ 1 > . ' - 

* In the event differences for main effects are detected In the analyses 

of variance for //S or //J variables, tUiey can be interpreted. Thi reason 

such interpretation is ^Jossible is that, given significant differences X'say^, 

for quanti&y) a preponderance of the children scoring zero would "iiave to' 

be in ome category and a pr^eponderence o,f the children scoring 1 or 2 

would have to be in another category. For children scoring either zero 

or two, it ,is reasonable to^ conclude that they did not or" did have the 

ability to obtain carditva}. information from ordinal information^ 

respectively. For children scoring^one, however, difficulties 'of int^r- 

, pretation are present. . 

In the event differences are not detected in the analyses of variance 

for its or #P variables, no^^iriterpretBtion should be made. 
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Problem solving without objects . Table 4 contain^ the difficulty 
' • . . . ^ 

indices for probleri sol-r^g test without .objeots' (Appendix A. 4).. .The 
"^Ij^d^.ces are '-surprisingly' high for- a problem *solVing te^t'with no dbjectff 
/esent. 



/ 



* ' -^^-r^ / Table 4 , • ^ ^ ■ 

^.Difficulty Indicea ^r Problem Solving Test Withput Objects , / ^ 

Jtem. Difficulty* * Item type ^ 

: - i ' : _: 

• ■ " i. N 

1 .75' ' . • Addf&lon' ' 

f ^ • ^ ^ ' . .83.^ ' \ Addition 

• ' • .73 - Subtraction-^ 



3 



4' ' .69, ^ • ' Subtraction. 

5 ^ .54* ^iissing Addend 

6 ' .42 • • . Mlfssind Adden<^ 



The missing addend problems are more difficult than ^th^ four addition and 

• - o ' . - \ . • * 

subtraction items,- ds expected. The indices for the addition and subtract^.on 

items are quite comparable but gi^eater than indices for the missing addend 

items, indicating that cp.unting-alij. strategies *were \ised during solution. 

Table 5 contains the frequency distribution, mean, standard deviation, 
' - > • • \ • . ■ ' ' ' ' 

'and ^reliability information for, the £hyee problem types. None of ^ the ' 

• distributions appear to represent normally distributed variabiles. The 

V * 

internal consistency reliabilities are quite substantial for Subtraction 
V ® ^ . . . . ■ ' • 

and Missing Addend but rather modest for Addition. Inspection of the 

frequency distributions show that the missing addend problems were ' ^ 
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^ * ^ Table 5 

Frequency Distributions, Means, Standard Deviatiofis, arid 
' Reliahilities of the Additio^j^ Subtraction and Missing 
Addpnd.T^sts^With^t Objects * ^ 
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1 * V ' 

Frequency Distributions 




4 

4 






Total Score •• 










Test 


. 0 


' 1 


.2 ' 


• Mean • 
(PerciSnt) 


Standard'" ' 

• Deviation 

• A 


Reliability 




Addition 

V 


•4 


•/ 

13' 


, 31 ^ 


1.56. XJ^ - 


.64 


•.35 ' 


Subtraction ' t 


10 


8 


30 


1.42 (71) 


.81 


.75 


Missing 
Addend 


22 


' .'6 


•■'•20 


.96^(48) 


\ .93 . 

jt: : — 


.87 



almost an all-or-nothing phenomenon. The subtracti*on problem^ were easier 
than the missing addend problems ^ but yet only 8 chilciren scored one of 
.the two correctly. The additio^ problems "were- quite eady for the children 
and ailj^ but four . scored at least dne^bf the two* correctly. The analyses of 
variapce should.be interpreted wdth caution in the^caseof the addition 
problems if no significant differences e^ist. If d4.fferences do exists a 
praponderan^^^l^^children who scored 0 or 1 would have jioS^j^in a category 
together. So, here again, interpretation would have"' to be made. with caution. 
There is no dif y.culty interpreting results ^in the analyses of variance^ 
for the. two otljer problem typesl. ' ' ' 

Problem solving w^th objects and Qartittotis Cests . The problem solving 

. • " *^ 
test with object^ (Appendix A. 3) and the , partitions test (Appendix A. 5) 

were administered as pretests. The ^li^oble^ solving test consisted of 



m 

two addition items, two subtraction items, ^and twm missing addend items, 

^These three^ item-types were considered to be subtests. The partition test 

was made up of two items where the child counted and two items where* -he 

.dicT, not count. These item types were consideted as subtests. Table 6 
* 

contains the difficulty indices for each item of each test, ^ 



Table 6 , - • 

Difficulty Indices for Problem Solving .and"^ Partition Pretests 













Test 


Problem Solving • 

u 


^ ' ^ 

Partitions 


Item 

\ 




Difficulty Item Typ% 


Difficulty V, Item Type 



5 

6. 



,48 Addition 



.48 ' Subtraction 



.19,' ^ Missing 
Addend 

.46 Subtraction 



w56. ^ Addition 

,15 ..Missing 
Addend 



.52 
.60 
.44 
.29 



With 
Count 

With ' 
Count 

Without 
Count 

Without* 
Coxint _ 
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/ It is apparent from Table 6 that the indices for ^dSitipn and sub- 
traction are approximately the same, but the missing addend problems 
were more difficult. Moreover, the indices for the two itepis with 
counting in the partition test are. each considerably greater than the two 
itemfe without counting, which did not include a particular number— 
only the relation "the same number," * ' 
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_ Table 7 contains. the frequency distributions for the two total tests 
and their subtests. None^of the distributions appear ^to represetit 
normally distributed variables. For items with' counting and without 
counting, responses for the variable Partition nearly reflected *an aLl-or- 
nothing phenomenon, since scores of one were relatively few in number. 



' . Table 7 ^ 

A ^ 

Frequency Distributions for Problem Solving and Partition Pretests 



^\.Score ' 


« 












Test , 


0 


1 ■ 


2 


3 


4 


5 6 


Problem^ 
Solving Total 


16 


4 


3 


9 


) 

9 


4 3 


Addition 


17 


12 


19 








Subtraction 


20 


11 


17 








Missing 

Addend ^ * ' 


36 


, 8' 


4 ■ 








Partition 
Total 


« 

' 15 


.4 


14 


- 3 


12 




With Count' 


17 


8 


23 








Without 
Count • 


, 27 


■ 7 


. 14 









because 36 children scored 0 on the missing addShd items, that subtest 
did" not contribute a great deal to^ the middle three scores in the total 

problem solving test distribution. As the difficulty indices for addition 

♦ » 

and subtraction were arourid .50, those 'items should have contributed heavily 
to the middle three and possibly upper three scores in tjie total test- , 
*^listrjLbution. Consequently, one would expect the a distribution of nonezero 



' / ^ .-■ 


• 


i 

liiiK - - — 1 . 

" . • ii4 " ^ , . 

* * y • * 


•' / 

i " ^ 


V " - * ■ , * 

scores to be nearly blll-'shaped* The actual^ distribution of the. total ^ • ' 


w , ^ 


test met this expectation. ' . 
Table 8 contains the internal consistency reliability coefficients, _ 


r 


means, and standard ^deviations. The reliabilities of;the tests are 




substantial except 


^ ♦ 

for the variable Missing Addend, which was a very 




difficult test. The reliabilities support further analyses of the data 

• » 




r 

/ ■ 


Table "8 " ' , 




^ u Reliabilitres, Means, and Standard Deviations of Problem ' 






Solving and Partitions Pretest 




• ^v^tatistic 
Test 


* 

Mean Standard 
' Reliability (Percent) , .Deviation , 










^Problem 
Solving* 


.82 2.31 b8) ■ -2.00 




•Addition ^ 


.68 , 1.02 (52) -.86 • , ' 




' Subtraction 0 


.70 .94 (47) .88 


I 


Missing Addend , 


.58" . .33 (16) .62 


1 


- Partitions 


.80 1.85 (46). / 1.54 


< 


With* Counting 


..80 ' 1.12 (56)^ ,90. ' ^' ' 




Without Counting 


\84 ' '.73 (36) .88 ' . 

i m 




amd allSw those analyses to be, interpreted with the confidences that the . /' 
criterion measures are internally consistent. In fact, the reliabilities^ 
* associated with the twq-item subtests support analyses conducted using^ those 
subtests as dependent variables. / ' ' • 1 " 


ER?C . 

• 




— » — J ^ _ 

— .# 

X aC 0 ^ • ^ 
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The problem solving with objects and partition tests were administered 
as posttests as well as pretests, table 9 contains difficulty indices of 
the items of each t^st. Very substantial gains: from pre-to-posttest were 

- Table 9 [ •» •» 

Difficulty Indices for Problem Solving anji- Partition Posttests 



Test 


Problem Solving 


^ Partitions ^ ' 


Item 










Difficulty 


f 

Item Type • 


Difficulty Item Type 


f 




Addition 


^ .11 With , 

.Count . . 


* 

2 


:52 


Subtraction 


* .73 - ' - With " ' 
Covint 


^ 3 . 


■ .58 


Missing 
Addend 


.71 Without 
^ ' Covint 


4 . 


.52 


Subtraction 


\ .60 Without 
Count 


5 


.75 


Addition 




,6, 


-.50 

.1 ,^ ■ 


Missing 
V Addend 





L / 



made in scores on the addition and missing addend items and in all of the 
iteml\of the partitions test. The difficulty indices fcr the Subtraction 
and missing addend problems are^ now comparable' and all are less than the 
indices for the.addiffton items. The problem ^Iving^ item difficulties 
in Table 9 ?re consistent with those observed by Stef f e and .Johnson (1971) 
but no't consistent with those observed in Table 4 for the subtraction 
problems, a result to" be explained in the secfion Analyses of Variance. 



ERIC 



12^ 



116 



Table 10 contains the frequency distriliutions for the two total 

i. ' ' '\ V 

tests and their subtests. All f requencyf distributions changed from 
pre-to-postt*est from the lesser to the greater scoVes (See Table 7) < 
As subtraction was worked on in the experimental group,, it is surprising 
that the frequency dist;ribution was not altered in the same magnitude as 
the other distributions • Interpretation of the. changes in, the distribu- . 
tions -is delayed until the section Analyses of Variance. 



Table 10 

Frequency Distributions for Problem Solving and Partition Postte^sts 



^^\Score 














Testi ^ 




1 . 


2 


3 


4 


5"~, 6 , 






Problem 
Solving 


• ^ 6* 


5 


7 


4 


6 


> 

3 • 17 


Addition 


. • . 7 


12 


29 








Subtraction 


21 


4 


. 23 








Missing Addend 


17 


10 


21 








Partitions ' 
Total 


8 

0 


3 




4 


27 




With - 
Count 


8 


8 ^ 


32 . 






t 


Without 
C5unt 


13 


7 • 


28 























Table 11 contains the internal consistency reliability coefficients. 



means, and standard deviations • All of the reliability coefficients, except 
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for the addition subtest, are substantial arid again support analyses of 
variance using the subtests as criterion tests. The rather low relia- 
bility of the addition tests is to be expected because the test was 



Table 11 



I^eliabiXities, Mfeans, and Standard Deviations of Problem 
Solving and Partition ^^osttests 



Stati^stic 


9 


1 




Test 


Reliability 


Mean 
V rercent ) 


Standard 


Probl^ 
Solving ' 


.86 

\ 


\ 

3.58 (60) 

\ 


K 

2.22 


Addition 


^ .54-- 


1.46 (73) 


- .7.3 


Subtraction 


- .91 


(fl.04 (52) 


.96 . 

* 


Missing 
Addend 


. 74 


1*.08 (54) 


.89 


Partition 


1 

.87 


2.81 (70) 


1.55 ' 


With Count 


.72 


1.50" (75) • 


.76 


-Without Count 


, .82 


.1.31 (65) 


.87 



relatively easy (mean score 73 percent). *The standard de\dLations' remain 
substantial and reflect thfe fact that children scored at each possible ^ 

score on the criterion scale, with heavy loading at the extremes. 

* \ 

/ 

Addition and subtraction of ordinal numbers . Table 12 contains the 
dif fioulty indices for the. addition and subtraction ,of ordinal number 
tests (Appendix A. 6). The rational counting on litems, modeled 
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ct + 6 = C > ^ unknown, were each fairly easy items. ' The missing addend 



problems, or ordinal number addition items modeled by ct + ? - 6f 5 unl^nown | 
were also surprisingly easy. However, the ordinal number subtractionSte^ ^| 
were diffieiilt, as were the counting-back items. Item difficulty is 
somewhat a function of the particular numbers involved* 



Table 12 \ 
Diff^Xiulty Indices for Additio* and Subtraction 



of Ordinal Number Tests* 



r 



Test 




Ordinal Number Test^ 


Ordinal ^.Subtraction Test 


Ifem 




Difficult/ Type 


Difficulty Type 

ft 


1 




. 77 Count ing-On 

a + 6 - 5 


, 54 ^Counting-Back 
* No tallying 


2 

f 




.73 Counting-On 
'a + 6 - 5 


.31 Ordinal Subtraction 
5 + ct = 6 
Tallying 


3 




'.71 Ordinal Ad'dition, - 


.56 Coudting-Back 
No tallying 


4, 




.56 Ordinal Addition 
ct + 5 = g 

* • 


.19 Ordinal Subtraction 
> . 5 -f ct = 6 ' • • 
Tallying 

4 



TabJ.e 13 contains the ^frequency distributions, means, standard ^ * 
deviations and^ reliabilities for the total tests of addition and sub- 
traction of ordinal numbers. The relia6ili£ies- associated with the two 
tests with equation forms 'a + 6 - and ^ + a ==" 6 with tallying are rather , 
low. The former is easy and the latter difficult, each of which contri- 
butes to low reliabilities. The ^alyses of variance for these two testis should 



U9 
Table 13 



Fre^quency Distributions, Means, Standard Deviations and Reliabilities 
of Ordinal Number Addition and Subtraction Tests 



Frequency^ 
Distributions- 



Test 



Counting-On 



Ordinal 
Addition 

Counting 
Back 



Ordinal 
Subtractibn 



Total Score 
0'" 1 : 



.Mean Deviation 
(Percent) 



Reliability 



6 12 30 



14 



20 



20 



7 27 

15 13 

20 8 
f 



1.50 (7^.> j .71 

4" - 

1.27 (64) " .88 

* 

.85 (429 ' ] .82 
.75 (38) .72 



,5.0 
.84 
.61 

.47 



V be definitely interpreted, but. with some caution if no differences are 
• detected in the analyses. ^ 

Mental arithmetic > Table 14 conjiains the difficulty indices for the 

mental arithmetic test (Appendix A. 7).. The difficulty indices for the 

time SGore represent an average time for eaph item. The subtraction 

exercises toolc,[^longer, on an average, than did the addition exercises. 

Not only did they take longer, but they were more difficult* • 

A 

Table. 15 contains frequency distributions for the met^tal arithmetic 
test, product, jscote. Table 16 contains .i:he same data for the time score. 
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Table 14 



Difficulty Indic'fe^ for Mental Arithmetic Product aiid Time ScoEes:-*'^ 



► — 1 , 








' Test 

Item 


Yi Product * 
Score 


•Time 

Score . 
• 


Item. , 
, • Type^ 

« 








" .36. , 




f . % 


X 


14.62. 


Additioji * 


•2 


.75 ' ' ' 


14.^02 


Addition 


3 


.67 ■ - , ' ' 


21.34- 


Subtraction 


4 




24.00 . 


Subtraction 






• 






Tablets 




« 



Frequency Distributions for Mental Arithmetic Testl 
Product Scote ' 



Score ' 




y 










Test 




0 




2 




3 . 4 ' 








1 










* * 


Total ' 




7 


3 


9 




16 ^13. 


Addition 




7 


12 . 


29 






^ Subtraction 




15 


15 


18 







Table 16 ^' . 

Frequency Distribution for Mental Arithmetic Test: ' Time /Score 















'^X. 'Interval-^ 












Test '^^''''''^^ 


1 . * 






■71 3 


...^ I ; |-\ 


Total 


« 

16-115* (36)** 




-214 (9) 


214-313 


(1) 313-412 (1) 


Addition 




18- 


-117 (44) 


3.17-216 


(3), - .-7 


Subtraction 


0-99 (45) ■ 


99- 


-198 <1) 


198-297 


(1)' . ^- -— ' 



*time range in seconds 

**Number of students that completed the te^t wit^iin the time interval 
given. , 

Most of the studentF>:ompleted the totar'test within thq interval of 16 to , ^ 

* f 
115 seconds * — Withiti approximately^ two minutes. . ^ 

Table 17 contains the reliabilities, means, and standard deviations * 

associated with each of the product scqre and the time acore." In' some ^ 

* . ' - ^- ^ • . ^ * 

cases, the reliabilities are extremely low. For the addition .items pro- ^> 
duct score, the reliability is only .15. The . fact ^that -the -t^st was . 
easy certainly contributes to this'* low reliability. No ^interpretation should 
be given to the analysis of variance on that measure. The reliabilities 



associated with the time score shoiild be interpreted as a measure ot tlie* 
consistency lof the time it took to do each problem. If^ fpr example, it 
i:ook consistently much longer to do one subtraction item than Che other, . 
a low reliability would be the' result. But i£ it always took about the 
same tim^,^,.^ :^tibstantial reliability would shpw^ Just because the addition, 
items atliitich' closer in difficulty than the subtracpioti items,' one cannot! 
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* 

^say they took closet to the same time than did 'the subtraction%items, 
for the reliability is jLess for the addition ^time scores th^n for the 
sul^traction time scoreju^ ^''\ 

Table 17 . 

\ 

Reliabilities, Means, and^ Standard Deviations of th^ ^(ental ^ 



^ Arithmetic Tes^: Product and Time Scores 




Test ' 



Reliability 



Mean 
(Percent) 



Standard 
Deviation 



J 



Total: 
Product 

Addition: 
Product 

Subtraotion: 
Product 

Total: • 
Time 

Addition: 
Time 

Subtraction : 
Time 



.19 
.15' 
.65 
.77 
.49 
.71 



2.65 (66) 

1.60 (80) « 

1.06 (53) 

73.98 

'28.64 . 

45.34 



1.50 

1.16 , 
■''■.82- ' 
55.29 . 
29.12 ■ 
31.83 



Class inclusion , loop Inclusion , nested -classification task A , and 

J* 

nested classification task B> Table' 18 contains difficulty indices for 
the items of each test. The difficulty indices for the^ class inclusion 
items are quite close. Moreover, 'the cSrrelations of each it^m with the 
to^al test corrected- for'overlap ^re .58, .77, .70, .87,^d .82, for item 1, 
2, 3, 4, and 5, respectively. I'hese yery substantial item^est correlations 
indicate e^ch item functioned well as a *discrimi^^or. 



*See Appendices A. 10, A. 9, and A,8, 



Table 18 . - • ■ 

Difficulty Indices for Class Incl\isirfh, Loop Inclusion and 
✓ * Nested Classification Tests 



Test 
Item' ^"^^^O 


Class 
Inclusion 


Loop M 
Inclus;Lon 


Nested Cl^ss 
T^sk A 

\ 


Nested Class 
Task B* 




/ — 4 








1 


.38 


.36 • 


.66 


' '.'SI 


- 2 


.26 


.36 


'.53 . 


.38 


3 


.26 


.66 


.55 

• 


.79 


'4 


.32 ' " 




^ .30 


.64 

• 


> 

5 


. ,36 . 






.43 


6^ 








.81 




sJ- "" " 









The difficulty indices of the items in the^three other tfests fluctuated 

a great deal. In the case of the loop inclusion test** the third it^in 

was relatively easy comt^ared to the first two. ^ When considering the item 

context (intersectirig tings), it appears to be *measuring^^omethirfg quite - 

different than t'he two others. .^his claim is supported by the low^ 

\^ • 
correlation (conne'dted for overlap) of .35 between the 'third item and the 

total test. In retrospect, the third item could be answered^ correctly dven 

though a cV-Id looked at. two intersecting, rin^s "^as forming three separate 

regions. In the caee'^of items 1 an^^, the probability was great that a- 

child had to view the nested rings as being nested in an inclusive pense. 

In 'the nested classification task A, the most difficult item involved 

a sequence of four questions involving* attributes -irrelevant in the nested 

classification* Whether the number of questions, the irrelevant attributes. 



or both contri^buted to the 'difficulty is not clear. The two most difficult* 
items of task B ^d not ihvolve irrelevant attributes, t>ut rathQiijiplassi-, : 

fication of the buttons,. 'Apparently^ children in some cases thought . 

t i 

y 

that the object in the box coul^ be ^a white 'button. ' " - ' 

Table 19 contains the frequency distributions and Table 20 the reliabi- 
lities, means, and standard deviations of the tests. It is apparent that 
the class inclusion test is quite difficult- ^ith approximately one half . 



of tlie children, scoring zero. Fifteen ^of the ^^hildren- displayed scores of 
at least three, which iadicated t^iat these children learned how to" solve^-^- 
the class inclusion problem during the 'time from September^o I^bruary. 



Tabte 19 

r 

Freqifency Distributions oif the Class Inclusion,' Loop Inclusion, 
and Nested Classification Test^* 



1 

Test 


0 


■ 1 


2 


3 


• 4 


5 


6 




, Classv^nclusion\ 


23 


'8 ' 


1 


. 3 










Loop Inclusion 


12 


' 15 




11. 








V 


Nested Class: k 


•2 


7 


13 


'll 


5 


9 ^ 






4* 

— tested Class: B' 


4 


'l' 


5 


8 


' 1"0 


8 


11 





e class inclusion test is highly'^ntemall/^consistent, but. the 
reipaining three* are only moderately :^liable given, that th^y werfe con- I 
. structed to measure -a- single capability. As the last-item of the loop 
, inclusion test is faulty, it undoubtedly contributed to the'low reli^ility. 



* 
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Reliabilities," Means, and Standard. Devilations df the Class Inclusions, 
Lbop' Inclusion, and Nested Classification Tests . . . 



1 

^O^Statistic 
Test ^ ' 


* 

Reliabilit?y* 


Mean 
(Percent) . 


Standard 
Deviation 


Class Inclusion 


.90 


1.57 (31) 


- — 
1.94 


Loop Inclusion 


* .'65 


• 1.38 (46) - 


1.10 


Nested ^Class : A. 


.55*^ . 


2.V9'<56)^' \ 


1.44 ^ . 


* * 
Nested Clads: B 


. 76 


3.85 (64) 


1.80 




- / » 







Whether the nested .classification ^testis 'are good measures is, at this 
/point," an open question. They do hot possess particularly good psycho^^ 
metric properties given the way they werp constructed. 



Analyses of Variancei 




Cluster 1 . The variables included in Cluster 1 were Nymber in S ' 
(#8), Number in. P (//P) , and Nuiaber in S + Number .in P (#S + //?) . ' These 
variables are defined in the section The Achievement Tasks . * The researciil 



hypotheses to be: tested in this section are that (1) extensive quantitative 
comparers obtain cardinal ibformation from ojrdinal iilformation to-^a greater 
extent thaii gross quantitative comparers, (2) extensive quantita,tiV^* ^ 
comparers who ^re taughf counting strategies obtain cardinal information 
from ordinal information to a greater extent thari, the extensive quantitafclve 
comparer^ who are yiot taught, counting strategic, and ^^(3) gross quantitative 
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comparers are not able to obtain cardinal information from ordinal in«£oij- 
mation regardless of being taught countings strategies, 

5 The multi'^ariate F'for interaction of Quantity and Treatment: (F^ « « ,62) 

* 

was not significant • The multivariate F for Quantity was significant ^ 

^. • 
(Fjj<^2 3.14,= p < .^05). The multivariate F for Treatment was not significant 

** • * " 
(F^ ^2 '* »39). Table 21 contains the raw weights of the discriminant function 

for Quantity and the total group correlations of the original variables 

with the discriminant function. Because Quantity wa"S significant (p < .OS) 

the univariate F-ratios are presented in Table 22, The variables showing 

significanc'e were //P and //S + //P for Quantity. The fact that //P and //S + //P 



were ^significant for Quantity in the univ^^riate tests corresponds quite, 
well to the facjt they contributed most (correlations, Table 21) to Xhe 

• ' • . • • c 

separation pf th^ extensive and gross quantity groups. The cell means ^ 
for the //S variables are- presented in Table 23, for th'e //P variay.e in 

. . Table 21 

--Weights of the Discriminant Function and Correlation of Original Variables 
with the Discriminarrt Function for Quantity: Cluster 1» 



Yikriables 




V 




Sta\:istia ^^v. 


//S 




#S + #P 


0 




Weight^' 


-.045 


.036 


■ ' .055 ' 


Correlatrion 


. .34 


> • -71 . 





• i.rr 



Table 22 • 

^ Quantity Versus Treatment Univariate Analysis of Variance: Cluster 1. 



♦ 


. Number 


in S 

K 


. Number 


in F • ■ 


Number- 
Nuimber 


in S *+ • 

in, P 




*» 

Source of 
Variation , ' 


Mean 
Square 


F 


Square 


■ F 


Mean 
Square 


' .F 


Quantity (Q) 


.59 


1.14 


2.16 


5.01** 


13.42 


8.33** 


Treatment (T) 


- .03 " 


<1 


.01 


<1 


1.04 


<1 


Qxr 


' .45 


<1 


.96 


, 1.85 


■..90 


<1 


'Error 


..52 




•5.2- 




l.*61 





**(p<.01) 



Table 24 and for the #S + #P in Table 25/ The first, hypothesis tested 
was supported in the multivariate analyses and was supported for the //P 
and the //S + //? variables in the xinivariate analyses • Apparently, tKe 
extensive quantitative comparers were able to utilize the hints in the 

' Table 23 . ' , , ' 





Cell Means for #S 




^■^^^reatment 


* 




Quantity 


Control 

*• 


% 

Experimental 






Extensive 


.-'42% 


54% 


Gross 


• 41% • 


33% ' 
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^ >» -j;able 24 
Cell Means for //P * , ' 


^VjTreatment 
Quantity 


C^trol Experimental 
(Percent) , (Percent) 


Extensive 
Gross 


" ' rr 1 * ■ 

50% ' 63% 
■ ' 41% ' 25% 


Table 25 ' * • 
Cell Means for //S + 


^>5s,^^^Tr e a t men t 
Quantity , 


\ 

Control . Experimental'^ 
(Percent) (Percent) 


Extensive ' 
Gross 


* 

67% \ 81% 

48% ' ' ^ ^48% 



cardinal-ordinal tasks to a greater extent than were the gross c^uanti- 
tativa comparers. This finding , is* quite significant. The extensive 
quantitative compare^rs, especially those in the* experimental group 
seemed quite capable of solving problems of the nature presented. ; 
Solution strategies necessary for* the tasks were .apparently available . 
to the extensive quantitative comparers and were easily activated.' 

Apparently, the task design £ot //S produced too iliuch" conflict for 
extensive qtaantitative Gomparers* to activate relevant strategies to the 
same extent as in the two, other variables. This opinion is based on 
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the results of the //P-,and //S + #P variables. Consequently, ,the results 

♦ 

for the //S variable are viewed as inconclusive, ^neither supporting nor- 
refuting the first hypothe*sis of this section. A test of the hypothesis 
for //S awaits better and more reliable task design. - ^ , 

In case of the //P variable, the extensive 'quantitative comparers out- 
performed the gross quantitative comparers, esp^ially in the experimental 
group, ^ An interaction between quantity and treatment is suggested by the 
means in Table 24, but was not significant statistically. One can say « 
that children who are extensive quantitative comparers (^n obtain cardinal 
information from ordinal information better than gross quantitative comparers 
as long as that info'rmation can be obtained from counting forward rather * 
than backward. The effect of Quantity was not as strong for //P as it 
should have been theoretically. But it must be remembered that the 
reliability for //P variable was low. The first hypothesis was supported 
by the data from the #P variable, but ^e should not place strong confi- 
dence in the results. A more conclusive , test awaits better tasl^design. 
Even though the interaction of Quantity and Treatment was not significant . 
far any of the three variables, the second hjrpotdiesis seemed supported 
by the results in Tables 23, 24, and 25. The results are suggestive enough 
that the hypothesis should be tested again. The third hypothesis appears, 
to be supported, alt;hcugh not strongly. 
* The correlations of the variables are presented in Table 26. The 
correlation ol .54 between //S and //P ^is significnat at p < -^1. This 
modest correlation between //S and //P is further evidence that improved 
task design is necessary for the two vari^les. The^ two remaining 
correlations are sputious due to definition of tfhe variable //5/H^//P. 
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.■• ' Table 26 

Correlations Among Variables in Cluster 1 



, . #S //P 

//S ~ - • 

.If? ' ■ !54** ^ ~ 

• = S 
//S + //P -61** ^ ,61** 

ft 

i 

**(p < .01) • ^ : ~ 



Cluster 2 . The variables included in Cluster 2 were Goiftting Back, 
Just Before, Just After, Between, Successor, and Predecessor, These 
variables are 'defined in the section The Achievement Tasks > ' The research 
hypotheses to be tested in this- section are that (1) extensive quantita- 
tive comparers and gross quantitative comparers do not perform differently 
on the varial^les c'ounting Back, Just Before, "^^^ After, Successor, and 
Predecessor, (2) that the extensive quantitative comparers outperform the ' 
gross quantitative comparers on the variable Between; and that (3) the 
children in the experimental and control groups do not perform differently 
on all the variables in Cluster 2. ^ * T * 

..The multivariate F for interaction of Quantity and Treatment (F^ «q = 1.46) 
was not significant. The multivariate F for Quantity was significant. 
"(Fg 29 ^ 2.57, p < .05). The multivariate F for Treatment (Fg ^g^^^ '^^^ 
significant. The raw weights of discriminant function for Quantity and 
the total group correlations of' the original variables with the discriminant 
function are presented in Table 27. The variables Counting Back and Between 

contribute mast to the separation of > the extensive and gross quantity 

* • . • ^" .-^ 

groups. These two variables are also significant in the univariate analyses 

.1 • . ■ ^' • 

•presented in Table'' 28. * 



Table 27 *' 

■ •' \ ' - • . 

Weights of the Discriminant Function and Correlation 
• » 

of' Original Variables with the Discriminant 
• Function fot Quantity :\ Cluster 2 



Variables 

Statistic 


Counting 
Back 


Just ' 
Before 


Just ] 
After * 


Between 


Predecessor 


Successor 






Weights 
*• 

Correlation 


.052 
.69 


-.113 
-.05 


. 020 ^ 
.38 


.048 
.63 


-.039 
•.21 


.043 
.37 



Table 28 

Quantity Versus/Treatment Univariate Analyses of Variance: Cluster 2 



Variable 


Counting 
Baclc 


Jys-t 
Before 


Just 
After 


Between 


* 

Successor Predecessor 





^ Source of Mean Mean ' Mean Mean 

Variation Square F Square F Square F' Square F 



Mfean. Meai^ 
Square ,F Square F 



Quantity (Q) 10.51 8. 31**. 01, <1 
Treatment (T) 1.35 1.07 .02 <1 



.23 ■2.54.15.33 6.96**^.88 '2.43 .20 <1 

.21 2.54 .17 <\ '.00 <1 ^ .00 <1 

QXT ' .63 <1 .244 1.52 .00 <1 4.59 2,08 .13 <1 .00 <1 

^ . • 

Error 1.36 .160 • .09 ' ' 2.20 . 36 • .26 , 



**(p, < .01^ * * ^ 



' / 



-142 



132 
Table 29 

C611 Means for Counting Back atid Between 



Variable 



Counting Back* 



Between 





Treatment 
Quant ity^*^;^-^*,^,^^^ ^ 


» 

Con . 


Exp 




Con 


Exp 


E^tdnstve 


72% 


83% 




67% 


79% 


jGrosB*' ' 


64% 


44% 




54% 


< 35% 



Table 29 contains the cell means for the two variables for which 
Quantity was significant^ in the univariate i&nalyses. In ca^ of the 
variable Counting Back, the gross quantitative comparers had a mean 



score of only about 54%, which indicates some difficulty \W.th ,point 
counting back for these children. In th4t the treatment liad no posi- 
tive effects, one-vtcan expect teaching gross quantitative comparers to 
count back to be somewhat ineffective if the teaching is not sustained 
and repeated over time. , Gross quantitative comparers have a difficult^ 
time determining the numbers between two given numbers, as shown in 
Table 29. • Again, the- concept was resistant to instruction on counting-on 
strategies given for these children. 

The »first hypothesis tested in this section is hot supported in a 

multivariate sense. To locate precisie differences, the univariate analyses 

; * ' , "" '^''-^ 

. were run. It was found that hypothesis was not supported for Counting 
• *' • • * 

Back, but is supported in the case of the remaining ^ari^bles. The 
second hypothesis was supported. Acquisition^ of the concept Between 
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4 4 

\ appears- related to quantitative comparisons as hypothesized. The third 
hypothesis was suppo-rted . , ^ ■ • * ' • 

^ The correlations among the variables are presented in Table 30. The ^ 
critical* correlation is r =- .30 to be significaait for p < .05, and r'= .35 

— ^^o be significant for p < .01. The correlation^ are modest at best 

^ ■ ■ 



given that the variables . are conceptually related. 



/ 



Tabi^ 30 . ' ^ 



Corrlation Among Variables in Cluster 2 



I 

5 



1., Counting Back 



2. Just Beford .19 



3. Just After ^ .31* '.36** 

^ 4, between, ' • .29 .49**' .44** '- ' . . 

: ' 

5. Successor .18 -.03- ^ .03 -.03 

6. Predecessor * .52** .34* .15 .34* .00 

/ 

^ *(p < .05). ■ **(p < .01) ^ ■ - 

Cluster 3 . \ The variables included in Cluster 3 were Addition, Sub- 
traction, and Misusing. Addend problems, to be solved in the absence of 
-physical objects* The research hypotheses tasted in this section are that 
(1) extensive- qtxantitative comparers will solve verbally presented missing 
addend problems better than gross quantitative^ comparers. Difference^/ 
will also exist on addition and subtraction problems, . but not as acute 



as for the migslng addend problems. Moreover, subtraction will be move. 

difficult 'for the gross quantitative comparers than addition, and (2) 

the e:?lperimental group will put-perform the control- group on all three 

problem types.. ' . » 

The multivariate F for interaction* *if Quantity and Treatment 

(^-3 1.23) was not significant. The multivariate .F, for Quantity' 

was significant '(F^ ,^ = 6,89, p< •01), The multivariate F for treatment 

(F^ 42 ^ ^•03) was not significant. Table 31 contains the raw weights 

qf the discriminant function for Quantity, and the to*£al group c5rrelations 

of^the original variables"*with the ' discr iminant *f unction, ^ 

^ * -• • ' 

Table 31 • ' 

Weights' of the Discriminant Function and Correlation of ** 

Original Variables with the Discriminant Function 

^ for Quantity: * Cluster 3 : • _ 



^"^^^Variable 
S t a t i s t id^^^^^ 




V 

Addition 


Subtraction 


• 

Missing Addend 






Weights 




.013 VI 


-.003 


.131 


CprjrejLation^ 

•> 




.40 - 


.51 


-.99 



The mis9ii4i^-/^de|iat .problems contribute a great deal tq^Che separation ' 

of *the extensive and gross quantity groups. The subtraction problems are ^ 

next,* and then the addition problems, which contribute relatively little 

© - — 
To ^further understand the variatijLes, univariate F-ratios and cell means 

are presented as* TabJLe 32, and Table 33, respecti^ly.. 
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Table 32 : ' - 

Quantity versus- Treatufent Univariat^ Analysis of Variance: Cluster 3 

1 



Variable 



Ad<Jition 



Subtraction 
: J 



" Missing Addend 



Source of 
Variation 


Mean 
Square' 


Mean 
F Square 


F 


■ Mean 
' Square 


F 


Quantity. (Q)- 


,1.76 


3.49/* 3.26 


5 .54* 


- 13.33 


21.51** 


Treatment (T) 


• .40 


<1^^ ' 1.89 


3.20^* 


.34 


.<1 


Q X Q- 


1.78 ■ 


3.52/ .90 


1:52 . 


: .04 


<1 


Error 

• * 


.50 


.60 




' .62 





*(p < .05) **(p < .01) /(p < .07) ^(p < .09) 



^Ta^le 33 



CellrMeans ior Cluster 3 Variables 




Variables 



■/« » ."'SuVtr^tion.', ^ti^sing Addend 



^v^^ Treatrment 
Quantity ^^s^ 

^^^^ 


. • : * 

Con , Exp 




S'' -^^ ■ . . 
, Con\; . Exp 


Extensive 
Gross 


88% 79% 
50? 79% 


81% / 88%- 
41% 75% , 


, 69% • 75% ■ 
^ 14%^* ■ 25% 



"The F-ratio for^ Quantity is significant for Missing *Addend; In 
the case 6f Missing Addend the mean for the extensive quantity. 



group is 72 percentf *and the mean for the grass quantity group is' 20 percent^ 
— r a striking difference.. ^'^^^^'^^^^ * 

It a^pe^rs as if Quantity and Treatment should have, interacted for 
Ad(iition and Subtr^f tfon. In the case of the control group, the differences 
in the means for the extensive and gross -cjuantity groups were 38 and 40 
percent for Addition and Subtraction, respectively. The same differences 
were 0* 'and 13 percent for the experimental group. These interdictions §re 
not significant statis^iically. 

Because of relatively large within-^ell variances and the ^f act that 
only qpe degree of /reedom was available for the numerator* of the F-ratl,o, 
strong between group differences had to exist before they were statis- 
tically signi?3xant. GonsequeAtl^ if ^'a~ln^ia--xixintefaction effect 

w 

ft 

was significant statistically it was certain to be significant Educationally 
Moreover, some between gtoup differences could be concluded as -educationally 
significant ^'when not statistically significant f. The interaction effe<;ts 
in the analyses of variance for the addition and subtraction* tests fall in 

: ^ . ' . ■ - - ./ . 

this category. The differences in the means for -the control group are 
of a magnittfde that they would be significant if differences^ in experimental 



groups wei;;^ of the same magnitude. In fact Quantity -was significant for 

Subtraction. 'At 'any rate, .the interactions of Quantity arid Treatment ^^re 
♦ 

considered as educationally significant for Addition and Subtraction, and 
are explanable in terms of the treatment . 

The experimental jchildren were encouraged to use their finders in 
doing addition and subtraction problems using k,, counting-all strategy. The 
gross' quantitative comparers apparently learned to* execute th^ strategy 
about as well as extensive quantitative ^Comparers in case <sf the experi- 
mental group • -^However, due to the cotint;ing-on, neceskary^ for the missing 



addend*^ problems, counting-all procedures were not appropriate. The 

gross quaSfcity children apparently had a great deal of difficulty leam- 

* * • * * 

ing counting-on procedures even though such procedures were taught^ 
♦••'/' ' . . . 

^he correlations among the c^^ariables in Cluster 3 are presented ag\^' 

. r ' ' ^ 

"table 34. Th^ correlatiofi between Addition and Missing Aidend is modesty, 

/ 

A more extensive discussion of 'the correlations is of f ere'd in the next 
sections when' the analysis for' the variables in Cluster 4 is presented, 

^Tahle 34 ^ 
"Correlations Among Variables in Cluster 3 



jf-tr-: ■ 




p 






2 


1. 


Addition ^ 








2. 


Subtraction ^ , 


.55** 




: \ 


3. 


Missing Addend 
r ■ ^ 


.^3* 








*(p < .05) » **(p < .01) 









The first hypothe^sis ±i supppojted in a multivariate sense. as well 
as a univariate sense,^ The T^redicted differences were' oJ)served for 
addition, subtraction, an<i missing addend problems. The second hypothesis 
was>not supported. However, thdv gross quantitative comparets^ho were in 

the experimental * group outperformed the gross 'quantitative comparers in 

* ^ <- ' ' 

the control group in the case of addition an^ s.ubtraction. 

. . , ^, A ' ^ ■ ' 

Cluster 4 . ^?he|^variables included in Clustep^ wpre Adci^tion, Sub- 
. traction^ and Missing Addend problems tp b^ solved in the presence ot 
objects and Partitions W,ith Counting and Partiti9as Without; Counting. 



This cluster of variables was administered to the "children' before the 

treatments began and after the treatments were over. Two sets of data 

are .t;hen presented — pretest data anS posttest data. The pretest data 

a^e presented first, . , 

/ The research hypotheses for the pretest data for Cluster 4 are that 

(1)* the gross quantitative comparers are not abl^ to solve the missihg 

addend ^rbblems nor the subtraction problems, (Z) the extensive quanti- 

t^tive comparers can solve addition and subtraction problems and can, 
* i - . •* ••^ 

with moderate success, solve missing addend problems, -(3) the gross 

. ' ^- ^ , ' 

, quantitative comparers are not able ,to solve set partitions problems * 

y but exteixsive "^quantitative comparers are able to "solve these prpblenfe, 

ai 

% ' ' ' ' ^ r 

t^tive comperers on all operation variables. 



and (4) .extensive quantitative comparers will out perform gross quanti- ^ 



The interaction of Quantity and Treatment was npt'^significant • The 
multivariate F ior Quantity was significant (F^ ^ ?'84, p < ,01), 
^-TK§^ multivariate F for treatment was not significant, 
y Table 35 contains the ^aw weights of -the discriniinant function far 

. ^ ^'"i's^ Quantity and the total ^group j;orrelations of the -original variables with 
"the discriminant funcfipn.^ Partition problems do not contribute a great 
deal to the separation*^ the two groups involved as shown by the correla 
tions, ,A11 other variables do contribute, with subtraction and missing 
addend problems contributing quite heavily. 

Table 36 contains the univariate analyses for all of the^ variables, 

,« Quantity was highly significant for 4l^di^ion, Subtraction, and Missing 

Addend; but was not sighigicant fdr either Partitions With Counting or 
" Partitions IfLthout .Counting, In order to inspect the cell means Table 
'37 is presented. Any differences -due to treatment groups w^s strictly 
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Table 35 

Weights of the Discriminant Function and Correlation of Original 
Variables with Discriminant Function for Quantity: Cluj^er % 

^ Pretest 



/^v. Variable 
Statistic ^v,. * 


* 

Addition 


4iSub traction 


Missing 
Addend 


Partition 'cPartition 

Count ' • .No* Cotmt 
♦ 






Weight 




. .134- . 


.174 ' 


.019 


-.054 


Correlation 


.53 


M 


.70 


.27 


• .009 ^ 



m 



. ^ Table 36 . 

Quantity versus Treatment Univariate analysis" of 
" Variances: Clustet 4 Pretest 



riable , 



Addition ^ 



Subtraction Mis^ng ^- Partitious . ^ Partitions 
^ ' ^ ' *Adddnd ^ 'With Count . .No 'Count 



urce of 
riation 



Mean 
Square 



'Mean' 
Square 



Mean * F 
Square 



Mean F 
Square. 



Mean 
**^quare 



antity jCQ) 7.50 

eatment (T) .68 

tr- .00 

tror . .60 



12. 46^^* 12.89 30:56** 6.38* 21.19**' 2.41 

1.12 ' 1-.96 . 4.64* . .112 <1 .83 

<1 / .12 ■<!■ .00 <1 ;e7 <1 

.42 -'.30 . 



3^27 



.00 



if ' 



.74 



1-.'13 • 1.07 



.■85- 



ft . 



-<1 



, 1:25. 



*(p < .05) **(p < .01) - 



I. ^ 
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; . . ' Table 37 

Cell Means 'for Cluster 4 Variables: Pretest 



V 



-^Yariable 



Addition 



Subtraction 



Missings. 
Addend 



Partitions 
With Count 



Partcitions 
No Count- 



/ 





Con 




"Con 


• 

Exp 


Con 


Exp 


75% 


■ 94% 


'6"6%' 


44%' 


38% 


^ '75% 


75% 


3S% ■ 


33% 


17%- • 




0%. 


'38% 


63% 



Dreatment 



'Quality 



Con 



Exp 



Extensive 

y • 

Gross * 



38% 
25% : 



4^' 
50% 



due to chance fluctuations in- sample selection* The subtraction problems 
appeared t?o*\l5e easier for the control children than for the experimental 

Children. * ' ' 

/ . , . / - ; . • > - ^ ' . 

The first hy^po thesis was strongly supported the missing addend 
problems. but only weakly- supported for the. subtraction, problems, as la 
mean score of 25 *perceht was obtained by the 24 childireii who» were gross 



quantitative comparers^ ^n the subtraction problems. The extensive ^quanti- 



tative comparers, however, had a mean score o"f 80 percent on the 



subtraction problems ai^d a mean score of 82 -t)ercent.oi:j th*e addition problems, 

out only a mean score of 41 percent on the missing addend problems • Con- 

' / . ^ > > . • 

sequently, hypothesis (2)«is strongly supportefd. , ' 

Hypothesis 3, surpi^isingly, was not supported by the data. No 

^ ' * ' 

differences were fpttoid between the* extensive *and gross groups on either i 
of Partitions With Counting or Partitions WithoiTt Counting.. Moreover, \ 

' the correlations between the partition tests and the other, three vari-. 

* ables are low as shown, in Table 38. Partitions* with and without counting 



do not correlate .with subtraction or missing addend problems. The 
partition tests do correlate significantly with addition problems, but 

. . * Taj5le 38 ' \ . . ^ ' . 

Correlations Among Variables in Cluster 4: ^Prete^t ^ 



3i 



1. Addition - y > '. 

2. - Subtraction ' -.SS** - , • ' 
3*. Missing Addend ' . 78** • 29 . ' - ' ' ^ 

4. Partitions .36* ' ^.29 ' .12 

With Count •> ^ ' > 

< '■ • 

5. Partitions . ^ -3]^, AO ■ .li .46'***^' 
No Count . • / 

V . ; ) • 

*(p < .05) . **(p < .01) J ^ i ^ . , 



iditi< 



the correlations are. barely significant. The additiott problems correlate 

substantially with subtraction and missing addend problems, which, in 

turn 5 40 not significantly correlate. . ^ ' ' ^ 

Hypothesis A was supported in ,.a ijiultivari^te ^aens^ The univariate 

analyse*s showed that the hypothesis was supported.* ^ , . ' 

/ • ' - - . * ^ * . ' " * 

The research hypotheses for the posttest data ape (1) the [cfiildreh-, \ 

in the experimental -group will outperform the children 'in the control ♦ 

••^ . * * ' ' - * 

■ ' . / . 

groUp on all -jvariables except addition, where there will be no differences 

y ' " ' . . ' '•■>.■ 

in performance. This hypothesis should be true especiall^rsfor the gross / 

•• , 

quantitative comparer 3. (2) the exterfsiye quantitative comparers w:^ll . 
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outperform the 'gross quantitative comparers in the control group on the ^ 
variables- Missing Adij^nd, Subtraction^ , Set Part^^on With Counting, an<f^ 
Set Partitions Without Counting. ' * * - ^ ' 

• . . 

The multivariate F for th^ interaction of Quantity and Treatment 

\ ' ^ * ' ' . 

t5ras*;aot significant. The multivariate F for Quantity was significant 

(F^ 40 " 8.24, p < .01). The multivariate F*for "treatment was npt signifi 

cant (F- 2.37) for p < .05, but was significant 'for p < -.,06., 

/ * 3,40. . ^ , * ♦ . ^ • * . 

• ' ' ' -1 • . ^ 

'Table 39 contains the wjeights of the discriminant function for -Quantity * 

; \ . • ' - ^ ' * , * 

* - • * ». 

and the correlations of the original variables with the discriminant 

' ' ^ ^ " . * ° 

function. . , , 

Table^ 39 - / ' ' " 

J Weights of the>^iscriminant "Fupc^tion and Correlation of * the 

^ * '* < • ■» 

Discriminant 'Function for Quantity: ^ Cluster 4 Posttest 











u 

a* , 




'Vafiat^le 
Statistic 


•. Add* 


* » 

Sub 


. Missing - * 
Addend ^ ' 


Partitions/ 
Witk Count 


Partitions 
No Counl: 






*• ♦ 

Quantity ^ - 

Cbrrelatiqii , 


'.027 ' 
.60 


.024- 
.51 


^19 
* 

-.98 


' -;033 
. .32 • 


* » 
■ ' .004 

. 38 ■ . 



. ^ Table 40 contains the results of the 'univariate analyses. Every 
variable was significant for Quantity. -These significant F-r^tios are* a 
reflection of the correlations in Table 39 in that each variable con- 
tributed to the sepatatiqn of^ the extl^nsive quantity ^nd ^ross quantity 
groups witji the operations vatriables ^contributing more* than the partition 
variables.- ^ Table 41 is a table ot cell means for the two ractdrs" across 
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S^"^ Table 40 

Quantity versus Treatment Univariate Analyses of Vardl^ancej 
Cluster 4 Pos.ttest Variables 



ari^ble 



Mdition 



Subtraction 



Missiirg 
Addend 



Partition 
With Count 



Partitiont 
No Count 



ource of 
ariation 







Mean 




Mean 




Mean . 




Mean ' 


Square 




Square 


F 


Square 




Square 


F 

* 


Square F 


6.46 


6.06** 

• 


8.79 


12.00** 


18.29 


43.24** 


2.49 


4.78* 


^4.35 6.45* 


3.12 


7^77**-, 


1.38 


1.88 


.47- 


->1.13 • 


.00 


<i 


< 

■ .05 '<1 ■ 










< 








•11 \ 


<i 


.14 


<1 . 


.00 


<1 ■ 


.51 


<i 


2.29 3^.40 


.40 


t 


.732 


• f 


.42 




,52 - 




.67 .' 



XT 
rror 



*-Cp ^ .05) 



**(p-< .01)'. . 



the^ variables, and Table 42 i§ a, (correlation .table for- the- variables. . Hypo- 

thesis 1 was not: supported for any of the variables. ^ iti fact-, in the ' 

c^se of addition, the conrtrol children outperfarmed the experimental , . ^ ' 

children. Hjrpothesis 2 was suppot^e4 and can be extended to include * ' , 

addition. ' ' * , < . 

It is now passible to- mak^ statements from the perspective of t^e 

pretest and posttest cluster 4 variables. On the pret'esfi, the control . 

children, uniformly outperformed the .experimental chiridren'on the-sub- 

traction problems (significantly) and the addition problems (nonsig^iifi- x 

-.♦«►. ^ 

cantly) . On the* posttest fj* the. control children uniformly dutpef formed 
the expezfimental children on the addition problems, (significantly) and 
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Table 41 . V , . 

Interaction Table for Cluster 4 Variables:., Posttest ^ . 



Variable 



Addition . Subtrgiction 



^ ~' 

Missing Partition Partition. 
Addend ' With Count No Count 



•^\/Treatment 


f 

Con Exp 


^ Con Exp 


Con Exp - 


Con Exp 


Con Exp 


Extensive 
Gros*& 


1.00% 79% 
68% 38% 


84% 62% 
36% 25% 


88% 79% 
27% 17% 


92% 83% 
59% 71% 


88% 71% 
36% 42% 



Table 42 ' \ 

Correlation Amo^g Cluster 4 Variables:' Posttest 







V 




1- , 

> 


1 -\ 


'3 





i.-^^ddijtion 

\ 

Subtraction 
3. >fissing Addend 



4. Partition 
With Count 
* 

5^. Partition 
. No Count ' 



.37* 
.48** 

.43** 



.41**. 
,31* 

,47** 



.44** 



,38* 
V 



.71^ 



*(p <-.05) **(p < .01)- ^ 7^ ~ 

tlie subtraction (nonsignificantly) . By inspection of the means, one can 
say that the experimental children did not improve a gre^t deal from' 
pre-to~post test on. the addi-tion and subtraction problems for Cluster 4 



♦ * 

variables. Onewmust remember, however, that, objects were present during 

* - * ^ 

^solution. , For the addition and subtraction problems with no objects • 
present, the ^experimental^ children uniformly per,formed quite well (see 
Table^33). The control children performed no better on -the addition and <^ 
subtraction problems without objects than with objects. The fact that 
the experimental children performed better (the gross quantitative com-;- 
parers) on addition and subtraction problems witjiout objects than with 
objects is not consistent with research reviewed "(Steffe, 1966: LeBlanc, v. 
*1968; Ste^fe and Johnson, 1971); nor is it consistent'with the results for 

'\ • ; ' . ^ 

the contfoj^^ildfen.' 1nie''result i^^e^fplanable in terms of the treat- 
•me^t. The expeririental children were encouraged, to use tfieir fingers 
id computational work utilizing counting-all strategies for addition and 
subtraction. For these children, the countingrall^ strategies were personal 
and easily activated. Comparing the results of Tables 32 41 for the 
gross quantitati"\^e comparers, it*^ easy to see .tffat the presence of 
. manipulatable objects interfered with the solution strategies they Sad 
* been taught. In the treatment, those children resisted usfng manipulatable 

objects, much preferiAg to use tfieir fingers^ as aid to solution. 

* 1^ * 

The experimental children also used the hand calculator to perform 
^cSpputations. Biit the results presented 'for the- mental arithmetic test 
refute the^ possible interprietation that the experimental children had 
Reamed their f^cts and used ^them in solving problems without objects. 

The 'missing addend problem Remained quite difficult for the gr6ss 
quantitative comparers for problems with obj'ects present and was difficult 
for problems with no objects present. This difficulty is attributable 
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to the solution strategie^ necessary for solution of the problem. Further 

discussion of the results for the missing, addend probrem is delayed until 

results of Cluster 5 variables arS presented. 

The results for the set partition problems are a' curiosity. On the /" 

pretest, tliey were not correlated with subtra.ction or missing addend problems 

* • 

and were correlated* only modetately with addition problems. These -results 

cannot-ie at^tibuted to te§t difficulty — that sope tests were toq easy 

or too difficult for the sample. Moreover, as shown in Table 8 in the 

section Item Analyses ^ the internal consistency reliabilitjT of Cluster 4 

variables were substantial on the pretests, except for the difficult 

missing addend problems. One can only conclude* that, on the pretest^ the 
' * » 

two set par1;ition tests'* functioned relatively independently of the other * 

. 'T ' ■t ' ^ ' 

•tests, ^his ^i^esultVwas entirely unexpected and was not as theory might 

predict. ^ - i - - ^ ... - * / 

• - * * • 

^ On tMe posttest, ^£he extensive quantitative- comparers had acquired 

the facility to sol^ " the set partition problems to a grfe^ter extent* than 

' " : ' \ . ^' ' • ' • ^ 

had the gross quantitative comparers.- - Consequently^ one may. say that 



Quatitity was E readiness variable fdr learning to solve the set partition 
problems. Moreover, the test r&tained its subs'tantial reliability on the 
posttest as shown in Table 11 in the section Item Analyses , so thatJithe 
results can be^-accepted with confidence* that the test functioned quite well. 

Ou thd posttest, there was a convergence of performance on Cluster 
4 variables in that all were significantly "correlated (Table 42) except 
Adci4.tion and Partitions With Counting. Partitions Without Counting 
correlated fairly well with addition, subtraction, and'^^Issing addend 
problems. This result is considered as reflection of beginpring emer- 



gence of number facility on the part .of the gross quantitative comparers. 



It shQiild be cleai;, however, that seT partitions is not a precursor to 

addition or subtraction nor is it true that addition or subtraction 

is a' precursor to set partitions. The capabilities emerge in the same* 
age range, but as* unrelated phenomena. 

The relative magnitude .of the correlations between Addition^ and 
Subtraction 'depends on the t^st co.nditiqns' and also depends <=on the time ' * 

of the year th^'t tests are 'administered. On the -pretest for. problem 

, ' r • ' / / t 

solving with objects present. Addition correlated substantially with ^ ' 

• ' , , • ^ 

Subtraction and 'Missing Addend (Table 38), but Addition was not as 

•strpngly correlated with. Subtraction and Missing AVidend^on the post;test ' * 

(but correlated significarijtly) ^s on the pretest. On the test for problem 

solvii5| without objects, Addition and Sub fraction, were correlated" to a,. ^ 

great.er extent than Addition and Jfissing -Addend (Table 34)'. This result 

was the oppclsite of the results obtained from the objects present pre-or- 

posttest.' Moreover Subtraction was substantially correlate'd with Missing 

Addend for the test of problem solving withou^t objects." . ^ ^ 

' The above mixture of results of correlations among Addition, Sub- 

traction, and Missing. Addend variables indicates that underlying solution 

processes 'are not necessarily reflected in product scores. One would think , 

' ^ , \ 

that in a "natuf^i^ state," children's success in sol'W.ng subtraction and; 
missing addend problems would |)e highly related due to counting strategies. 
But after "counting-all,"" strategies had been taught , ' solution of addition and 
•subtraction problems should be highly related, but solution of missing addend 
problems would not be related to solution of addition or "subtraction^ 
problems because of the almost certain necessity of ""counting ''on" to 
solve the missing adder^ problem. ' The cqrrel^ations in Table 34 and Ta'ble 



148 



/ 



I- 



^42 do* not support this Reasoning. -• ' • ' ^ . 

* Cluster 5 > The variables included in Cluster 5 were Rational Counting 
Op, Addition of Ordinal Numbers, Rational Counting Back, and Sjubtraction 
of Ordinal Numbers. ,The research hypotheses to be tested in this s^tipn 
y-ar^e that (1) extensive quantitative comparers are able to, (aX rational 
count-on, (b) rational cpunt-back, (c) solve ordinal number addition 
probleijsTj and (d) solve ordinal number subtraction 'problems to a greater 
extent than gross -quantitative comparers; (2) the experimental->gyoss 
quantitative comparers will outperform the control gross quantitative - 

.comparers on the rational counting-on and the ordinal number- addition 
problems; ^3). rational counting-on and addition of ordinal number proliLems 
are highly related; and (4) rational counting-back atid ordinal number sub- 
traction problems * are highly related . * . % 

The multivariate F for. i^iteraction of 'Quantity and Treatment "was not 

. -sigqcificant, (F^ = .93). The multivariate F for Quantity was significant 
(F^ = 3.50, p < .05). The multivariate F for Treatment, (F^ = l.OQ), was not 
significant, liable 43 contains the weights of the discriminant function and 
correlations of the original variables with the discriminant .function for'Quantit 



Table 43 

u 

"Weights of the Discriminant Ftmction and Correlational of Original 
/Variables With Discriminant Function for Quantity: • Cluster 5 



<• 


^N^Variable 
Statistic 


Rational 
Count-On 


• Ordinal 
Addition 


Rational 
- Count-Back" 

■V-.:'- .' 


. Ordinal " 
Subtraction . 




— t — 
Weights ^ 


.119 


-.078- 


.018 • 


. .105. ^\. • 




Correlation 


.74 


.47 




^ —-^i 


mc 
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• Table 44 contains the univariate ^alyses and Table ^{tS contains , 

thr-cell nfeans for all the variables in Cluster 5. The univariate analyses 

^ ^ • ^ "v 

are consistent with the results in Tables 43. The significant F-ratios *. 
are consistent with the substantial correlations lof the original ^variables 
with the discriminant function. . ' . 



'Table '44 



Quantity versus Treatment Univariate Analyses of Variance: 

Cluster 5 



Ifariable 

» 


Ratiop^l 
Count -On 


V 

Ordinal 
Addition 


Rational 
Cbunt-Back 

^ — ' "i— 


(Jt:dinal. ^ ' \ 
Subtraction 


Source of 


Mean F 


Mean , F 


Mean ' F'' . \ 


.^fe^ F, 


Variatiofi 


^ Square 


Square - . 


^Square 


^Squar^ ^ 






• 







Quabtity (Q) 
Treatment (T) 

Error . 




3.62 ' 8.19** 2.42 S.Se*/ 3.62-. ^5.71* -^.22 9.77** 

.43 <1 1.15 1.61 .12 <1;' .14 <1 

.57 1.28- 2.43- 3.39/,^ .22 <1 _ .45 <1 • 

.44 . .72 .' . -.64 . .46 * 



,. ...64 

"Jl, 



**(p < .01) ■ *(p < .05) ' l^(p/.5;.,r08) •> 

• Table 45 ' ' ' * 
Interaction Table for fluster 5-'Vairiables 



Variable 



Rational 
Count-On 



Ordinal 
Addition 



Rational 
Counf-Back 



0B4inal 
Subtraction 



Treatmeat 



Quality 



Con Exp 



Con Exp 




■C^n E^xp < 



Extensive 
. Gro^s 



fSr^ ^ 87% 
50% 71% 



'"^ 77%^ , 71% 

in 



^5 8%-" ^^ ^ » 5 4%*- 
9% '^25% 



. . 150* 

The interaction effect of Quantity and. Treatment was significant ^ 

I ^ • • ,v • 7 * 

'at p < .OS for tfie variable Ordinal Addition. Inspection of Table 45 
'shows th^t the experimental gross quantitative group outperformed the - 

f ^ 

analogous conttoi group 71 to 32 per cent. An analogous result appeared 
"for Rational Counting--Pn, but was^not a$ strong as fo^r- Ordinal Addition,t^ 
..Th^se' results are , educationally significant as counting-pn strategies 
were emphasized in the experimental group. Apparently, the instruction 
was effective for the gross quantitative group. In fact, the gross 
quantitative comparers in the experimfitTE^ group^olved exercises like 
6 + 3 -\ I by counting-oh three ^from six* during the last week of 
instruction. No appreciable differences existed in tl^ mean of the 

^ 0 

control and experimental groups for ^he two other variables..^ In the* 

case of Rational Counting-Back and Ordinal Subtraction, the experimental. 

• « • * 

treatment was not effective, suggesting more resistance to instruction , 

'for Rational Counting-Back than Rational Counting-On. ; 

Table 46 contains the correlations among the variables of Cluster 

r 

5. Rational Counting-On is "highly correlated with Ordinal Addition and 

, Table 46 " 



Correlations Among Variables^ of Cluster 5 



. 3 



1-. Rational Count On 



1^ 



1. Ordinal Addition ' ^ ' .72** , ' - 
■3. Rational Count" Back ^ j .46** Z' .&3** 

h\ Ordinal Subtraction .47** .66** .68** 
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Rational Counting-Back is highly correla4:ed with ^Ordinal Subtraction/ 
These results are as^lieory predicts. \ 

Hypothesis (l)'is supported in a multivariate ^and ^ivariate s^se. * ^ 
Th6 variable Qxiantity appears to be a readiness variable for all variables*'^ 
•of Cluster 5. Hypothesis/ (2) is copisidered as beiti^ supported for ordinal 
number addition problems even though statistically nonsignificant resuXts 
w6re obtained for the interaction of Quantity and Treatment for Ordinal* 
Number Addition; fhe results are strong enough to be considered '^d 
educationally significant. Hypothesis (B) and (4) are alsp supported * 
by the correlations in Table' 46* * ^ ^ 

Apparently, there was a- training effect for rational counting-on 
3<rategies with tallying (ordinal number addition). The training effect 
did not, transfer to the missinjg addend problems with no objects or with 
objects (Table 33 anfl Table 41). The' latter two prpbiem types ;were different 

9 

than t'he ordinal number addition problems. The or?tinil number addition ^ 
problems had 'the objects of the segment visible and the remainder cohered, 
so the child could use T:he visible objects to count iriitialjLy. The missing 
^ addend problem with objects present, during solution had 10 objects present*' 
but the 'sum was less than 10. Extra objec^ were then available for use. 
* The missing addend problem with no objects ,did not have objects present 7 
but rather referred t6 objects familiar to tKe- children.- Apparently, the* 
visible objects in the ordinal number addition test activated available 
solution strategies. It must be pointed out, however, that the ordinal 
number addition test was just like the instructional tasks. Jhe exp.erimental 
gross quantity children* s Counting~On behavior was apparently specific to 
the- tasks given in instruction, but it is encouragi^ to no*te the improvement 
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obtained. - The fmt%^ it was, not gei?L,eralized across ta^s is ^suggestive 
g^of a "ptbce^in the'^making. " ' / * 



ustfer 6. The variables included in Cluster 6 were Addition Pro- 



duct Score, Subtraction Product Score, Addition Time Score, and Sub- 
tr^tion Time Score. No hypotheses ^ were advanced because there was no 
^edictive theory from which liypotheses could be generated. 




ERLC 



Lat<^ interaction and main effects for Quantity and 

* ' * * ^ 1. ^ 

Treatment weq^ not significant (Q:- F^' = 2.07; T: <1) . Even 

fhough Qxiantity was not significant in the multivariate analysis for 

TaBle 47 ' . • 

Quantity versus Treatment Univariate Analysis- of Variance: Clustet: ''S 





"\ Addition 
Product 


* 


Subtraction 
Product 


1* ^ 

Addition 
'Time 


lub traction 
frime ^ 




Source of 
Variation 


Mean 

Square • ■ 


F 


Mean 
Square 


F 


Mean 
Square 


F 


J^an ' F 
Square 


Quantity (Q) 


2.57 5. 


30* 


2.84 


4.44* 


1494 


4.45* 


.958 2' 74 

0 ^ 


Treatment (T) 


n 

.13 ». <1 




.26 


<1 , 


' 494 


1.28 . 


696 1.99 


Qxr ' 


.03 <1 


/ 

1 


•. 29 


<1 


7.56 


1.66 


% # ft 

624«^ i.79 


Error 


.48 




.64 


* 


'322 




0 

349 



',•,*(? < .05) ^ / ' - ^ 

^ < .05^, it wa& significant -for p'< .10» As three univariate analyses* ^• 
showed /Quantity significant (p^ < .05) and ^Quantity was significant in 
the multivariate analysis '(p < .lb), the univariate analyses ^re .presented 
^ in Table 47. Quantity was significant for addition product and time scores * 



X 



I 63 



and for Subtra9tion product scores.^ Cell means are presented in Table 48^. 



Table 48 

-# r • / ' 

Interaction Table for Cluster 6 Variables 



Variable ' 


» < 

Addition Subtraction Addition Sabtraction 
Product Product*^ . Time Time , /^ 


- 

Treatment 
Qxiantlty ^v,^^^ 


1 

Con Ekp 


Con . E;xp 

r * 


Con Exp 

^ --J 


Con ^ Exp 

—7 d 


Extensive 
Gross 


85%^ 87% 

59% - 67% 


-73% 58% 
41% . 42% 


10.4 11.6 
29.6 14,8^ 


19.6 18.9' 
J ' -35.8 20.7 



There was a tendency for the subtraction exercises to^4)e more difficult 
than the addition exercises .rod take longer to process. Because subtraction 
Was presented in the experimental group, they could have outperformed! 



the control 



groug 



\ 

4 ' * ^ / ' . ' 

on the two subtraction variables. No such differences 



were observed in the analyses. 



"1 ' 



Quantity apparently is-a fairly weak readiness variable* for -learning 
to mentality process addition .and subti?&ction exercise^ and the time it 



takes to do ^hen^.' A most "glausible reagon .^u^^ity is not a strong readi^ 



. ness variable for Cluster 6 vai^iables Is that addition an^ subtraction 
exercised can be'sqlved using counting- all strategies. ^ ' 



Table 49 contains the correlations of Cluster 6 variables. . Low, 



and spmie times si^ificant, negative correlations exist amon^ the time 

aiid product vatd^ables.' ^his result weakly supports pcjpularly held beliefs • 

that children who scote addition and subtraction exercises ,correctly will 



^ . - T^ble, 49 , 
Correlations Among Cluster 6 Variables 



JK 






4 






t 1 2 


- 3 



1. Atidition product ^ • - ^ 

2. Subtraction product .3**^ 
' '-Adaition Time .V 



4. SuJ) traction/ Time ^ ' ^ -.33* / -.^ ^ .75** 




take less ,tijne,^on the whole, than children who score them incorrectly. 
The correlation of .75 between AdditiotrNTime and Subtraction Time is 



'subst;antial. 



■ Cluster 7 .- The variables ihcluded in Cluster 7 are^lass Ificlusioti, 

9- , ' J - • 

Loop. Inclusion, Nested Classification Task 'A, and Nested Classification 

Task B. The r^^earch hypotheses to be tested are as follows:.* (1) J . 

M . ^ ' • ■ ' f / ^. ' 

Quantity is not a readiness variable for any qf the classification tasks,* 
and (2) the experimental group will outperform the control gropp on the. 
nested classification tasks and on the loop inclusion tasks. 

The multivariate main and interaction efiec^s for Quantity and Treat 
ment were not significant (Q:^ = 2.29;^ T: 1^ = .8^/9; QXT: 

However, ^^.= 2.29 is significant, p < .10. Consequently, univatilie 
analyses ^re presented, table 50 contains the univariate^analyses fo 
the variables and ^able_ 51 contains the cell means for the variables. 

*Na differences were attributable to Treatment or to the interaction 
of Treatment and Quantity^. This result is somewhat-surprising due 
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' ' Table 50 

- J 

* % 

(Quantity versus Treatment Univariate Analyses: Cluster Z 



•Variable 

« 


'Class ' ^ 
InCj-usion 


; — 

Loop 
Inclusion 


Nested 
Class A» 
* 




Nestea • 
• Class*^*E( 




* Source of 
^JVariation 


Mean • F 
Square 


Mean F 
Square 


Mean 
Square 


F . 


Mean , F 
Square' 


Quantity (Q) ' 


, 5,-19" "1-33 


7.09 ^ 6.39* 


6.02 


2.74 


* 4 

15.18 3. '60 


^ Tteatment (T) ' 


1,45 <1 


1.25 1.13 


.82 


<1 


* .52 <1 


QXT / 
Error 


2.91- <1 
3,91 


. 88 <1 ' 
1.11 • 


2.38' 
2.27 


1.05 


.02 <1 
3.96 . 


*(p < .05) 




J » — \ — : 

Table 51 




« 





Cell Means for Clustea: 7 Variables 

1 *- 



•Variable 



X^lass 
Intrusion 



Loop 

Inclusion 



Nested . 
Class A 



Nested 
Class 6 



•\^r,eatinent 
f^pualit^^X.^^^^ 


Con ^ Exp 


r 

Con Exp 


Con £xp 


Con E:^ 


5 

^^^^^^^ Extensive, 
Gross , 


43% 27% , 
20% 23%. i 


59^^ 61% . 
24% ' "44% 


60% 63% 
55% , 40% 


. 65% ' 69% 
' 47^ . 51% , ' 



ta the rather substantial anpunt of instruction given on loop inclusion 
'and elassificati'on in general in *the experimental group. Apparently, the 
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children did. not profit from the instruction. These results are, not ' 

. • ^ \m \ 

completely , consistent with those of Johnson (1975), even though his tests 

wexe quite, different than the four in Cluster 7 In that- no dif ferencea ^ 

existed between the experimentals and controls "on Class Inclusion i;^ 

consistent with the results of Johnson (1975) . '"^^MQreover, the fact thaft 

* < • — 

Treatment is not significanj: for Loop Inclusion is consistent ^th the 

result s * qf^ Jdhnson (1975), because to do items L and 2 on that test, the 

child had to go beyond the physical knowledge of the -operational defi- - 
* , ti ' ' ' ^ 

nitioir and rea^son logically. The third item^ could^'bj^ done using the phy- 

i " ^ • ^ 

sical knowledge of the operational definition and the separation of the 

..." ^ 
subregions , formed by the intersecting loops. Even so, the firsts two 

items on the test did demand more than physical knowledge for solution 

and were a test of whether the comprehension of loop inclusion could be 

Improved through the operational definitions given. The" results are negative 

' ^ . ' 

The results of the nested classification tasks ,are riot completely , 
consistent with the- results of Johnson (1975). A child .could score high 
vOn either of "the* nested classification tasks and do so through using 
the results of physical knowledge. The properties 'of the classes were 
ail physical properties, so they should have been easily reco'^ized by 
the children (round, polygonal shaped, white, button, nonwhite) . The' 
conclusion from* the Johnson* study was that i^hysical knowledge pertaining 
to classification should be easily acquired by first: grade children. 
'While the insults of the nested classification tasks do not contradict 
Johnson's results, due* to ..task differerice, it is true that the children, r , 
had a great; deal of difficulty applying- tK^ir physical knowledge in^ ' ^ ^ 
problem setting (finding out what was in the box)' which demanded the 



children use their physical knowledge. The problem was a discrimination 
problem that did not, demand the use of class inclusion* ' ^ . 

'Table 52 contains the correlations of the variables in Cl\ister 6. 
^1 of the correlations are low except for the correlation of .50 between 
Task A and Task B, nested classification. Even this correlation, however, 
is lower than expected due to the* nature- of the tests. It was expected 
that class inclusion and loop inclusion would correlate rather substantially. 

, 'VTable 52 ' ^ i 

Correlation Among Cluster 7 Variables 



V 

3 



1. Class Inclusion . - ' . /' 

2. Loop Inclusion " j^^. • .28 - V 

3. Nested Classification A # '-19 -29, 

4. ^Nested Classification B .14 ' .14 , ..50** 



In that they did not, one- should* not use one to test transfer effects of 
instruction of the otker in future 9tudies'. « ' ' - . 

Hypothesis T was not strongly supported in a multivariate sense. 
Quantity was' significant for Loop Incl^usion, so Jj,ypo thesis 1 was not . 
supported for this variable. Hypothesis 2^^^.not supported, f. or eiAer the 
muit?.vqriate or univariate analysis of vs 




Cprrelations Among the Variabjt^s T 

, The variable clusters were formed through logical analysis of ta^l 

' / / 

, * . . / 

structure. Apparently, the logical analysis led' to credible results except 
in ail but a few c^es as the within- cluster correlations geaerWly were 

I 8 ,^ ' ^ ; ■ • . 



substantial. But because it was not of major irjtferest to do a structural * . 
analysis of children's thought processes, factor analyses were not performed. 
Consequently, the presentation in this section is limited to correlations . 
of the most interest. In order t;o obtain the corr^ations reported below, 
the 29 depenclent variables were considered as a 29 element vector in a two- 
by-two multivariate, analysis of variance* This procecfiTre was used so 
II£hat effects due to Quantity and Treatment would be eliminated statistically 
from the correlations. « 

Variables' apparently requiring rational counting in solution . \Some 
variables apparently requiring rational counting in solution may have been 
solved by processes other than rational counting. Hox^ver, in all but a 
few. cases, as shown in Table 33, significant correl^tiort^s exist among 
variables apparently demanding rational counting for solution. - The exceptions 
that exist are due, to. the across cluster correlations involving Cluster 
1 variables (#s; #P, and irS + ?/P)^ The correlations <7ithin Cluster i 
^ variables, were significant, the most important one being the correlation* ' ^ 
of ^54 between ?/S and //P. The two others are spurious ciue to Che definition ^ 
of //S + //P. It is somewh/t surprising that t?he cqrrelation b'etween #S 
and #P was significant due to the low raliabilitie^x'^of*''We'*^St3 used to 
measure the variables. Of the remaining 21 corrfela/ions* involving Cluster 1' 
variables, nine were not significant, ^even. were in the range .30 to .39*,- 
and the remaining five were in the range ,43 to .50. All ofi,]the remaining - 
correlations in Table 53-were significant. ' ^ * 



• : . . Table 53 

Correlations Among Variables Apparently Requiring Rational 



0 





V 

\ 


, Counting 


in Solution* 






W' 


> 


• 




. 1 • 


2 


3 


4 ■ 


5- 


6 


7 - 


8 9 


1. 




















2. 

' 3. 


Its + //p. 


■ ' .54 
. 61 


.61 














4. 


••Missing Addend 
With Objects 


SO 


. J" 






d 








5. 


* 

Missing ^J^end • 
t/ithout Objects 


it 

' .43 


.16 


.31~ 


.44 










6.' 


Between 


..45 


.48 


.46 


.53 


.43 








7, 


Rational " 
Counti'^g-On 


• .16 

t 


.15 


.'30 


• 

.39 


.35 


.32 




• 


8.' 


Oxdinal* 

•Addition' '^^ 

*- 


«• 


.21 


.21 


.46 


.56 


. 38 ' 


r72 




■ 9.. 
- 1-0.: 


*^ Rational ' 
^Dun t ing-Back 

6rdinal' 
Subtr^tion 


" . .23 
.33 


.30 
. .10' 


.27 

.I'e 


.49 


. .30 
.44 


.42 
*.-32 


.46 
> 

.47, 


.63 ^ 
.66 .68 

* 


* 


1 r| > ^3p 


Significant p^< .05 













Variables requiring at most point counting^ in solution . Table 5^ con^tains 

• 'r • . ■ • - ■ • • 

the correlations among variables requiring at most point counting. Sixty of 

""^ 105 correlations r^oorted in Table 54 were riot significant. Eight of the 

- . '. i" ' r ■ .« • . .* 

26 correlations involving the two time variables were significant , ^but , 

, « ' ' *' ' * * * , 

only marginally — significant coi^relations were observed for Just Before, 

• • , ♦ * _ 

Addition iNo Objects, Subtraction Objects, and Subtraction Product 

Scor.e. The* results weaikiy support the popularly held belief thatf 

^ children who score' addition and subtfaction facts correctly will take less 

, * |t • .V. . . ; ■ , 'r^ " . ^ ■ t 
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time in computation and children who do addition and subtraction problems correcjtly 
will take less time in computation. But speed iri^ computation is" not negatively 
correlated universally with tasks requiring at jnost point counting. 

Of the 26 correlations involving the two Partitions variables, 18 were 
-not significant. Of the eight that were significant, four of th^ Were with 
addition or subtraction problems. However, none of these four were greater than* 
.47. All of the correj^ations^ involving. Suc'cesspr werp not> significant and all of 

er ^^^c^^^t 

Before) we'^e not significant. . 

• _ - 7— 7" "^^^^ ■ 

. . * * . * "^^ble 2 . 

Correlations Among Variables Requiring ^t Most Point Counting in Solution* 

■9 10 11. 12 13 



^the' correlations involving Just After ^c^ two (Costing Back and Just 







-.2 


3 




5 


6 


.7.8 


1 Counting Back • 
^ 2. Just Before 


.19- 








• 






3.', Just After 




'-.27 






4 






^4. Successor 




-.03 


.03 










5. Predecessor • 




■ .34 


.15 


0 








6*. Addition No 
' -Objects 




:.3i 


.25' 


-.07 


.32 






, ' 7. Subtraction No 
* 'Obj^fects 


;.39 


.48. 


.25 


.10. 




.55 




8. Additiori 
Objects' 


.38 


.14 


-.02 


0- 


.30, 


^39 


_ . 42 ~ 


9,. Subtractio]^ 
Objects 


.•39 


.32 


.20 


0'" 


.53" 


* .37 


.33 .37 


\, 10. Partitions With 
' Objects « 


.41 


- '.21 


.08 


.04 


-.32 


".22 


.21 .14 



;H. Partiti^r^ t , * " " ' ^ ^ 

Without Count ,32 .15 -.0? -.01 .48 *r22 .33 /;43 -.47 . 71 — 

12. Addition . ' • * ^ ^ , . 
\ , Jroduct Score .19 -.20' !06 -.03- .03.- .44 .30' .25 . 31 ^.;^2 .07 * ~ 

13. Subtraction t - . 

• . Product .Score M9 .19 .07 .01 ^23 .57 -.46 .32 .26 .03 ^12 .38 — 

14* Addition Time * » ' • \ - ' ' j ' 

' -fcore ' ^ -.23 -.33 -.0'3 -.05 -.03 -.42 .29 -.08 -.39 -;.28--.*34 -720 -.30 - 

15y Subtraction . ' • . < •» ' ' 

^ J£±£e ScorV _ -.17 -.30*-. 07. ..26 -.28,-. 38 -.25^-. 02 -.24 -.08'-. 12 33 -.26 . 



^ j /.3Q* significant p < .05 * 
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Variables apparently requiring rational counting vs, variables requiring ' 
at most point counting . Table 55 cont^ains ,150 correlations, 67 of which were 
not significant. The cqrrelations give some indication of th/^elationship 
between rote and point counting and rational counting. The relationship is 
stronger than <?ne might expect due to the different "numbers of childi^en who 
could point count but not rationaJi ccmnt. However, there is a nesting characteristic 
be^een point counters and^ rational counters and likewise between point counte^js' 
and rote counters by definition. Consequently, the correlations which are * 



significant are a i;.eflection of the nested character of tire three major types 
of counting identified. In- fact, the correlations in Table 55 appear to be more 

■ ■ c 

substantial .than \hose of Table 54, ' 

Correlations between &lassificatiorft and numerical variables . TajDle 5^ 
contains the correlations between the classif icaticm«Jcid numerical variables^'. 



Thp valuables Between, Just Before, and'^Number in S were the m<bst consistently 
correlated with the classification variables. Class 'Inclusion, however ^ was 
sigriificdntly correlated with Just Before arid Ordinal Subtract jon^. Alf^of 
the significant correlat^-ons^ however, were only marginally significant except 
one, which was .46. j I * • - " \ 

, As the t3sts given in this study were given in January and F^b^ruary of 

1975, the question arises concerning the correlations between classification 

^ ' ' ■* 

variables and numerical variables at the beginning of instruction in mathematics 

in th^ first and second grades.. The *low' correlations repbrted here may be a 

result jof instructpLon in school mathematics ih the first grade. Moreover, it 

is possible that ^as children p^rogress into second<|frade, the correlations 

between classification variables and numerical 'variables would increase 

due to -the fact that cTass inclusion is easier fo^r older children., 

» 
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Table -55 



Correlations Between^ Variable^ Apparently, Requtring Rational Counting , 

'■ ■ • ••. •» 

. ' " vs. Variables Requiring at most Point Counting*. 
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5<^f3.0 --'significant'"^ ■< .05, /. . * \ 
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Correlations Between Classification and Numerical Variables* 
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-.13 -^33. .-24 .10 .03 .06-.07 .26 .06 .05 .27 .19 .27 0 .20 .25 .16 .30 



.08 



^.04 .26 .09 .3^5-09 .17 .14"" .25 -.17 .24 



*.07 * 



08 .19 .ia-.13 .20 .24 .12 .16 



.13 ^1 '.06 .28 .05 .27 .21 



-.1.1 .03 ; U14 . .-27 ^25 .32 .29 .19 .34 .1ft 



22 .27 
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.23^.11 .13 .^6 .05 .13 .21 .12 .12 .14 .31 .1^ ' .36^.47 .12 .26 '. 15 -.20 .23 



* r > .3d significant p<.05 
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of 1975, tests constructed by PMDC staff, (see Apendix A. 12 



and A. 13) were administered to 132 entering first-grade children and 97 entering 

^ secpnd grade children in city, Southeast. Each of the first and^ second grade 

*^ tests contaiii^ed tliovi-^ems constructed to measure class inclusij^. The first 

grade test also contained five other subscales : ' -^^lementary Counting (9 items); 

Advanced Counting (/^ iteflis) ; Problem Solving (-6 items); S^t Equivalence (8 items); 

and Before-After-Between (10 items). T^e Cronback Alpha reliabilities, were 

as follows: .Class Inclusion (.61); Simple Counting (.79); Advanced Counting 

(.59)*; Problem Solving (.67); Set Relations (.79); and Ordering Numbers 

(.86). T«able^5 7 contains test-test correlations for tKfe first grade test. 

It is apparent th^t the correlations of Class Inclusion with the five other. 

subscales 'arT^n^ligible . 

*^ ' ' • , • . 

Table 57 • ' ' 
Test-Test Correlato^ons : PMDC First Grade Tes,t*' 



1 2 3 4 5 



1. Elementary Counting 



2. 


Advanced. Countfng 


.47 










3. 


Problem Solving 


.57 


.46 








•4. 


^ *^ 

Set ^Equivalence 


.65- 


.39 


• .58 








/ 

Ordering Numbers , 


.72 


.53 


.65 


.74 , ' , 


# , ... 


» 

6. 

V 


Class Inclusion 

■ ^ 


.11 . 

• 


.07 


.07 







* r >.23-. signifcarit p-<,01; r> *. 19 signi^ican?e%^^-Vt>^'-'* ''-V- 

"ERIC" ■ . "... I ;-(;;^ ' '^^ ■ ':i aV^- ' ' / 



^ - ■ 165 • ■ 

JThe second gr^de test contained eight subscales'* other than class inclusion. 
The subscal^s, the number of items in each subscal'e, and 'the reliability of each 
subs.cale are as follo^^s-; Elementary Counting (7*items, .47); Advanced Counting 
(5 items, .78); Patterns (2 items,,. 70); Place Value (8 items, .95); Equivalent 
Name^(6 items, .89^'; Ordering Numbers (4 items, .55); Addition-Subtraction 
(4 items, .58); Missing , Addend (4 items, .59); Class Inclusion (2 litems, .67/. 

Table 58 contaixis test-test correlations for the subtests of tjhe second *grade 

• ft 

tests. The correlation of class inclusion with the eight other subscales w^re ^ 

low, the greatest being .37. 



Table 58 ' ^.-^ « 
Test-Test Correlations: PMDC* Second Gra^e Test* 




1 2 ■ 


3 


4 


5 


6 


7 


8 





1. 


Elementary Counting 










2.- 


Advanced Counting 


.34 








3. 


Patterns 


.16 








4. 


Place Value 


.33 


-.80. 


.41 




5. 


Equivalent Names 


.25-' 


.'49 


.14 


.34 


6. 


Ordering Numbers 




.58 


.40. 


.57 


7. 


Add-Sub • [ 


. , 39 
■ ■' t 


.31 


^ .27 


• .29, 


•8. 


^Missing Addend 


■ •.•24 


".48 


.50 


.6.L 




.Glass Inclusion 


.1*3 ' ■ 


.^5 


.15 ■ 


..21 



^ «; T--..-.__^i XT 9c;- AQ IZl ^ f 

;31 



,19 -^'^^47 ' :%5 



1 



' ^ ^ \''l..V,>Vr -^.'%^5' 'significant p .01;- r > .20 Aniftcanrp <4.05 



The fact that class inclusion was not significant for the variable Quantity, 
did not correlate significantly with any v'ariSible^of clusters IV 3, 4, and 5 Except 
for Ordinal Subtraction (this correlation was only matginally si^ificant) , and, 
oh the PMDC Fall 1975 tests, had negligible or significant but low correlations 
with all other subscales, indicates that class ijiiclusion is not related to . 
ayjfmerical -variables in a product sense* It apj^afs reasonable*, based on the (iat^ 
^in Tables 56-58, to strongly conjecture that classification variables ' are only 
weakly related to ntJmerical variables • It could be argued, however, that i^ order 
to solve/taissing addend problems or solve the ordinal addition and subtraction 

• S ' ^ 

.problems, class inclusion would of necesg^fty intervene in t^|^umer^al -reasoning* 
This observation does not weaken the conjee ture^hrfcauseo?ir'jRie ^oi^ect^re was 
made witb regard to product socres rather than process scores and* (2) it is 
conceivable that processes other than those involved" in class "inclusion 
produced the, numerical product score in Clusters 1,* 3, 4, knd 5. 



f 
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Quanjtitative Comparisons as a Readiness Vari^abTe 



for Learning ^rst Grade Arithmetical Cdr\tent J * . - . 

V- , . ■ / . . y 

In the past, counting was not ^,xplicitly considered in studies (Steffe, 1966; 



LeBlanC, 1968; Steffe* Johnson, 19^1; Mpiangy & G^Rtile, 1975) of Quantity 
as a 'readiness variable for learning first grade arithmetical f9Utent'-i 
Moreover, only a .restricted collection of variables were considefired in 



the current study, "a^wide variety of .variables were included s^o that 



ctny* one study, so ttj^at confiscating results^ are present across ^studies . In- "'^ 

the 

information on Quantity as a readiness variable' could' be obtaine^for ^ 
the val'iables on a constant sample. ' ' 

Variables Apparetitly .Requiring Rational Counting in Solution 

• Theoretically, Quanti^ as a^ classification variable should be .significa'nt , 
•for any achievement, variably apparently requiring ratjLonal covintiijg (-tational 
counting-pn with or without tally and rational' counting-back with or without 
tally) in solution. These achievement variables and their leve]^ of significance 
.,,for Quantity are p'resente'd in Tabl^^l. The variables are consistently 
statistically significant for Quantity except for /iS, w'hidh'had*an associated . 
internal consistency reliability of only (.15.' Miss,ing Addend ^^ith antf^^ithout* 

. ' " ^ / y - ' , 

Objects was ' s,trojigly significant (mean scores 84 vs. 20 and 72 vs. 20 -percent,, 
respectively for extensive vs. gro^s quantitative groups). . ^ ' 

Further empirical confirmation that Quantity is a readiness variable- for 

r 

. * i • 

aspects of arithmetic apparently requiring rational counting arexKe consistently 
.high scores of the extensive quantitative comparison groups acyoSs the 
vatlable^Lin Table 2^ It made^little difference whether an extensive quantitative 
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■• Table'^l 

Achievement Variables Necessi'tating Elationai Counting: 
ifeviel of Si^gnif icance for Quantity 



• 

Variable 


Number in 
" S (//S) 


Number in 


#s -+ #P 


Missing Addend 'Missing Addend 
With Objects^ Without Objects 


I^vel of' 
Significance 


n.s • 


* ^ 


'.01 


-.01 ' .01 






d 








Variable \ ^ 


.Between > 


V 

Rational ' 
Countinjg-On 


'Ordinal 
Addition 


Rational (Counting Orclinai ^ 
• Back • Subtraction 


Level qf^^J • 
Significance* 






* * 


/ , " 

- ..05 ■ - • .01 













"conjparison'groupfvas the experimental or control grpup. 'This fact is displayed ' 
in Table 2. It must l^e remembered that- the control group received little or 

no instruction on counting, strategies , .whereas the experimental group rec^i^^e^ 

^ • . • " • • , ^ ^ , • > ' ^ 

e^^plicit instruction on cojiatihg Strategic"^ The fact that the extensive contrpl 



-Table 2 



' Mean Scores on Achievement Variables 
* ' Necessitating Rational Counting: Per cents 



•'sc » 

^^**-^Va r i ab 1 e 

* Group ' -^^^^ 


; ' ; ^ ; • 

"/ ■ M ' Missing Addend Missing. -Addend ' .. 
irS. •#> . fs + #P '- With Objects Without Objects. . 


■i . E 
Extensive ' 
C • 


54 63 81 ■ 79 75 ■■ • '. 
42- ' 50 ' , d-7 , ' \ 88 ■ '• ■ ' " 69* " , 


' ^ E 
'Gross * ; 

* - 


33 25 48 - - 17", ^ . 25 
41 41 / ■ ■ 48;^. ^ . ■ 21 ^ : ' 14 


- Var i ab 1 e 
Gtoup '^^"^"-^ 


Rational _ Ordinal Rational Ordinal 
Between Counting-Qn Addition Counting-Eacfi: Subtraction^ 


. E ' ^ 

Ext^sive 

• ^ • '! c 


1^-79 " 87 71 ^ , 58' ' 54/ , 

67 'A 88 ' 77 «5 * ^ 58 . • ' ' 
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' children used counting strategics across variables strpngly s^gests those 
children possessed accounting schehie In the seose of Piaget's schemes. 
^.^^ The instruction onw counting stjrategies given to the experifental gross 
quantitative comparison group resulted in imp.roved group mean scores in the • 
case of only two variables — Rational Coun^^ing-On ai^d Ordiaal Addition. The 
tasks used to measure these .two variables were contained in the experimental 

^ treatment'. ^ Since Missing Addend was analogous to Ordinal Addition in logical 
structure, it. of f ered. axi excellent tesjt o& transfer of the lea,m*ed processes 
p.resent fbr Rational, CouhtingrOn and Ordinal Additign especially since all 
childre^ were given ^opportunity to solve missing addend pjroblems ("Hprally* 
presented) in the experimental treatment. No such transfer took place as was ♦ 
revealed by the mean sco'^es -ror Missing Addend With -and Wj.thout: Objects in 
Table 2.* The improvement in rational- counting for ^the gtoss quantitat^.ve 
comparers was specific', then, to»the^fesks on which the childre^ .received explicit' 
training/ Theydid not„ initiate ' learned ^oiintin*^ strategies? in novel tasks,^ 
whereas the ext^^sive quantitative comparers performed uniformly well acr'oss 
all tasks involving rational counting.* 
. y Beilin*? (1^9) concept of ' forward transformation is very use^ful in 

exploration of 'clie lack af 'transfer of learned counting, strategies on the par£ ^ ' 

' of the gross Quantitative comparers. Apparently r^lonal councing-on with 

and without' tally was possible, for the experitaen,tal gross quantitative comparers'^ 
but the^ lack of initiation' in' novel but closely related tasks suggest^d^.that 
the counting Strategies were processes '*in th^ making/' They^had not a^itained / 
'S- the status of mental operations but rather were learned 'algorithms or procedures 
, for solving certain tasks; It is in this sense tihat Quantity ^is a readiness 



V 



r 



, Count ing~Back% Ordinal Subtraction and :/S weire-more difficult flran . • 
the others . 



o * 




7 
\ 
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variable' for learping^-frational counting. ' * ■ , 
. The above rejpuits di^fe^ \i^om^hose observed in, the sDudy 6y Steffe h ^ ^ ^ 
Johnson (1^,71)^ In that study , Quantity'' wae not "significant for the missing 

-4 * • 

•addend problems *in the 'presenc^ or absence of objects. .The fact that Quantity 
was significaut for Missing Addend in Table 1 3trongiy suggests the mathematical 
** ^ experiences the children engage in are instrumental ^irt acqufsition "of mental 



7 



/ operations . asaoci'ated with rational opunting. because teachers do ngt explicitly 

•, ^ • / ' " ' " 

teach .rational .counting, it is apparent^^ly enough, that,' extensive Quantitative comparers 

" ' • • ' < f 

be exposed to problems whi^h. sliimulate rational counting. The textbook series used 

by the teachers in the Steffe '& Johnson (19n)-'study (Morton, Grey, & _Rosskopf , 1965) 

^ did not- emphasize missin-g addend problems whereas th'e textbook '"used irf this study did, 

^ The ability to make extensive quantitative^comparispns signals the presence • 

\t a*-synthesis of Groupings I >^nd V if P^aget's theory^ is to be beTieved. • • ' 

But as^ia§et''s" theory does nJ||^ account^for rational counting, exact relation- . ] 

hips are^noc.to be expected between Quantity and Missing Addend. This 
^ • » ^ * • i. ^ • 

expectation i^s empirically verified by Cluster 4 pret-est variables^^as the , • 

Hiean^scQre ls2Xt the tot-a*! extensive quantitative comparison g^^iup^as 41 percent 

for the missing addend problems. This rather modest mean score as comparable 

\ to the means observed by .Steffe & Johnson (1971) for ^xt^nsive quantitative > p 

comparers. -That the g^oss 'quantitative comparison group in thi^s study 

, performed* at about,^j±e sabe Ifeve], as ttie extensive. quanti<rative comparison , * 

gj;ou^.iii phe Steffe & Johnson (1971)' stady can be explained bx th^%ifferent 

" ' °' ' ^. / ' ■' • • . rr ' ' " \ ' 

' times of test admini^itsrSfdon — October vs. May of the 'first-grade. * ' . 

^ The d^a strdngiy suggest t?iat counting is not developmental in the- sense , 

— ; • , \' y ' . V . • - 

of the g^tcJ-uping strXictures but rather the emergence . of the grouping, structures 
'^allows children's <yilturally induced rpte and point counting capllfeilities to . . , 



, take on numerical •meaning not possible Orior to the* emergelice of the* ' * 
Q grouping structured. Mathematical instruction app;are'ntly serves to solidify i 

ERIC - ■ ^ / . ' .■ i :•;,:].■•■ ■ •: : ■ ' . 



the counting schemes and to raise them.tb' the level o^f rational coun ting-on *^ 
and ratJTonal counting-back for the^ extensive quantitative comparers. For the 
gross quantitative comparers, matheiriatlcal instruction alone apparently ngt 
sufficient for acquisition of rational fcouAting-on or ratibnal counting-back* at th^ 
level of mental* operations. For the latter group-, the rqle of mathematical, 
instruct iorTJll^^st ill not understood for the acquisition of rational, counting-on 
and rational counting-back. ' ✓ - . t ' 

Cardinal information from ordinal information . .The extensive quantitative 
comparers ^could obtain cardinal informajtion from ordinal information better, 
than the gross quantitative comparers ia the case of counting forward (f^) 
but not .in the case of counting backward, /(//S) . Moreover ,^ the extensive * * ^' ^ 
quantitative comparers could .utilizfe^ th^ hints in n:he cardinal-^rdina]^ number 

itative 



tasks (t/S + TfP) 'to a greater ^xten tr/t^an the gross q'uantitat^ive comparers. 



In syraboliC 'notation, if P i? a finite set' ordered by "precedes," S-a segment 

^ of P and Q the renffiincfer , and r'some eleiasnt of .Q, but not the^^minimal elecientr 

^ ' , ' >- 

then extensive quantfitative children .when told^the Dosition of r could ccfurt 

' ' * ; P . ' • 

forward to determine the number in P better than the gross's quail titative 

• - ' ■ • " ' . , ' ■ / ' . 

children. * In the tasks,, S was screened from view'-and Q was visible. >foreover, r 
upoa 'uromptigg by ^giving one (or more) adjacent^ (or successively adjacent) 
^ positjlbtis to r," tKe extensive qua^ntLtative comparers could utilize the prompts 
and^solve' the tasks, to a', ^retlter extent than thj^ gross' quantitative comparers. * 

' . ^ " . -* V / ' \V ' P ^ 



it t^e ' exterisive qualititatiye comparers 
^^^''batkw^ds bettfr^l{an' t^ ^oss qjLianti»tat*Ve ^omparers to d 



detef^ine the' 



^^rt^mber' in St-|^ 

4^ 



; • ; /.OtfierytJ^n tlj^.j^-'low reliabilities '6f the* In^asur^s. df 'the varial?les r;S 
^ ^aA^fJ^^ajq exprlaaatipn^'^xistp- Tor'^lfte.* reaspn tlrere were not greater^ differences 
^.^ l^etw/een extfehsiye and ^o^s^'quintid^iv^ /comparers . Because, .the* children ■ 
«iete^ol^^fie*po^'iti0n of rih% lOtli element^ ift Task A and the fifth 'element in 
^ Tafsk i./see A^^ndix i^.2):'it woi^Sl^e pgssii;^le for tire Children to .employ -point 



^ counting" behavior t,q find the number in P. Moreover, as all of the "children could 
p6ii\t coiiht to at^least seven (all quite byohd seven at the time the tasks w^re 

adfidnis tered) the possibility the children utilized^ .poiiit counting is very strong^ 

' ^ * <j , 

It has also been observe- that children who cannot rational coiiht-on or rational 

count-back dan, given a particular number^ hame, -orally count-on or count-back from 

that number. The basis for this observation is the treasure for Cluster 5 vari-. 



] 



abl^s in tife preliminary items (see Appendix A. 6).' The^ child being told that a 
particular object was 10th or 5th certainly could have elicited rote coionting-back 



or rote counting-on. That some gross quantitative comparers correctly found the 
number in S could be a result of knowing three corals before four and seven comes 
before eight on a rote counting basis. Conflict must be introduced into the 
task design in su^ a way 'to separate* the false positives (children who scored - 
the item c6rrectly biit who could not ratio^^l count-back) from the true 
positives. One way would be to add objects to S and require the children 
to (1) find the -new number of S and (2) '^find''the posi^tion of some r^of Q. - 

Between. Th'e variable Between not only demanded that the child h^d ' * 

L ' 



^synthesized the ^Q,toxQ,^BXi6. afrer relatioqs.^but- also that he be able to ^ 
synthesize internalized counting with tlie , relations . The child was asked to 
^ find a ntni±)er bet;ween 8 and 12, then another, then another, >then another. The 
'questioning se'quence assume's the child 'gave QnXy one,, tt^en one morei thdri ^ 
one more. The l^t. question was asked' to pe^sured the child would not . j 
give a number between 8 afnd 12 after e^uastin^ the possibili-ties • 

^ J* ■ , , 

Of course, the questionin"g:^ sequence was altered to Sit -the child's responses^r' 
■ The child was then asked po give a number^ betwee'n ,'8 and 6. Orfe point was 

given for each correct number cited. - -The vay*the item was scored 

ailowad cfiildren to obtain a nonzero score on ther basis of guessing or merely 
. employing the' "after"" or "before" relation along with the counting seVueTice'. • 

Moreover, a child ''could give too many numbers -and s-tilt receive" a 



nonzero ^ ' 



score,' Even so, Quantity was significant (extensive vs. gross quantitative 

coirparison group means 73 vs. 44 percent) for Between, With morels ttiitgea-t ^ 

— t 

scoring procedures, one would expect even greater differences.^ Improved 
scoring procedures should penalise children for giving too many members a^... 
well as not enough. The reason children were not penalized for the forma: , ' ** 
was that it is possible for children to be induced to "write a number as 

being between two others because of the demands olacecl "on^him by the questions.' 

-.'■.■' • • '• 

If a child thinks he has them all and another is asked- for, he may give onfe 

just to, please the experimenter. Consequently, caufion must be e^rcised 

in task design to minimize the-possibility of.^faise incorrect responses, 

'Point , Counting in Sums^^nd Differejices . - " ' . ^ , 

. Acnievement variable's whi,ch reqtiire only poiht counting in solution processes 
* ^ . ... ^ 

may signiricant ror Quantity if the splation processes require more than ^ • 

. • - ■ ' ^ \ • /■••■<■ - ' 

immediate application of an aigorit^^m. Addition and subtraction problems with" 

* - * / 

objects and withodt^jbjects and .addition and subtraction procfuct scores required 
only point countin* in the solution process. ^ Th^se variables .and /their .level 
of significance ^'f or Quantity are presented/ in^able 3. . • % 



\ Table 3 " ' ' ■ ' , 

Achievement Variables Necessitating Point Coun^ting: ' 
Level of Significance .for Quantity 



> 



'Variables 


' Additioh Subtra^jfcion Addition Subtraction ' 
With Objects With Objects* Without Objects Without Objects 


Level of 
Significance 


« ♦ 

'.'.01 * ' ".01 . /• .a • A 






"Variables 


Addition - Subtraction ^ 'V * • 
Product Score- Product Score ' - » 


Level of 
Significance 


^ ■ ^ .05' ^ . .05' ' ' ' ' ' 



/interaction of Quantity* and' Treatment significant'^ p < .07. 
^Interaction of Quantity and Treatment significant p < .09. ^ 



t 



.The extexjeiw 'Ciuaati'tativie compare.rs invariably initiated appoint counting-* .1" 

" * •.''''-"if - ' * '* • / • '* ' '-'^.'^'^ 

* proceidure in thel solution *jDf it^'ms on 'the test of quantitative comparisons^* Thej^' , 
po.Lnt counted regardless of whether, the.itejn could be solved by a gross qu^tvti-j; 

. ' . • - • < - . V >'. ^ - . " 

. ^ tative coiap^-rison or deinaifded what Piaget would call an extensiVe quantitative 

comparison, the 'f^ct, that' the' gross quantitalfive comparerW'^d not^^Tnitiate point 
counting techniques (or initiated them,\^ut relied oa g^X^ptual/cu^s for the ^ewer) 
in the test of quantitative ^comparisonsjvas strong, eirough^ta ca?r^ over .to the 
problem-solving egntexts especiallj^ for the. control gross*quantitative comparison 
V group. ^ 0 ^ ' - ^ 1- Z-'.' .. %| 

T»eatnient was significant ^ the^case of !^dition With^ Ob^e^i'ts: in favo^' - ' r/-'"' 
^ ^of the^^cortfrol ^^group;: *iowever, without ob^^xt's , ^^he 'experi^^^ ' ' 

. ^ quantitative^-con^arets outperfora^: cnfe control gross quahtitatiye ^njparers \ ' 
> * ^""for bath Addition aqd Subtraction, CEable 4) . ^ Thesa^J^uits /i;^" b"^^^ 

^ ^ directly to the treadnient., „The^ children in tha"^xperija4nc^^ . '\^.{-' " ' 

. encouragec/ CO use sheir fingers tp'-aid^-cotoputat^n and--500l5j;a^d^^ 

u^ng physical objects to pertcynn sums and; ^irfere noes The^ j)hys^i^ai.^'hj,ectsv, ^ 

.in fact impeded them^ in ?erform>^ng^,£PV«j£iftt-§^ ' 
. ^ /, .-'/v***^*^ - V- ^-^ "^'-^'^ V''-'/^^^ '.^ 'J^' ^f-'^j^ '-"^ , 

^. Evidently .•4ei;ig aj gro^s quantitative ccmiparer ."doe^ *noty"ib^&d^ i chil:d'^^t^.r * -Z-'' ' ■ 

* ' learning counting--all;groce§ures in >iVding^ sums; and*: f^fjci^^^^ 1^ 't^^llej^ ; -/ s ^ 

13 allowed' CO vise his ii^^xsZ'JJ:'f-:''' " 'T,T;/--v v''-' rX:;''^ " 




finding sums, and finding daf f erences. Physical objects are external ^o the 
ciiild and offer little in.^the way of sensory itnpr^ssions ! Children oft;en' 
finger count by touching'^heir lips, liose , cheek, or other . facial parts, 
thus gaining sensory impressions of units in time' sequences . 

♦'The fa^rt that/.the ' control extensive quantitative comparers outperformed 
the control* gross, quantitative comparers on every variable in .Table 4" 
agrees witlfi the sctxSies cited above except , for s-ub traction in the case of" 

tefffe & Johnson (1971). In that study. Quantity was Aot significant ' 
for sub^traction . However ,. ^i.ean scores were low, suggesting that the 
children had not been given experiend-es with finding .differences . 



Table 4 



Mean Seores on Achievement' Variables 
Necessitating Point Counting: Per cents 
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With Objects 

• 1 
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Without Objects 
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79 • 


' 75- ' 
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68 


36 


50^ 


41' 


59 
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Successor , Predieces^-or , Just Before, Just A'ft^r and Counting-Back ^ 

The , variables Successor, Predecessor and Counting-Back involved at most 

' ' *^ . - 

point counting capabilities but did not rbquire rational counting. (Of these vari^les 

only Counting-Back was significant for Quantity — '7^vs, 54 pe^rce'nt for the . 

extensive vs. gross quantitative comparison groups ,; respectiv^y . ^That SucQi^ssor 

and' Predecessor were not 'significari,t"jEor quantity i'^ not surprising (they. 

* ' , * • ' ^- . ^ • 

wer^ very easy litems for all children). Essentially, rote counting capabilities 

would Be sufficient for task solution for these '^wo variables, just as was . 

true for Jus Before and Just After (also not significant for ^Quantity) . 

^at Quantity was significant for Counting-Back is^^nsistent with the' operational 

definitions of extensive^ and gross qtiantity 

' * .„ - _ ^ • «r 

sly c 

J 



The variables i^ediately above joverlap wifh those studied by Mpi^ngu 
6t Gentile (19753. They reqi^ired cKildren to -count 'in JDOth directions between 



0 and, 11; count by twos; fitid the name *of a^missing number in a given sequence 



(1-10); find numb.ers just? before, just aftfer, or be tween pthers in the sequence 
(1-10); and find the correct answer and. provide' justification to an item 
/ such as "These two make how many^'^ Mpi^angu "Sc'Cen^iile (197^) found that number 

conservation. iS not necessary for learn,itig'tt|e J^bo.ye contend, ' The fact that ^ . 
Successor \-i&i;edecessoj:. Just Before, andySi^tl;Mtev were not significant ^r 
^Quantity is consjLstent with Mpiangu'& Gen til^siJ.a^.^ 19 75) .results^. Moreover tfce 
statistical significance for Countiag-Back do^^^^not contradict tneir findings 
because the gross .quantitative comparers had/a ..mean sc'pre of*5A percent. 
Undoubtedly, both the extensive and gross quantitative comparers gained faq^lity -in T 
c' point counting. The addition and subtraction product scores displayed 'in 

Table ^4 also are consistent with >ipiangu & Getitile's (1975 J findings. However, 
exception must be ^aken to their^^^onclus ion "th^t Conservation of. number is not 



a necessary /requirement for fe^rt^i^g arithmetic in that it is** overly siraplistic, 

as shown by d'ata in this s.tudy /^'^sjvefi^^t^ cDunt^-Hg or point counting, is all . > 

that is required of the 'task; .gross, ^uant±tatL£ve cpmparer,s arB„ .quite -capable 

of being trained to perform the task as, theftno-viedge is^^irl, .the main, wha"^^ . 

Piaget (1964) has ca\led physical'''B^s>wiedge^; The Cjraitiing in f'aticynai couatit^'i . 

however/ was ^narrowly acquired by tjie experimental ,gross^ q^uaatita't:^^ 

As already noted ^ it is doubtfjai tf>at ttje, learned equnting behavidr^waS, at the 

y.^ • - ^ ' - " ' • 

level of ^mental .operations . It £s, iri. thi^'«en3e\ tftat ^i^^^^^i^^Y serves a« ^ 

readiness variable for leamjLng arithmetic rather than prohibiting acquisition 

of the simplest' arithmetic skiils. Curriculum design^s who rely 'on learning 

hierarchies can be confident 'Of itask specific traxhing but not horizontal (5v 

■- ^\ '■ ■ T \ \ ^ 

vertical transfer in the case of gross quantitative comp'areBS.. Even so^ JLt • 
should not be concluded that task specific training, is necessarily undesirab'le . 

/'^ V • , ' '' \. : • • \ \ ' ^ " ir^ 

OnJs^further research of a long^tj^idinal nature will answer tixe . qv^stion of ^ 
ttffe, utility of' training gross quantitative, cpittparers^ to'., count-on and couat-'I^^ck^. 



. , •/ 5 

If anyifuture investigators include Ju^t Be,f ore . o r. JiiSt After^as variables,, . 
they should design 'the tasks to "^include fiye to s.ix\it:e3T[^,,p^r iA^a«3ure and usf,^^ , 
a less- than-lO , 10-20 and 20-99 trichotomy td\insu.r.e,a range o'f rfe^Qtises^; X'C > 
But at the present time, ^ the best evidence ^ailable-^'ndic^tes \k^AV^^)^A€iftlty 
-is not ^ readiness variabiles foi; the two relations.'* .\ . 

Successor and Ti&edecesspr fall into the same categoify as Just Before 
and Just After. ImprovSd task design is necessary if the */ariables are to^ 
be used i^n future experiment^. ' * ♦ 

Counting- back . The variable Counting-back deserves special mention." ^ 



The test (Appendix A. 2) .was Resigned sequentially in tha,t if a child could 

i 



not. point courit-t4pk'*f rom 8, would not be'^^asked t6^ point counVback. from 
12, and if'he^CQul'd r>G>t point, count-back from 12, he would not be asked to rote 

; /' • « 0 • . ' - ' ■ " 

count-back from I5. :\0f coixvsi^ in the case of success, "xhe child would proceed 

/r'-y • ' • . ■ 

throTigh the task.// JThe^se^quential nature of the test yas predicated on the 




assumption that ^chilcl'r<n\.can 'point count- back 'from a digit before they can 
either point count ^DT,.„£i>£e count-back from a two digit number because of the 

f amilarityiofVdhtiare'aWit^^ digits 1-9. The fact thc^t Counting-Back^ was 

'\i / . • '. ' " 
^signific^t c^iftainly Resides in the sequential nature of the test, the 

- ' : J ^ y - ~. - * 

exte^s£vjs\quani:itati\Xe 'com^ had a mean score of 77 percent vs*. a mean 

'Scor^\pi'''as^ percen-c for the gross quantitative comparers. These tnean^ .along ' <ii 
;^.it:h.* ds^^it^ct ^tjiat; 2/3 of the gross quantitative comparers could not rofe 
c'o^Grtt: bgLck flrbm 15 confiznns that the basis of the significance or 'the vatia&le 
is tfies capability to rote \count- back from 15. Critical tests of ^Bi^feity 
as readiness variable fo^ learning .counting-back skills .would be the ' 
'familiarity with two digit numbers or the capacity to acquire such familiarity. 



Such tests w^re not^made in this study. 



Partitiorns 



As noted in the section on Quantity atid Set partitjLon , Piaget demonstrated 
that a child's '^additive composition" of number developed in stages synonomo us 
with t.hose associated with cardinal a'nd' ordinal number. Consequently, the 
variable Partition should be related statistically to Quantity/ Partition was 
a^essed at two different times — prior to the treatment and afteyr^he treatment. 
On both pretest and posttest, the intern^^consistency^ reliabilities were quite- 
substantial;f or Partitions Wi*:h Count and Partition^Without Count (alX sl^^ 
least .80 except one, which was .72). As shown in the"* analyses of Cluster 4 



180 . ' - . 

• \ ^ ' 

variables /Partitions WitJi>^unt and Partitions Without Count con,t?ributed • , 
negligibly to the' separation ot the. gross and extensive q,uai;it;L't.ative comparisoii 



groups in the, discttminant function in case* of the pretest and only nominalJ.y 
on the -posttest » l^^antit^ ^was not significant for Partitions With' Count nor 
.Wi^phojit Count on the pretest. On the posttest -Quantity was significant ,(p < .05) 
foj. Partitions With Count and Withejut Count ^ith a strong suggestion of- a Treatment?: 
by Quantity interaction* ' ^an scores are presenteci^ in Table 5, The significance 
for Quantity on the posttest must be discounted because the s<ame general 

^ a' • ' V_ 

pattern (yt scor9iS'''were present on both te&t adm4i:istratj[^ns , The one notable 

♦ ft 

» ■ < >• . . • , ' ' . 

'exception is tjiat the extensive quanfi£atiys comparers improved on the measure 

for Partitions Without Count to a gifeater extent that did the ^ross'^^'qii^titative 

comparers. It must be remembe-red that the ei(perimental group received 

instruction on set partitions whereas 'the control group did not, having 

' t 

fiollowed the mathematical curriculum as^exemplif ied by thfej textbook. / 



/ 



Mec^n Scores 



Table 5 



r 



>^or Partitions: Percents 



Test 


^ Pretest It 




V ^ - Postt^e'st 
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Group ^"^""""^^"---^ 
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With Count 


Pal 


li Dions . 
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"■"**«*«4;titioris • 
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75 • ' 
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Extensive 
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75 






7 ^ 92/ ^ 




E^ 


. ' 63 




50 ''^ 
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Gross 

C 
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25 


5"9 


-56 

• ! 



\ 



The above results .are at^ariance with the resuLts of Piaget r^;^iewe'd^ in 
the seQtL6n Quantity and/set partition ^ Evidence is very weak that Partitions* 



an 



cPQurantity are related either be^re formal^instruction .in the first grade 



or after such ins^truct ion. 
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Clas'5i|ication * ^ • ' ' * ^ ' 

Even though there was a general trend for Quantity to be significant for 
the four classification .vaijiables>,--only. Loop Inclusion was statistically ^ 
significSht . In view of the 'substantial internal consistency reliabilities' 



reported in Table 20 o¥ the Item Analysis sectji.on for the four classif icatior' 
variables, the results pail be interpreted with confidence the tests were 
measuring .what they were designed to- measure^ , In the case of Class Inclusion 
(reliability .90) the results are consistent Vith Dodwell' s* (1962) results that 
class inclusion and provoked and unprovoked correspondence develop a.ndependenuly-. 

The nonsignificance of Ouantitv for 'the nested classification tasks is 
not suprising in view of the fact that they werei designed tck, test Stage 2 
classification behavior. The^ significance ol Quantity for Loop Inclusion vas 
due mainly to the low mean score (24%) ,pf the control gross quantitative 

^ • • • ^ • 

cbmparison gi>oup . . The m^an score (44%) for the experimental grbss quantitative 
comparison group can be attribilted to the treatment. There does seem to be 
a relationshlip between Quantity and Lnop Inclusion, . although- weak. 



• * X Class 'Inclusion as a Readiness Variable for * . „ ' 

Learning First Grade ArLthmeClcal Content 

' » ' ^ • 4 t 

No statistical tests were possible on. Class , -Inclusion as »a categoriz,ation 

* e 

variable. Only^l2 children out of 107 scored 'at least, two on the .class inclusion 
tesivlri late September, 197*4.' Consequently, only children for whom evidences^ 
was present they could' not solve the- class inclusion probleiQ were adpit^ted to • 
the study. There was no hope that Class Inclusion would be related to/Quantity 
on the pretest because of <he poor' performance on £he cras3 inclusion test, 
"But because every .child in the sample • could not solve the class .inclusion problem 
judgments could be made on the necessity of #cla,ss inclusion fpr learning' first 
grade arithmetical' , content as measured*J>y the posttests. These;pudgmerkts 



\ • 



3^2 ^; 



have to be based on .heuristical argument.. Evidence, would be prq.sent for Class 
Inclusion as a readiness variable tor .some other vari^able in any of the 'following 

; • ^, •*■';■. 

cases • . * V ' ^ , . 

•*•♦.' * ' * 

Case 1. If Treatment were not sl^nifjLc^t and a strong correlation exis<:e<} 
between Class Inclusion an3 th^ other variable on the ^osttest, 

Case 2. If Treatment were signif:^cant: and* a strong correlation exis.ted * 
between Class Inclusion 'and the other variable on the posttest, 

Cas-e 3. * If .each child who scored' veil on v^^he other variable could^also 
solve the class inclusiori problem. 
s . . ^- ^ ^ ^ . , 

Evidence would be absent for Class Inclusion as a readiness variable for sonje> 

other variable in any. of the following cases. - 

Case I. If Treatmentwere not significant and a negligible correlation 
existed between Class Incl^usion and the other vatiable on the 
posttest, given comparable group mean scores, ^ 

Case 2. ^f Treatment were signif cant and a negligible (?orrelation 
existed between Class In^iXusion and the o t^har , variable 
on the posttest , given cofriparable mean scores. , 

Cas,e 3. If the mean scores for th-fe^ other variable significantly exceeded 
the mean score for 'cl^ss **inclusi:on. ' 



Loop* Inclusion, Partition, and Nested Classification 

The olass' inclusion test was administered as a posttest to .ascertain 

possible improvement * in class inclusion fecores. The treatment contained class 
t 

inclusion activities, partitioning activities, and loop inclusion .activities , 
so a tre*atmen.t effect coyld have been possible for classification variables . , 
However, treatment was not signif icant fgr any classification variable, v 
• indicating that classification per se Is resistant to training, espe^cially 
class inclusion. The Result that class inclusion was resistant to train^n? 
is consistent with the conclusion made in *theT review' of literature in the 
section Cj:ass inclusion and arithmetic . There, it was concluded that if. the 
go^l of classificatioiji^ activities is to influence class inclusioti^ as a sqheme 



,(or a' relational str 
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icture) , then it would be resistant ta trainirig. The 



resjults are at variance wit;h those of- Kohns tamm (1968) as he observed dramatic 
' T ' 

improvement in clas$ inclusion through training. The results are in agreement 

* I . • • , 

^ • I ' » * • 

with those of Inhel/der & Sinclair (1969) and Johnson (1975).. . Both Inhelder & 

Sinclair and Johnson used problems of a different .form in the testing than were ^ 

used in the training just as was the ca^e in this study. Apparently this 'may 

have been enough to wash out any possible training effects in this experiment. 

' ' * . * f ' ' ■ ' * 

^ E^en though only f two-stage problems were used^ they contained content .different thaji 

that used^ in instruction, except 5or one of the four items. But the difficulty 
*♦ f * * *" • » 

of that item (ifem 4) w^s not* discemibly' different than the other four items 

' ' " . . ( - , 

(see Table 18^? litem analyses ). > A'^mqre plausible- explanation for the lack of 

training effectts than change in item form is that tliere was a three months time 

* ^ • I ' ' - • - , . ■. " 
interval between the classification' experie^ices and the classification tests. 

I ^ " , ' I ^ 

But i£ class ifnclusion had been induced b^y the treatment as a- flexible -functioning 

scneme, Che tfiree months delay should not- h-ave,been important, as one characteristic 

, ■ • _ . \ v'" - 

of operativiny is thaf loss o£ opeirafional cortoepts does , not "dccur due to'^ 

'forgetting. / Coasequently^ the treatment was not effective especially for inducing' 

class inclusion. , • , - 

j \ - ' ' ' ' • , ^ 

^ 0?liy 3^ percent of the total sample answered <;orrectly at least 3r out of 

a possi,ble p items on the class inclusion po^ttest. As Quantity^was not 

signi^ficant for Class Inclusion, one cannot predict gain in class inclusion 

I * ■ »* * 

prof icienay# £rom Quantity. Moreover, a lack of demonstrated knowledge o^f class 

inclusion! &t t^^e 'beginning ofj^the experiment did not deter that 32 percent from 

gaining glass inclusion. But Specific expeifaence^ in* classification, as noted 

"above, di<i Uot *enhance acquisition* Apparent]^, there are mi) re important 

factors /than specific training in acquisition of ^cla.,ss'iinclusion. ' 

* * J . ' * 

Because Treatment was essentially nq,t significant for Partitions With 
Countinig, Partitidns Without Counting, and Loop Inclusion after substantial 
instruction took," place, \ohe may be teqjyfted to/ conjecture that lack of •< 
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class inclusion had a dampening effect on training of these variables. 

• • • • " - y 

iBut as variables other than Class Xhclusion could account for lack'^of 

treatment effects ,^ posttest correlations must be considered in the heuristical 

analysis. The correlation be^tweenN^oop Inclusion (mean, 46 percent) an^ Clas-^ 

Inclusion (mean, 31 percent) was .only<!^.28 and not statistica^lly significant. 

* * ^ 

So tqe^Loop Inclusion and Class , Inclusion tests fuuctidned independently. 

, One would expect^that in the abse*nce *of a treatment effect the two variables > / 
would improve synchronously over time if they/;t^ere both part of general schemes . 
of classification, one logical and one in f ralogical . The corrllation jb£ .28 

..does not support the thesis that Class Inclusion is a reaainess variable 'for 
acquisition o5 loop inclusion. Moteover, the mean^ scores on the 'loop inclusion 
test do not 'Support the -thesis that the infralogical operation would follow the 
logical operation in development, as item difficulties were comparable except 
for the last item of the loop inclusion test which was high, indicating an 

easy item. | ♦ ^ 

J ^ ' • * * ' * 

The correlations between Class Inclusion and Partitions With Counting ' e 

■ ^ . ~ ^ " ^ • ■■ • 

and Class Inclusion and Partitions Without Counting were only .06 and* 

.05 respectively. The mean scores on the three test| were 13,^ 75, and 65 . » 

• • " <* * 

percent for Class^nc;lusion, Partitions With Counting, and Partitions 'Without ^ » ^ 
Counting. On the pretests, the respective means were 0, 56, and 36 percent. / 
The relatively high means X)f the set partitions .tests and the essentially _ 
zero correlations should discourage any further conjee ture that Ciass* IViclusion ' 
and Partitions are related variables, one being a readiness* variabioky f or the/oth6r. 

k [ ^ • \* 

Treatment was not silgnificant in the case of either of t)\e nested classif i'laatiot 

tests^and the correlations between Class Inclusiori and the two jiested ' . " ^ 

^ • ^ . . . • . — ; * ' 

A ' « . ^ • . *' < 

Classification' variables were only .19 and .14. But Class .inclusion shoiij^,-' • 

not be expected to be a readiness variable fpr Nested Classification due 



ERLC 



•ehe Way Nested Classification was test;;6d. Only Stage 2 classification behavior 
was required for task •performances on the Nested Classification tests. 



Ratipnal Counting 

In. the case of the tasks 'designed to ass^ss^ the ability of children to 

■ / : -' , 

obpain cardinal information from ordinal Information, it was argued in the section 
The Achievement Tasks phat Class Inclusion should be a readiness variable for 
acquisiti^on of the ability. As every ordered^set P can be t?houghtN^af as the 
union of a segment S and remainder Q (P = S 4- Q) , If a child is told the ^ 
position of some element of Q, say and asked to find Ohe number of 
elements of S (or P) , c^ass inclusion *is logically part of the task. The, 
child, it would seem, must regard^ S as being part'of P, and S and Q together 
comprising P. As the tests of the #S and #P variables are of low reliability, 

; * ^ ' , 

only conjee tual statements may be made^ * 4 ^ 

Nine children correctly answered both of the^ 'items for the #S variable^ 
and twelve Correptly answered both "of the items fipr the //P* variable. 
Correlations x^etween Class Inclusian and //S, *^P, and #S-4- #P vere .27, 

0, and -.12 respectively, none. of which were signifitant. Consequently, 

V ' - . 

<> . ' # ' ^ 

some children acquired capability to obtain .catdinal i,i\f ormation fi^m ordinal 

4 I ' . * 

info-rmation ind^pendentl7 of their ability to so;(.ve the class iaclusion ^ 
problem. .These results, however, are tenuous du^ to low internal consistency 



reliabilities for the test used to measure the variafcies. 



Cluster 



Cluster 5 *vai;iables were of greater* interest than were 

variables because the measure^ were m^re reliable and rational counting strategies 

r ' * • 

werg clearly used in task solution. For the same reason that was given for 

Cluster' 1 variables*, "Class Inclusion should be a readiness varible for Counting- 
On, Ordinal Addition^ »Counting-Back, and Ordinal Subtracti-on.. The internal 



consistency relab^lities for these 'measures Vere . .50, . 84, . . 6r,/and .47, 
respectively. The means were 75, 64, 42,. and 3.8 percent, respectively: The 
reliabilities are substantial enough' to interpret the data, albeit with' some 
caution for Ordinal Subtractio^. The analyses of variance showe.d Treatment < 
as significant far the gross quantitative comparers' in the case of S^ational 
C6unting~0n and"Ordinal Addition. The means for- the experimental ' gro^p in 
the case of these tx^7o variables were 71 percent for- both. However., the posttest 
correlations of Class Inclusion .with the four .variables (as ordered aboveX of 
z^lO y .25, .16, and .30 (considered fn conjunction with the mean scored) does, 
not lead to, the conclusion that Class Incljasion is a r^a^ilness V'^ariable * ' 

f0r acquisition of rational countirtg stracegie's. • • ^ * ^ 

^ ( • ^ • ' . » ^ ' ' ' . ' 

^ Addition, subtraction, and myssi'hg addepd . Even* though co\inting-all 

• ] ' 1^ * ^ . ' . • ■ 

pro'cedures were sufficient for solution af the subtraction probleftis,' it is 

« ' « • ^ ' ' * • 

somewhat surprisi^ig that the extensive quantitative comparexs. had mean 'score 

. - • , / ^ ^ «^ - 4 . 

of S'O percent on the .pretest. * The- gross* quantitative comparers had a mean * 

•score o£ 25 pe-rcent. These m^an scores destroy ^ny illusions. 'that Class 

' • 1 ' ' ^ • ' ' . ' - * ' ■ \ ^ * / 

Inclusion is a readiness variable for solution of simple subtraction problems 

*^rly ^n 'the .first grade year. Evfen though the extensive quantitative comparison 

group iiad a mean score of -42 percent for the missing addend problems, on the 

' * ^ " 

pret<est, it ' seemed possible that Cla%s IncluSiorv still would be a reacjines's 
variable f or .a'cquisition of an ability to solve such problems as the gross 
quantitative, comparers had a mean , score of only 2 ^percent. On th^ posttest, 

the analogous mean scores were*85 and £2 percent. But 'the posttest correlation 

• • \ /. < • ' ^ [ ^ . • ^ • ^ ' • 

between, Class Inclu^iot ^nd Missing Addend "with Objects wa^s .08.* In the face 

of such a low correlation ,y one would not conjecture that Class Inclusion is a 

readinesfe' variable.^flor acquis ifvoh of solution to missing addend problems 

in the -presence of objects.' V ,v • • 



• Because TTreatj^ent: was effective for Addition and Subtraction Without! 
Objects, it could h^ve been the (^ase* that Class Incitision was a readiness 
.variable Jbr solution to orally presented addition (mean Z8 percent) ^nd 
subtraction (i^an 71, percent) problems. 'If so, t^se children j^ho-solvgd 
such problems sho.uld be able to. do the Class Inclusion problems • However , 

^ , . ' , • 

posttest correlations were only *27 and .19 between Class Inclusion and 

• - 4> * • 

Addition and Subti:action Without Objects, respectively^! There .was a 0 

, ; A' o. ■ _^ , > ■ , ■ ' 

jcorrelation between Cl^ss Inclusion and the Missing Addend Without Objects 

(mean 48 perten-t). * • • . . - \ 

* » * - 

The above, results are consistent -with those of Dodwell C1962) ahd 
^Vitale (1975). Dodw'eil observed that class inclusion and ,provoked and 
unp/royoked correspondence apparently develop independently add Vitale ^ . 

observed small co^rrel^tions between class inclusion and addition' apd* , 
Subtraction computation. ^ ■ ^ - - 

Class Inclusion as a" Correlatei of Arit;h[netiG Achievement - • / 

Not beiftg satisfied with the results of Clas*s Inclusion as a readiness ( 

variable for acquisition . oS^'rational counting, prablem solving^ loop inclusions 

and interrelation of cardifiatl^ ^nd srdinal number, class inclusion items wer-e 

included, as part of entiering first- and second-grade mathematics, tests constructed 
1^ < • • •■ ' f. 

'by'PMDC staff (see Appendix A,.12 arid A.13). Class Inclusion , correlated 
nonsignificantly-with.dll firsts-grade number scales (Table 57 in ^ ' ^ 

Correlations Among the Variables) In case of the entering se;cond-grade te^s*© 
Class Inclusion correlated low but significantly with Advanced Counting^ " 
Place Value ^ Ordering Numbers, Addition-Subtraction, and Missing Addend. 
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Based on the above data, it is reasonable to strongly -conjecture' that 

> # , 

Class Inclusion as measured is only weakly related to 'numerical variables. 
It' is, not ten^able to regard'Class Inclusion as measured as a steadiness variable 
for achieving arithmetical contient tested in Clusters 1, 3, 4, 5^ and 7 and 
^tesj:pd in the first- and second-gra^le gMDC tests. Where does this leave 
Piaget^s theory. tha& number in children is a ^synthesis of classification 

t 

and seriation? ** ' . * • . 

^ The item content for the Class Lncfuslon items was of 'a^pictorial 

nature and perceptually- distracting. Moreovet, as 'Johnson '(1975) has shown, 

children regard intarsecting ring items as separating the occupied region 

into disjoint rath'er than . overlapping subregions. A similai; phenonienon may be 

operating with regard to pictorial items — children jnay regard the problem one. of • 

comparin^g two subclasses due to the .overwhelming perceptual features of the 

stimulus configurations. a result, 4he class inclusion "tes^t may be conservative 

in that too many false negatives occur (children who*Have the potential of 

solving the class inclusion problem but f ail) . ^ This conjecture is plausible 

due to the fact tha-t' class inclusion should intervene by necessity* in solution *to 

Cluster 5 variables and missi'ng addetid problems. However, if su^h is the case,^ 

then class inclvision would be pjpesent each time a child solved a numerical reasonin 

problem logically requii^ing class inclusion. In such cas^s, there ^xxld be 

n'o need to assess class inclusion because it would be "synonomq^s with such* 

. . > 

numerical. reasoning . In any case, then, it is questionable whether class 
.'v . - - • • • ' 

inclusion needs to be considered as a readiness variable for learning arithmetical* 
content, unless new measures* are developed which are related, but do explain, . 
numerical reasoning^ ■ " . * 

Piaget 's^ theory may be still yjtact as it concerns number. A critical 



test would 'entail a class ^inclusio^ measure th^at d^^d* not de|>end on pictorial * . ' 

iten^ containing >distractin*g features but'yet would be different than tests 

implied by, the question **\^ich are there more of in the whole world, children 

* , * * > * 

or boys?** The^ problem associated with- pictorial tests have been pointed out. ^ 

The problems with 'the latter test are numerous, one of the most obvious being 

• * * . » ( 

the necessity- of attempting tp imagine all of the thildren'in the worl'd, A universe 
^ J • / . ^ • • / 

of obj§cta^must be selected . that is comprehendable by the child boat yet does 

^ . . : * . ' ^ ' 

not contain perceptually distracting features. It has been conclusively 

» , ' « * V • * 

shown in this study that such distracting fe^tui:e*s have no things to do with 
pure numerical teasoning, ^ '/ \. ^ • ' . 

. The Treatment ' ^ ' 

Content was included' in the treatment not normallv included in^the 

^mathematics programs f<>r gr^de one. The features of the treatnteht were -the ^ 

inclusion of classification activities ,* set partitioning activities, 'counting 

V . ^ , - 

activities by levels, the learning Instructional phases for addition and 

'/ . ^ * 

subtraction, problem solving activities for addition and Subtraction, the r 

^and~held calculator for drill on- basic facts, and the individual* nature- • 

\ ' « 

V« the mathematics instruction. The treatment was included in the study to 
control hhe mathematical experience of the children in the experimental ' 
group. There was little interest in accelerating^ the learning of a. particular ^ [ 

, topic per se. But 'there was a great deal of interest . in determining the' 
effects of particular mathematical experiences on different groups of 

• A 

quantitative comparers and .on various closely related mathematical topics. 
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t 

short, the emphasis was placed o.n understanding , the role of mathematical 

instruct'ion on the development 'of mathematical concepts for identif iably^ 

• - * . . • ' ^' ' ^ 

distinct groups of learners. ^ ' 

'It must be emphasized that the achievement variables are performance /' 
variables and consequently do not measure the important aspect of how the * * 

o 

children, progressed through^'instruction . Various 'comments will be made 

throughout this s^ection concerning observations made during iifs t rile t ion . 

The§e comments are a result of daily\obs.ervations of the children as tfiey ' 

ti ' * 

progressed through instruction and are offered to shed further light on 

various* results , The 19 variables identified do give a good picture .of 

a cross sect-ional *nacure of wliere the children stood at' the time of testing, 

' Classification .and Partitioning * , ' * . 

, I ■ • • ^ 

^ There w^re no significant' ddnfferehces due to treatment for any of the • 

f6ur classification , variables (Class Inclusion, Loop Inclusion, Nested 

J. ^ ^ ^ n ' 

Class'if ication A, or Nested ClassiAcation B) 'nor did treatment interact 
with Quantity for any of the four variables. Moreover, treatment was not 
significant for either Partitior^ With Counting dr Partition Without Counting 
nor did Treatment and Quantity interact for either of the latter variables, - 
In the case of Partition Without Counting^ it appeared' that Treatment and 
Quajitity should have interacted but *the mean s^iores were a Reflection of 
how children began on the pretest* for set partitions .(see Tables 37 
and 42 i^n the section Analyses of Variance ) , ' - 

Three instructional weeks were d^oted to classification, set partitioning 
and loop .inclusions . The total instructl^onal time amounted to 12 instructional 
days of approximately A5sminutes per day. Jhe children enjoyed the^ 

4 '4 • ' ' 

instructional activities and seemed at the time of instruction to profit, 
/The basis; of the instruction was operatiqnal definitions. For exam^jle, in 
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the classificational activities, the terms "and," ^or/^ *^not," **some," 

^and^^ll" were clarified for the children through their actions on animal 

cutouts and toys. The children were required to follow directions such - • 

as "select some of^ the animals." Corrections were made in the case of 

incorrect t)erfo,rmance. In this way, the terms were defined operationally. 

The children had little trouble in learning the operational meanings of the 

^ terms. Class inclusion activities were also emphasized utilizing the , 

terminology developed In an attempt to train the phildreti to focus on alL 

the animals when comparing all the animals with some of the animals.' It 

was feit that children may in many cases focus on some of 'the anima^^p. 

(e.g., dogs)' in comparison of. all the animals (e.g., dogs an4 cats) wiph 

some of|t the animals (cal:s).' At t;he tim6 clarification of the terminology 

seemed to help mos-t of the children in solving cla!5s inclusion problems. 
» *■ * 

> ' ' > . •■ 

But it was difficult at th^ time t6 know whether the children were being 
trained to rlfespond to the verbal cues all and some , knbwing all is more 
than some . The results of the 'class inclusion test (Tables 50 and 51 in 

section Analyses ot Variance ) ,ln tijie pytt^'ests s\ipport the contention ' 
that nb freal improvement, was the. case for class inclusion problems. In 
fact, the control children had a greater mean score than- the experimental' 
children (41 vs 25 percent, respectively). Moreover, thg .extensive quanti- 
tative comparers in the experimental group dici not do any better than did 
. the gross quantitative comparers »in the experimental group on the class 

inclusion posttest.* H^d Quantity. beqn^a r^adines^ variable for learning 

* * ' * * » , ^ " • .\ * 

claas^inclusion, the extjbr>&ive experimental group should have gained ^ great 

/ . * ' . ^ 

deal from the instruction on class inclusJ,on. 

• > '. -I 



There ar^ good theoretical reasons for hypothesizing Dhat the vr- 

experimental extensive quantitative co<nparer& would in fact acquire the 

facility to so'lve the class inclusion problem. In the section Number in 

, Piaget'ian Theory , it is ,.illustrat^ed h9W hiera^^chical classifications are 

involved in children's conception of number, 'Number intervenes into* 

classif ic'ational hierarchies ^ through the quantifiers "a," '*some , " **noi>e 

and "all," which must carry numerical meaning in Piaget's analysis of the, 

interrelations of classification,- relations, and number for children to 

conceive of hierarchical classifications. Children who are extensive 

quantifiers have. In theory, the notion of ^a un»t essential to extensive 

quantification in Fidget" s theo-ry (see the section Quantity as viewed by 
> * * . « * 

Piaget) , The unit is also essential to the ch'ild^*s conception of number 

as outlined in the section' Number in Piaget^'ian Theory , 'Consequently, 

those children vho wer^ eJctensive quantitative comparers who failed to 

solve the class inclusion problem should have done so for reasons other 

tha^ not possessing thfe conception of a tanit, failing to attach numerical 

meaning to^ the quantifiers "a'," "no^e," "some," and "all, or not being 

' * • • • 

able 'to conceive of hierarchical clkssif fcational systems. Possible reasons 

^ - ' ^ ^ *■ . ^ \ - - ■ • 

for failing to solve the class' inclusion problem for these childr'fe^ are the 

. * * • ^' 

♦dominance of the perceptual conf iguratibh of the tasks o^r not^ understanding" 

' c ' / , \ . ' ^ ^ ' . 

the- verbal direction.- The instruction in, the treat^ment was organized to 
eliminate tl\ese two "po'ssibJLe reasons»>for failu.re of extensive qViajcititative 
comparers to solve the' class j^inclusiai^problem. It was*' not q^xpect 



the gros's quantitafive, comparers would acquire the facility due t 
'Grouping I capabilities — j^ot being able to conceive of hierarchij: 



te4 that^ 



o lack o'f 
al classif 



'fications. The extensive and'gross quantitative xonjparers in the control^ 
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group did not receive instruction on classif icational systems, . 

- * - - ' ' <^ 

'The lack of a statistical (or educational) significant Quantity by , 

Treatment interaction for Class Inclusion (Table 50 in the section 

Analyses Df Variance) strengthens the conclusion made earlier in this 

chapter that Class Inclusion is -resistant, to training. In that discussion, 

extensive vs grpss quantitv was not -highlightedl It can now be 

, • . * • . 

concluded that class inclusion is resistant to training regardless of ^ 
whether the children are extensive quantitative comparers or gross quan- 
titative comparers. The lack of interaction of ^Quantity c^d Treatment 
also strengthens the conclusion" that class inclusion need not be considered' 
in future studies as a readiness variable for learning first grade arithme- 
tical^content unless dramatically different measures foi^ class inclusion are 
devised. Under the hypothesis of^ hie^rarchical classif icational Schemes 
being ao integral aspect of number and therefore extensive quantity, the 
instruction given in t^e treatment' on classification should have been . 
assimilated into operational schemes avaj,i»able for classification. The 
lack of the aforementioned statistjical interaction throws into question 
the premise that the extensive quantitiative comparers possessed hierarchical 
^schemes o-f classification which w^e not activitatei^ on the pretest of 



class inclusion. The premise that number precedes hierarchical classification 
certainly deserves serious consideration. The question of merger is also 



interesting. 



k 

f The loop inclusion tasks were designed to^ measure the application T>f 

Grouping I to spatial cgntent — asameasure of of piaget 's* inf ralogical 

operations (Sinclair, 19711|, It is generally , accepted that infralogic^ 

» 

4. 
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opjerations develop later than logical operations so it wa^. hypothesized 
that "Quantity would not be a readiness variable for learning loop inaJmsion. 
But due to"' the experience given tp the. children on loop inclusions, it was 
hypothesized that the experimental group would outperform the control group » 
Tlje operational definition given for an object to he inside a loop^ (a simple 
closed curve) was that if the loop had to be taken over the top of, the 
object to be pulled awky.^ This operational definition was particularly || 
effective when the object a stick placed qn end inside the loop, of 
if a child were standing inside one or' mo-re loops. ^ > • * 

Quantity was significant for Uoop Inclusion with a suggestion* of ^ » 

the experimental gross quantitative comparison group perf arming .better 
than the analogous control group (mean scores 44 vs ^4, percent, respectively). 
The me^n scoreg for the two extensive quantitative comparison groups, we're 
approximately equal. -However, it cannot be claimed that the experiences 
given to the grpss quantitative comparers in the treatment caused the 
20 percent difference as it could be just as well attributed to chance. 
The difference is just not great enough to warrant any suggestion that 
the treatment was effective for the gross quantitative comparers." That 
Quantity was significant is somewhat surprising in viev of tlie fact that 
it was not significant for Class Inclusion. The means for the two groups 
were 60 and 30 percent, respectively, for the extensive vs gross quantitative 
compa^r-s. This dif f erenc^'does given some encouragem^t that suitable 
measures can be found for class inclusion which. would be at l^ast stajiistically 
rel^ted>to Quantity., * . . 

In the test lov l^oop Inclusion, the "inside" was -defined operatiorially 
for ""all children.' It is apparently* nonproductive to spend more t;han one or 
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two days on showing children the operational definition of '^inside" for 

simple closed curves because the level of achievemGnt: was comparable 

ip^ the case of the experimental and control groups. ' , ^ 

Th^ instrueiiyOn on set partitioning was included because at 'the time 

set partitionirjg was considered to be instrumental in estaSlish'ing meaning" 

for addition and subtraction and eventually numeration.. The instructional ' 

activities were -designed in such a'way that;, for a particular collection of 

objects, all two-subset and three-subset partitions would be considered. 

For example, given a collection of seven objects, they would be partitioned 

into subcollections of 6 and 1, 5 and 2, 4 and 3, 3 and 4, and 2 and 5, and 

1, and 6 objects succ*fessively , by moving an object from one sjubcollection to*^ 

the oDher. ' In each case, the chidren were focused on the*/cons tancy of seven 

» 

and the changing numbers in the subcollections. Partitioning activities 

were also presented to the children using approximately 100, kernels of 
• * / 

poppprn and four or more gl&sses into which the popcorn was poured. No 
counting was included in the latter type of activities. During the course- 
of instruction, children seemed to be generally successful with Ae activities 
The partitioning activities are analogous t;b Piaget's additive composition 
of number. ~ « ' ^ ^ » - • 

Iri the section Quanl;ity and set partition , it was pointed out that ^ 
what Piaget calls the additive ^composition of number develops in three stagi^s 
paralleled by gross, intensive', and extensive. . quantity . Even though 
the pjretest. data on set partitions did , not relate to Quantity as expected 
(no. differences ^xist-ed due to Quantity where thq mean total scoife^as 
44 .percent fdr the grq^s .quantitiatve' comparers and/SS percent for the , 
extensiv^^ quantitative comparers) it was felt-thar the instruction on * 
se t .par titioris would lead to improvetnent far the extensive quantitative 
cotiparers at least .for set partitions which .^id not .include counting. 
All of the children* improved on Set Partitions Without Count as well ^ as 
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on Set Partitions With^Count but there vjere no .educationally significant 
treatment fey Quantity interactions. Because the'^control children improved 
at le^st as dramatically as *did the experimental children (the control 

... . . . . . • 

children did not receive direct instruction on set partitions), and 
because S^et Partitions are at best only weakly related to other numerical 
^variables in the study, there seems to be little reason in tKe future to 
include direct instruction on set"^ partitioning in first grade 'instructional 
programs. There is no evidence that^ the^ children in this study abstracted 

the meaning of addition or subtraction through partitioning activiti^^s. 

* ^ - • — 

Gount;j.ng by Level/ and Learning Instructional Phases for Addition ajhi Subtraptioji 

"V. 

As the instruction was individualized for each child in the treatment 

group, no one instructional sequence, may be described. It was the case, 

however, that each child was p^resented counting ^ctiviti-es which prpgressed 

through rote counting, point counting, and rational counting. The instruction 

for addition and subtraction progressed through the learning instructional 

phases exploratory, abstraction-repre^jsntation, and f ormalization-interpre- 

tation* Tl^children were programmed through the learning-instructional 

phases at different rates and did different amounts of work.- With few 

exceptions, the extensive, quantitative comparers progressed through. the 

^' . > . ' \ ^ ^ 

abfetractiop-representation phase , and associated counting activities, more 
rapidly than did the gross quantitative comparers. Even though each 
-child was 'given the opportunity to progress through the formalization- 
ititerpretation phase, only eight 'of the 48 children- in the tot;al sample « 
actually did.» It is important tb note. that tests were^ given for the 
fonnali2ation,r interpretation phase even though they are not reported in' 
this monograph. ' - » ' . 
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At the culmination of the "learnin»g activities, all of the children were 
using rational countin§-on to process exercises such as 4 + 5 = [ | . , It 
'^>i3 interesting to ndte what seemeS to be critical instruction for children , 



who 



pro 



were at most point cojunters to progress to that* level. The instructional 
>cedur,e used was to direct the children to make- marks on their paper to 
represent the two addends and then gradually lead them intp a realization 
thj'ajt only marks for one of the two addends .would be necessary if one would 
start counting frgjn the other addend. An analogous procedure was used with 

I ■ * , ■ - 

f^Lnger calculation. The children were then encouraged to not mark or use 
fingers, but t5 count the smaller addend on to the lar,ger (in the case of 
|inequal addends) mentally. After the children had .mastered the procedure, 
jthey seemed very impressed with their powerfulness in calculating sums, 

^ • ^ ' 

now being abl^ to find sums such as 15'+ 4, 25 + 3,. etc. Such sums were 
found even though the 'children did not "know numeration. 

Initially^ each child was given experience in rote and point counting 
activities. All of the children learned to point count and write the numerals 
tQ at least; 50. Point counting-back activities were also given, frjfst 
starting with 10 and progressing through 20 or greater, depefiding on the . 
child; The childfefi, some with great difficulty, learned to point coufffe"' 
back from 20. Addition' and subtraction activities were integrated with 
.the counting act^ivities where children used the counting-all procedures^ 
v^ith objects to process sums and differences of the basic fact variety v,^ 
(a + b ^ 10) . The children who were extensive quantitative comparers soon 
tired of using objects and wanted to use finger calculati^on . Theii^after, 
. it soon became apparent that ^11 of the children wanted to abandon the 
. physical materials in favor of finger calculation. They were allowed to 
do so» • The extensive quantitative comparers (with the exception of one 
child) e^asily learned to, process sums such as 4 + 3 by counting-on three 
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to four — "*five," ''six," ''seve^n" — eitrher through using finger calculation "or 
mental calculation. The gross quantitative comparers, however (withlthe' 

♦ S ' / I m ^ 

exception of two children, one of which was one of the best ^udents) used 

^ ' ' ' ' J : ' > , ' 

counting-all procedii^res ^ith finger . calculation and did not internalize ^ 

^» ■ • 
the counting process until direct . instruction was given. It is important to 

W 

note that trials (on an individual basis) during instruction were pro.^ided 

> 

these children to give them the opportunity to change' counting strategies 

from counting*-all to counting-on wl^le^ ptdcessing sums such as 4 + 3. The 

r ' * • 1. ' 

trials were used^/a^ checks to ipbure tjta-t children were not held to counting-all 
procedures when in fact they could usQ.*n|ore,. efficient counting strategies. 

. It was not until the last week of insoruction that the gross quantitative 
comparers (with the exceptijans noted) were able to progress on to cQunting-on 
ac^tivities (after approximately*^ six weeks of instruction using countiiig-all 
strajtegies with physical objects and finger calculation). .Work with the 
hand-held calculator and problep solving'^^^ftfeg. interspersed within the same 
^ix weeks, so six weeks should not be considered as a required time. But it 
does give indication of the extreme difficulty children have of acquiring 
counting-on without tallying if it is not within their cognitive competence% 

* The above procedures .of instruction — integrating rationa!^ cototing ' 
with finding sums — may only lead to what one may call algorithms for finding 
sums. The induced counting behavior may not have been counting /schemes^ 
In fact, the evidence is strong that gross quantitative comparers did not 
generali2;e^ the counting-on without . t^\lying procedures taught across tasks 
as noted in the discussion of quantitative comparisons as a readiness 

, variable for learning f iirst ^ade airthmetical cont^ent. nQii^ the addition ^ 
problems, without objects, (Table 33 in the section Analyses of Variance ) 
and the counting-on test (Table 45 in the section ^ Analyses of Variance ), 
the gross quantitative comparers in the experimental group'^perf ormed 
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•quite well. But on the addition problems with ol?jects ^ (Table 41 in 
the section Analyses of Variance ) , the experimental gross' quantitative 
cojnpairers performed quite poorly. 'But it is important to note the instructional 
procedures were effective over a rather narrow range of problems and gave 



the gross quantitative comparers a sense of intellectual competence 

(as observed in instruction) in performing arithketical exercises, 

ThB effects of instruction otr counting-on with tallying and the 

missing addend problems werje also interesting. The instruction was 

synthesized so the children were •not aware that two different 

goalg were 'being* accomplished with the same activities — the capability 

to count-on wi\h tallying aSjid the capability to solve the missing addend ' 

problems. The missing addend problem was initially presented using a 

coiinting-all strategy. For ex.ample, to solve A +n = 7, the children were 

instructed to take seven objects, count out four and the ones remaining 

would be the answer* Invariably, children who" did not pgssess countin^-on 

« ♦ 

with tallying confused the procedure wit?r^previously learned counting^all 

procedures for pro^cessing sum5. That is, to process sums such as represented 

by the sentence 3 + 8 =Q, the children would coiiiWt'out eight objects, count 

three ^nd the five remaining represented the ^esdlt of the algorithm. It 

wa% necessary to explicitly point out the different appearance of the two 

types of sentences for these children. Through successive examples, the 

gross quantitative comparers did discriminate between the two sentence ^ 

types and- apply the cbrrect algorithm. The same leartiing problem, however, 

did not occur for the children who were able to count-on with tally. .They 

conceptualized .the sentenrce 4 = 7, as four a]jd how niany is seven — five, 
* - i ' 

six, seven — so it is three. Consequently, no problems in discriminating 
solution procedures existed ^fdr these children for the sentence types 
represented by the sentences 3 + 5 =r],* and 3 + □ = 9. ♦ 



The^counting all procedure for solving the senteace type 3 +Q'^8 
seemed to -interfere with^. the more' natural counting-on strategy available 
to some of th^ children. After, being shpwA the count?.ng-all procedure,' such * ' 
children seemed to ^iew it as the preferred solution process and were very reluc 
to employ- counting-on with tallying; It should be recognized that counting-on 
with tallying requires more mental effort than does the counting,-all procedure 
which may be the cause for some children's great reluctance to the more 

sophisticated counting-^s trategy . But it also should be recognized that 
adults pjresenjted^ the counting-all procedure wh\ch mVy have given it a status 
of being th^ pteferred 'adult solution." . \ 

The counting-all^ procedure for solvmg missing addend sentences was 

u&ed initiallfT^of course', so that the gross quantitative" comparers would 

.have a procedure for solving the problems which (it was hoped) . could -be ^ 

transformed into a counting-on proce.duise. In the trans fo^na^^on^ an analysis of 

the counting-all procedure i^^as attempted in the following manner. After achild 

had solved, say, 3 -lQ= 7, by counting out seven, taking thtee, and then co\in ting 

"the remaining ones to obtain four, they were instructed to refocus their 

attention on the three, then count-on the^fou/ obtaining s^en. 'Aiis ^ 

analysis move was not effective for some children as they could .not* count- — 

on without t^l,lying, which wa^ a minimal reqilirement to conceptualize 

S/hat was bei^g analyzed. Direct instruction was also given to tie the * . 

missing addend sententTe^to. rational countiog-^^n with ^tallying. .Problems 

were presented where some of a collection 6f objects were screened from 

a child's viewn The' children were then asked to find h<$w many were screened. 

they had counted all of the objects to^^ind the' number in the total Collection 

before some of them were screened. The unsuccessful children were 

allowed to "peek" behind the screen and count the objects there • These 

•• ♦ " ^ 

procedures were associated with missing- addend sentences eg 4+0=7 

tVZ ■ ' ' ' ' 
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in the obvious ways after Ch^ physical problem was solyed. " Enco'ding of 
the physical and mentaJL ac'tiions seemed extremely difficult for children 
- who were not, able to countion wi th taily. These children seemed "lost" 

in instruction; 

, ' ^ The posttesf data on / the missing addend problems and the ordinal 
addition problems showed that the gtoss .quantie^tive cqmp'arers iii, th6 
experimental group were quisle capable of solving ordinal dJldition problems ' 
(mean. 71 percent) but weje , particularly inept at solving mi*ssing addend* 
^ problem^ with objects (me^ 17 percent) a^d without objects (me^n- 25 percent^) 
• It was in fact surprising that the' experimental gross quantitative comparers 
performed so well* on th.e ordinal addition problems (see Table 45 in the 
\ section Analyses of Variance ) because during the treatment they seemed 

particularly inept at doing so. They appretitly used trained procedures 
within a problem context Tfamiliar to them. It was particularly pleasing .to * - 
note that the extensiv^ quantitative comparers in the experimental group ' ' - 
performed quii:^ comparably to these in the control gr'oup on the missing 
addend problems and ^ordi^pal addition problems. ^ The experimental extensive 
;qQantitaeive comparers^ when forced to do\,so, did utilize, counting^n 
with t^allying.ln problem contexts not solvable by counting-all procedures. 

' . ■ . V / - ^ - " X • 

Based on experience in instruction with children not capable of ; " 

, , couifting-on with tally :or without tally, it is fecomnlnded that teachers 

-^Qt present mis^^ng addend^ problems to '.these thSldren until Counting-on. . . 

schemes are acquired either through development or instruction^. While 

such children t:an learn co^^solve such missing addend problems through* 

^ ^ _ _ _ ' *Tr^ • . " • 

counting-all procedures, the solution process, is algorithmic and cdnaepualization 

\. * 

of the problem is lacking. In the case of children capable of countingi^Cn ^ 
^ with tally, the missing addend probifem should b^ presented with^olution 
^ 'process that of counting-on. The^e children, in their own time, -should 
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* produce more-a^f icient solution proceHiares. It is strongly ^arged that the 
child's^ counting capabilities be the cfeterminer of whether the nrLsbing adden 

problem i.SD;resented or not.* * ' •* ' 

' ' ' ' ' ^ \ ' ^ ^ 

Children who are capable;of countiqg-on^ e^6n irf^?it is only -without ^ • - 



tallying, should be presented with addition through countrLiljg-on procedures 
rather than counting-all procedures. The countii3jg-on procedures t^hould leadT 
to knowledge of basic facts more quickly. - Moreover, the Cl^ildren can be ,^ ^ 
exposed to more sophisticated sums (such as 43*+ 4 or 56 + 5) and thereby 
gain a somse of competence not possible through *countiag-all procedures.^ 
.Essentially, the exploratory phases of addition and su^raction can be done 
very minimally with these children. ' While counting-all t?rocedurea shou*ld. 
not be forbidden (especially for differences with minu^d less than or * 
equal to ten), they should not be emphasized. ' ' ^ ^ * ^ , 

Conceptually, counting-back is to differences as ^.coim ting-on is, to 
sum§. While differences m.ay be found by counting-on with*" tallying, tliere 
is not presently available data which shows* a child is capable of concep- * 

J c 

tualizing differences in terms of counting-on if cpunting^ack and counting-on 

are not synthesized (f ormalization-ifitei:pre^ation phase), one being 

* •«**•'» 

associated with differences and one with sums. In the instriictional 

activities, counting J>ack with ar\d without 'tallyj.ilg seemed especiaUy. 

difficult for most of the children. Presentation of the actUvities seemed < • , 

to cause ^dissonance , with children refusing to participate mentariy*. While 

the' extensive quantitative comparers fared much better than the gross ^ ' ^ 

quantitative con^^arers, the ins-truction on counting-back seemed t6 be Mt,- - 

w6ll received by the children. But because of its importance to differences, 

instructional procedures need created and tested before^ definitiv^^reCommen^datigns 

are made cohcerning the introduction of couii ting-back with and without 

tallying. ^ ' * ^ , 
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Problem Solvilig Activities for Addition and Subtraction 

Addition, subtraction, and missing addend problems were presented to " * 

« • 

the^children in oral and \^ritten contexts. These, problems were an integral 

part of the instruction utilizing the learning-instructioflal phases for 
addition and subtraction. Consequently, only features of the problems not 
discussed he'retofore are presented. Children who could not yet x^^ad were 
given problera9-^o solve' in "^n oral presentation. Children who ^ere able 
read tfie pi;pblems. One main* goal* of the^roblem solving act>ivities was 
to teach the children to write ma>thematical sentences for the p.roblems. 
In the main, thd crfjJ^ren were not capable of determining the defining 
relationships in the problem, writing an associated open sentence, solving 
the sentence; and then interpreting the> solution back in terms of the ^ ^ 

problem. Rather they solved th,e problems mentally (if they in fact solved 
them) , and then wrote a closed mathematical seatence to symbolize what they 
had done. This procedure was manifest in the posttest of .'addifioui .* ' 
subtraction, and missing addend problems without objects. The children 
^ere asked to write the associat^ed sentences ih doing the problems.* / 
Observations were made concerning whe.ther the children first processed 
the information and then wrote the sent;&nce,^or vice-versa. For the addition 
problems there we?:^ 88 attempts to write a mathematical sentence by the 
children. In ''80 of these 88 attemp'ts', the children k^lrst processed the 
information and then» wrote the associated sentence. Fof the subtractioji 
piToblems, in 71 of 82 attempt^to write a mathematical sentence, the . 



J 



children first processed the information and then wrojie the sentence. 
For the missing addend problems, the analogous numbers were 67 out of 78, 
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In total, then, there were 248 attempts to write a mathematical sentence 
foi^ a given probleip. In 218 out of these 248 attempts, the children first 



processed the information and then wrote the H^athematical sentence. 

\ . 'If' " % 



These data are important in that they elucidate the role of the mathe- 

. : : ^ r 

matical sentence in tne ^solution of arithmetical pro5Xems for young children.. 
The children wefe- quite capable of symbolizing their mental activity but 
did not represent -the. problem condition ig( written symbols and then work 
with the representation. Rathet, any representation of the problems was 
internal. The mathematical St^^ence did not carry the power of representation 



of defining relations, but was 'rather only a manifestation of mental ^ 

\ 

activity engaged in "by the^ild.. 



The Hand-Held Calculator • - ' , ^ ^ o 

The hand-held calculator was used each instructional .day during the 
last four i7eeks of instruction Each child in the experimental group^was* given 
a calG;ulator and wa^ allowed to ua6e it duririg tbj^ entire class period,' - 
bait was not required to use^it. -Children had littie difficulty with the 
mechanical aspects of the calculator, quite, readily learning to , enter . sufes 

and differences. The role of the calculator in the classrpom was to check 

\ / . • ^ ' * 

answers arrived at through other means. The children enjoyed the calculators 

enormously during the time they used th^m. There was lit;tle evidence, however, 

th|at the calculators improved speed or accuracy of computation because 

: 

Treatment was not .signj^f icant for the addition and subtraction product or 
time scores (see Table 47 in the section Analyses of Variance ) . 

At ti^nes, some of th^ children wished to do calculations on the 
calculCtov just to get them done. These sessions were very ineffective 
from^the point of view'of the , children remembering basic jpacts. They 
seemed to be npt interested in^ the answers, just writing ^ them, down. 
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The calculators seemed^ to be particularly ineffective for children . 
who could only^ use count^a-ll procedures to process suras'and differences. 
Such children displayed little memory for basic. facts, each sum or difference 
being ilflrelated to other s/iAs or differences already found. While the * 
calculators were an effective motivational de.vice in instruction, they 
yid not help the clfildren remember basic facts. , 

^ « . , - . > . 

Correlations -Among Selene ted Variables , 

Variables Apparently Requiring Rational Counting In S^l^ution 

• The min^al correlations between Cluster 1 and Cluster 5 variables 
(See Table 53 in the section Correlations Among the Variables ) was discon- 
certing if they, represent valid correlations. TJie //S anci //P, variables 
were constructed to measure the child's ability to interrelate cardindM 
and ordinal number. The tasks were based both in mathematics and iw de- 
velopmental psychology. Piaget .(1952) has strongly asserted "^that "Finite 
numbers are . . .necessarily at the same time cardinal and" ordinal, since 
it is of the nature -of " aumber "to- be both a syst^em of' classes and of- 
asyrometrical relations WLended into one operational "whole" (p. 157). In 
the review (see the section Cardinal ang o^rdinal number asT developmental ' . ' 
Concepts) of the tasks and theory supporting Piaget's assertion, it was 
noted that particular relations — linger ^than, shbrter than, etc., for 
dolls and sticks—may have influenced the outcomes of the experiments 
Piaget performed. It is the relation "pre'cedes" whrch.in general determines 
or^er of precedence. Position is also a critical concept in ordinal number. 

The position a j)a^;-ticular element occupies is entirely dependent upon the 

« 

particular way. in which the elements are ordered. In the tasks in Appendix 
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A.l, Che child had t© deter^ijie the cardinal number of . certain segments and - 
of the whole collection from being given ^the po3.ition of a particular object. 
The task design was an atte^npt to eliminate the criticism of Piage'^t' s •tasks 
that particular' relationar may unduly influei^ce the outcome of the tasks. 

^ The tasks were,basei also in mathematics in that if some finite set' 

^ ' * * 

P is represented as {a,, a^, ^n/* • ; , any .particular element, say 

a^.*, 1 < r < n^ determiTies a segment S - {a^^, a^, . • and a' remainder 

Q -j^a^, ^r^-l^ ' ' ' * -^^^ "' tasks were presented in such a *way that 

the ord*er was determined by the now cf objects^nd the 'segment S>^a^, a^, 

. , ., a , was determined by' the cover. Given the positiorijof a or 
I ^ r*ri 

^ . ^ i ; iL 

a , the child had to give the cardinality of S -and of P, The numbers 

s^elected for P (12 and 8), were small enough to be .within the experience 
of the children, Piaget* s' theorv predicts that children who are in Stage II 
with respect, to number should solve the task, • especial-ly in the cas^e^here 
hints were given. ' , ^ ' \ * ( 

The rational cOunting-on, ordinal addition, rational counrting-back, 

' . ' ) 

and ordinal sub craction ' tasks were based on the same stp<fctural analpr^is 

^ \ * ^ ' ' * I Ly^ 

of numbej as were the //S and f/P tasks. The important e^ifferences resided ^ 

in the^ facts that tl) no oraer o£^ the ^elements ^^pli;e'd by the physical 

Arrangement of the objects except for the physical determination of the . 

/ segment an4 /i^ainder through covering the objects 5 and (2) ^e cardinal 

number of the segment, remainder, or the total set rxs always given rather , 

thag the po.sitie^ of some ^element . , -> ^ « ^ 

► ' '* If fhe'minimal correlations between Cluster 1 and Cluster 5 variables 
, represent* valid correlations, th^ concept bf position as it relates to other 
aspects, of children's conception of cardinal and ordinal numbed will have 
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to be. elucidated through further experimentation/ However, given the 
f 

low in.temal consistency reliabilities of the #S arid #P tests, improved 

. • » ^ 

task' design for those variables must be' accomplished before any ^conclusions 

are drawn regarding a child's concept of positj.on as- it relates to other 

numerical variaj^les. <^ ' , 

The eight correlations between' the two missing addend problems and 

the var^-^bles of Cluster 5 were alj. significant but,mode^\ The greatest 

correlation was between Ordinal Addition and Missing Addend Without Objects. 

The modest cqrrelations can be attributed to the extraneous variables 
• * 

, present in missing addend problems. The children had to translate the 
orally presented problems from natural language into- a numerical procedure. 
In the case of objects present,* the child had to ignote the fact there 
were more objects pr'esent for use tjian were needed — a difficult task for 
many children as they never bothered to count all of the objects, but 
rattier counted out -the first ^'given number and then counted the remainder for 
the answer. In the face of such extraneous variables, that the Missing- 
Addend variables correlated as well as they did with variables of Cluster 5 
supports tiie contention that rational counting procedures are critical 
for comprehension^ and solution of missing addend problems. 

The significant correlations for the variable Between with all other 
variables in Table 53 and the correlatiou of Ordering Numbers with 
Advanced Counting in Tables 57 and 5^ in the section Correlations Among 
the Variables supports the contention that knowledge of between demands 
rational counting as, a. prerequisite . 
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Variables Apparently Requiring at Most Point'^Counting in Solution 



Set par&jLtions , Set partition is part 'Of the mathematics of addition 

'and subtraction of cardinal and ordinal, number . On the pretest (See 

Table 38 in the section Analyses of Varianc e) , Partitions with Count and 

: • ' . ' ^ 

Part'^itions Withotit Count cjorrelated negligibly with Subtiractipn and only 
marginally wi^h Addition'. The analogous correlations on the .post test '(See 
TAble 42 dn the section Analyses gf Variance) were greater an^ wfere all signi- 
ficant except Partitions With Count and Addition, Moreover; Partitions 
With Count and Partitions Without Count correlated negligibly with Addition 
and Subtraction with no objects (See Table 54 in, the section Correlations ^ 
Among the ''Variables) . The. correlations of the two tests of ^.et partitions with 
the addition and subtraction time product scores were essentially zero. 
Both set partition variables did correlate signif i-cantly with Counting- 
Back -and Predecessor but. the correlations were less than .50*. 
Apparently, then, set partitions is not a critical agsect of cognitive 
functioning on arithmetical tasks requiring point counting for task performance 

This assertion is strengthened by inspection^ of the distribution ' of 

total scores for the variables* Partitipns With Count and^ddition Without 

*• . ' * 

and With Objects had quite similar distributions of total scores (see * 

Table 5 and Table 10 in the section Item Analyses ) . ^The distributions .of 

total scores f6r Partition Without Count and Subtraction With and Without 

Objects also were similar. In the former 'case, the correlations .were .14 

and .22, respectively. In the ;.atter case, the correlations were .47 and 

.33, respectively. The only coi^relation of, the four which shows strength ^ 

of^ association was the correlation of *47 between Partitions Without -<^ount 
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and Subtraction With Object^. With the exception of this correlation of 
.47 and the possible exception the correlation of ,44 between Partitions 
Without Count and Additipn With objects, (two variables also with similar^ 
frequency' distribution) , t:orrelations involving the set partition variables 
with other variables with similar frequency distributions were marginal or 
nonsignificant. It was therefore possible for children to succeed (or not to 
succeed) on set partition items but not succeed (or succeed) on t?sts 
based on point counting. 

^. If^one argues that set partitioning is an integral aspect of the meaning 
of addition or subt^^action of cardinal numbers, the correlations of set 
partition variables with Cluster 5 variables and with the missing addend problems 
in the posttest of Cluster 4 variables should t>e seriously considered in 
Che argument. Children who were not capable of set partitionihg should not 
have been able fo^ find sums or differences using point counting strategies 
because they ^)ould nqt be capable of applying the strategies. " Children 
who were capable of set partitioning may or may not be able to find sums 
\^ differences 'if the argument is accepted a^ valid.- In the face of the 
small correlations, the argument does not seem plausible., ^ ^ . 

Osborne (1967) , in a study of subtraction through partitions^ conjec- 
tured that */If the child is not perceptually or cognitively ready to conserve 
the whole upon sub-division, then he cannot acquire the concept of subtraction 
via a group manipulative approach" (p. 107). Because of the relative 
independent functioning of Partitions in this study, Osborne s conjecture 

act, because the experimental group engaged in 
partitioning with associated number, fadts , the evidence is negative 
, concerning Osborne's conjecture. 
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Anotjier conjecture made by Osborne (1966)<*was that "Given an 
instructional approach to .subtraction, if the child thinks in terms of 
manipulatioh of groups, then the child will understand subtraction better 
than if he thinks in terms of bne-by-one manipulation" (p. 107). The 
evidenpe is also against this conjecture because of tiie small correlation 
between the two partitions variables, and the various variables of a sub- 
tractiv^ nature. ^ 

' Addition and subtraction . The addition and subtraction pToduct scores 
were correlated negligibly with all variables in Table 54 in the section 
Correlations Among the Variables except the a'ddition and subtraction 
probJ.ems without -ebj ects . AJL though tlj^se correlations were modest, they 
are logical in that in both cases, mental or finger calculation had to 
take, place. The mental calculation could involve knowledge of number 
facts. '^The correlations are comparable with a correlation of .46 reported 
by Steffe (1966) Q)'etween a number facts test and an addition and subtraction 

\ 

problem solving test without objects. ^ The correlations between addition and 
subtraction with objects and *the. two product scores are "somewhat less than 
the correlation of .41 between comparable tests reported by Steffe (1966).- 
The correlations in thi^study are more consistent with the conjectures 
advao^ed by ^Steffe (1966, p. 43) that th^ presence of objects in the 
solution of addition and subtraction problerSs would lower the correlatioa. 
between an addition facts test and an addition ;and subtraction problem sol^ving 
test. However, finger calculation serves' a functional role in both number 
facts tests and additfion and subtraction problem tests. Due'' to children's 
gre^at reliance pji £in0r calculation, it destrqys theu role of knowledge 
of number f^cts as an explanation of performance on' addition and subtraction 
tests. Consequently, although^correlations may be somewhat greater between 
"number facts" tests and" orally presented arithmetic addition and 
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subtraction problems yithout objects than it is between the former and 
orally presented addition and subtraction problems with objects, they are 
not enough 'greater to. strongly suggest, that objects are critical for 
foinnation of mental operations associated with addition and subtraction. 
If objects were ^critical in formation of mental operations associatedj|With 
adciition and subtraction, one would expect a negligible correlation between ^ , 
addition and subtraction problems presented in the presence of. objects and 
number facts tests. The presence gf objects would enable -the children 
to do the problems independently of knowledge of number facts which would 
manifest in an essentially zero correlation. On the other hand, one would 
expect addition and subtraction problems presented to children without 
objects to be related substaatially to number facts tests if for no other 
reason 'than mental calculation \^ould seem*to be necessary for solution. 
But in the face of the correlations, the intervening variable of finger 
calculation des.troys the line of reasoning and also destroys rhe illusion 
that physical objects^are critical for early learning of ^a^rithmetic. 

is conclusion is supported by the fact that all six correlations among 
the four addition and subtraction problem solving tests were significant 
and of approximately equal range (.33 to .55). It was the c^e also that 
correlations between the problems with objects and problems without 
objects (.39, .42, .37, .*33) were not a great deal different than 
within objects (.37) and wi^in nOiObjects (.55). 

Counting back, just before, just after, successor^ predecessor . The 

^ive variabj.es under consideration had only four significant, intercorrelations 

out of ten. Counting Back and Predecessor correlated .52. This correlation 

♦ 

as well as the correlation of .34 between Predecessor and Just Before is 
manifestatibn ^ the fact a child had to count back from nine to name the 
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seventh element with a point count in the test for Predecessor, That 
SuccessG^i, was not correlated with any o>cher variable in 'Table54in the 
section Correlations Among the Variables , is somewhat surprising. These 
essentially zero corr^latioj^ lead to 'the conjecture that children's ability 
to start at a- number and count-on in a rote fashion does not lead to » 
arithmetical competence of any kind and sl^ould not be, taken as being 
essential in learning -arithmetical contejit. 

The variable Predecessor correlated^ significantly with the problem 
solving variables as well as with Just After, Counting-Back, an'd Just Before 
Counting-Back also correlated significantly with the problem solving tests. 
But; Just Before atid Just After did not correlate significantly with the 
problem solving variables except for orfe jcase (Subtraction With No Objects 
'and Just Before). These results signal the commonality of ^solution process 
among variables requiring point counting. Just Before aild Just After did 

4 : ^ 

not require point counting — only rote counting. 

Variables Apparently Requiring Rational Counting v# , 
Variables Requiring at Most Point Counting 

Set partitions . The two set partition vai?iables correlated greater 

with variables apparently requiring rational .counting for solution than with 

variables requiring at., most point counting §or solution. However, the 

correlations of the two set partitions variables with variables apparently^ 

requiring rational counting for solution are not easily explained in that 

some are significant and some a^e not significant. Those correlations not 

significant are for the variables Missing Addend WithcMit Objects, Ordinal 

Addition, Rational Counting-Back and Ordinal Subtraction (see Table 55 

in the section Correlations Among the Variables) . Thpse correlations which 
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are significant are for the variables Number in,S. Number in P, Number in 
S + Number in P, iMissing^ Addend With Objects, Between,* Rational Countin^-On, 
and Ordinal Subtraction (Significant for Partitions With Counting). • '\ 

The significant vs. nonsignificant dichotomy cannot be epcplained by 
whether the initial equivalence in the partition test was. established by 
the child through point counting. In fact, the correlations for Partition 

. i 

Without Counting generally exceeded the correlations for Partition With 
Counting and both generally had significant or-nonsignif ic^nt associated 
correlations. It would seem plausible that a physical objects present 

^ y 

vs 'physical objects absent -dichotomy could explain the difference in the 

y 

significant vs nonsignificant correlations because the test for Partitions 
included physical objects. In , the case of nonsignificant correlations, 
the children had to answer, questions concerning objects screened from 
view even though some objects could be seen (except in case of Ordinal 
, Subtraction). For ^ese variables, no image "of screened objects* would be 

""available to the children through direct percepclo.i. 3ut in the case of 
the signifi'cant correlations, direct perception of objects, was not tl^e case 
either exce{5t for one .variable — Missing Addend with Objects. Consequently. 
K tfie* physical objects present vs physical objects absent dichotomy is not 
tenable explanation for the dichoto^ significant vs nonsignificant 
correlations. * * 

A rational counting-on vs rational counting-back dichotomy does not 
explain the significant vs nonsignificant dichotomy for the correlations. 
Consequently, due to the ratiier marginal nature of the significant correla- 
tions under consideration (none were greater than .50),. it is concluded 
that the underlying basis for the significant vs nonsignificant dichotomy 
for the correlations has no discerhable exnlanation and may be attributed 
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to chance fluctuation of the sample. Partitions, then, is only weakly 

related to (1) arithmetical operations (addition and sub tract ion V_in the 

case where rational counting-on or rational counting-back is required for 

solution, (2) rational counting-pn, (3) rational hunting-back, (4) the 

ability tp obtain cardinal- information from ordinal informati^^n, and 

(5) knowledge of betweeness for numbers up to 12. 

In view 'of the frequency distribution of total scores (Table lO in 

the section Item Analyses ), for Partitions With Count, one would expect that 

the variable would not be correlated with Number in S (frequency distributio 

Table 3 in the section Item Analysis) , Number in P (frequency distribution 

Table 3), Missing Addend Without Objects (frequency distribxition. Table 5), 

.Counting-back (frequency distribution. Table 13) oi: Ordinal Subtraction 

✓ * 

(frequency distribution, Table l^) . One would expect, however, that' 
the variable could be correlated with Counting-On and Ordinal Addition 
(frequency distribution','. Table 13). The correlation of only .31 and. .f3 

9 

,for the. latter two variables only strengthens the above conclusion that 
^ Partition variables are weakly related to the variables apparently requiring 
rational coundng-on in solution. 

Analogous inspection of fr,equency distributions for Partition 'Without 



'Count and other variables under consideration would" le^d to the e:q),ectation 
of significant correlations in the case of Missing Addend With Objects 
(actual 'correlation .43), Ordinal Addition (actual correlation .27) , and ^ 
Missing, Addend Without Objects, (actual correlation .21). -These three 
correlations again strengthen the above conclusion. When the frequency 
distributions were such that it would be possible for significant correla- 
tion between Partition variables and other "variables of this section, the 
correlations were minimal. ■ . ' ' . * 




Addition and subtraction problems > Only five of 40 correlatioas 



involving addition and subtraction problems were net sig*nificant . Two" of 
the five were between addition and subtraction problems witp objects^ and 



missing addend problems without objects. Two others were between subtraction 

''"'}'. 

problems with no objects and rational counting-rback problems and ardinal 
subtraction 'problems. ' Solution procedures in both cases certainly may .have . 
contributed to the negligible correlations. For addition and subtraction . 
problems with object3, children could use counting-all procedures but for 
missing addend "problems without objects, children counted-on with tally 
eithet using their fingers or mentally. For subtraction problems without 
/Objects, children generally used counting-all procedures with their fingers, 
but for rational counting-back and ordinal subtraction , children had 
to go' through a backward ordinal sequence either Without 'tallying (counting- * 
back) of with tallying (ordinal subtraction) . These procedures were quite ^ 
different an^ may be used to expla^ why the variables involved did not 
correlate to^a greater extent than they in fact did. 

Inspection of the frequency distributions for subtraction problems * 
with objects (Table 10 in the section Item Analyses ) and missing addend 
problems without obje^s (Table 5 in the section Item Analyses ) , would l^a^ 
one to expect a signific^ant correlation due to simi larity of the dist ribu- 
tions. That the correlation was not significant strongly supports the 
process analysis given above. The other variables with nonsignificant ^ * 

co^rrelatibns bad dissimilar frequency distributibns, which certainly doe^ ^ 

^ ^ • ^ . 

I- " ' * - — - 

\ not contradict the fact that children use widely Varying solution procedures ^ ^ 

in solving problems. , * ' ^ 

The correlation of .60 between ordinal addition problems and addition 



^ probi^ms with no objects is quite surprising in view of the dissimilarity 

of the frequency distritratioYis . Rational counting^on prdblems and addition 
- - , - ■ ■ ■ 
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problemp with no objects correlated .54 and had quite simiiar frequency ^ ■ j 

distributions. Bift rational couriting-on problems and ordinal addition . 

problems correlated .72. Consequently, evide^rice is strong that children 

who solved the addition problems without obje_cts|nd, so ,±n the'ipain by ,^ 

counting-on "either on^heir fingers or mentally. Or at least they were ^ 

capable of doing so. This contentiqji^is f urther^^ported by (1) tlie 

correlation of .47 and .48 between addition problems without • objects and - 

" ' '. ■ . " • 

rational counting-back Voblems^ and ordinal subtraction problems, respectively, 

especially in the face of the great dissimilarity of frequency distribu^tions 
between the former and the latter two problem types, and (2) the correlation 
of .M9 between the addition problems without objects and missing addend ^ 
problems with obj^ts.^ ' 

The remaining, significant correlations ia the main, ref lect s^tatistical . 
relationships rather than analogous solution procedures^ 'However, counting 
types are nested by definition — so children who cart perform ordinal addition^ 

tasks, for example, 'can also point count and thereby use counting-all pro- 

f \ 

cedures in solution. However, the. correlations 'are dampened by/the fact\ * 
thit .children who apply appropriate solution procedure^, arrive at ^ r \ 
iAcorrect answers through mechanical errors and by children'who can utilj;:e 
cafunting-all praceclu^es but not rational counting procedures in solution. 
' • Ad dition and subtraction product and time scores. The addition product 
scores only correlated significantly with variables obtained from the ordinal 
number addition and subtraction tests. The subtraction«product scores alsp^ ' 
correlated significantly with, the .variables obtained fr6m this test. However, 
the subtraction product scores also .correlated significantly with missing . 



addend pr^bietas with and without objects. In the mental arithmetic tests, * 
childreir^ere admonished not to use their fingers nor xakks mack^on tha^ .: 
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paper. Apparently, the admonition was effective enough that the subtractiofl 

exercises were thrown into the realm of mental arithmetic for some ch41dreij, 

which explains the significant correlation for^^the subtraction product scores 

noted above?. The ..admonition w^ effective also for the addition exeurcises 

to be thrown into che realm of mental arithmetic. But it w^ a fact that ^ 

the addition exercises were easier than the subtraction exercise'^, which 

ejqjlains the Aons^^nif ica'nt correlation of the addition product score with 

tpe missing addend problems with and without objecb§ (see Tables 5., 10, and 
L 

15 in the section Item Ana lyses for distributions), 

\ " ' ' 

I The correlations of the\addition and subtraction product scores with 
variable^ apparently requiring rationats^counting do not contrad^ict the 
Jipntention that addition faces, should be coasidered as abstractions from 
mental operations associated with rational countirtg-on or ordinal addition. 
The case for subtraction is not a^ clea-rcut, Howeye'r, the correlations 
certainly dp not contradict the contention that subtract!^ facts should 
. be based on at least an integration ot, rational counting-back with rational 
"^OHTiting-on. In any case, 4:eachers who drill childr-en on addition or 
.subtraction %f acts in ,the absence o^strong rational counting .capabilities 
(at least counting associateqliitti ordinal addition) riin a great risk of 

V . ■ 

frustrating the child. • . - ' ^ 

The negative correlations between the addition and subtract*LoCj:ime 
scores and the variables Missing Addend With and Without Objects, Rational 
Counting-on, Ord ina^ A^ditidn, Rational Counting-Back, and Ordinal Subtraction 

.supports the relationship observed* for the product scores. A weak indication 
was present that children who obtained correct answers on the test items 
for the variables just noted, tended to work faster than the ^£ldren who 

. did not. But the association is weal^ and shouW not be . considered as 
vitally important" in planning arathmetic. instruction. * 



2lS 

• Counting back» just before, just after, successor, and predecessor . 

Of the ^50 correlations involving the five variables in the paragraph heading 

# * ** 

. above, only 15 were significant. Six of the 15 invplve^i Predecessor. 

A • ^ ^ 

Counting Back was correlated significantly with two variables (^/S + i'^P, .42 

and Missing Addend With Objects, .36); and Just After was correlated 

significantly ^th ^nly one*variable (Betwjeen, .44). Just Before was 

correlated significantly with six variables. Obviously, then, , Just Before 

and Predecessor are the only two variables related consistently with 

variables apparently requiring rational counting in solution. ♦But in 

general the correlations were not strong except for the correlations between 

J- 

Just Before and Between (.49), and Just After and Between (.44). These* 
two correlatioas support the logical relationship which exists among the 
-three variables. For a child to find^a number between two others,* con- 
ceiving of numbers just before and just after the 'two given numbers and 

''being aware of which is which , is extremel}^ important for being successful. 
The significan-t correlations for the variable Predecessor were only 

^marginally significant. But they may reflect on underlying conceptualizing 
ability on the part of the child* 



1^ Some Pr6bl(ams Needing^ Further Study 



Ginsbui^ (1976 , p. 147) has givln a useful characterisation of cjiildren's 
knowledge of^^arithmetic -in terms of hw;^ cognitive systems. System 1, 
^jlnfotmal in nature, develops ou^tside or the formal school setting and 
involves perception and thought used to deal with quantitative problems. 
^Counting .is not part of System 1. System 2 involves counting but is ^ 
stiH informal in that it develops' outside of tRe context' of s.chooling. 
It has a cultural component since it dej/ends on social transmission of 

A 
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ycounting. System 3 is formal in that it fieals with arithmeti-c^faught tn 

school. Ginsburg (1976) conjectures tliat a great deal of interaction 

takes p%ce between System 2 and System 3. ''Probably the great majority 

of young children interpret arithmetic as counting regardless of how they 

arp, taught. > .they probably use counting as the basic , method for dealing' 
♦ . • 

with ariphmetic" (\^. 148). While^tJinsburg did not identify counting 
typologies used in this study, he is essentially correct in his observation 
that mathematics educators have assumed counting in, their mathematics 
programs for early childhood. Counting has-been viewed as being acquired 
^ by children through experiences outside of the mathematics curriculum. 
Serious attention has not been given to counting in school mathematics 7 
.texts for early •childhood and its role in;,the formation of mathematical 
concepts and principles. • ' , 

Freudenthal (1973) has pointed out' th^ importance of counting to 
ariti:\metic: "We stressed the didactical p^riority of th§ counting number... 
The child should learn to add by counting further, to subtract by counting' 

i 

backwards, to articulate' th^ counting by tens, to multiply by counting 
with other int?^^rvals but.l, and so^on" (p. 242).' The data <i£ this study clearly 
confirm that one , cannot be arbitrary concerning how a particular .child should 
learn to add, subtract, ^etc^ It is. cleanly important that one be assured 
counting schemes are available to the child before addition or subtraction are 
* done as Freudenthal suggests. But if addition and subtf'action are connected • 
in the mind of the ctiild through counting-6n andVoun ting-back, a great savings 
transfer could occur in the learning of subtraction. Studies need .to be 
designed to determine if sucH transfer occurs. " * , . 

Counting* has been used €o identify leaming-instructioryx phases in»* ^ 
addition and subtraction. 'But date other than that, presented in this ftionograph 
are necessary to establish psychological credibility of th^ese^ phases . Tn 
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Other words, can a child, for example, operate^ cogniclv^ely at the formalization 
interpretation phase but v4t noTliave synthesized ''couiiting-on Jc\d counting-back 
Is that synthesis a critical cognitive function for th^ interrelation of 
addition and subtraction? Experiments als^Sweed done to determine if there 
exist transitional* characteristics from^dne counting typology to another and ^ 
from one leariring instructional phase to another. Such transitional 

chara<:teristics , if 'they exist, could 'b^ critical indicatt^rs of instructional 

/ 

procedures . * ^ t 1 

' N'. ^ ^ ' . 

Because children possess, different counting capabilities, co^unting must 



be moved from Ginsburg's Systein 2 to Systei^ 3. It shou^ be a function of 
school instruction' to develop 'Counting capabilities and to develop their oise 
in the learning of^ concepts ailid principles in school mathematics. It is 
the rolfe of research to study development of counting in children and how 
they use 'Counting in other aspects of mathematics. Other than pKtJition and 

' ' ' ' . ' ■ ' 'J 

subtraction, numeration is given as an example of how counting may be used^ 

by children to learn important school ma*thematics concepts. 

- It s*hould not be surprising that learning instructional phases for 

numeration are" logically identifiable and are closely allied with-leaming 

instructional phases for addition and subtraction. New elements, of 

course, are introduced ^nto definitions pf the phases. 

^ . 
^ The exploratory phase for numeration corr-esponds to. the capability 

to point count and to the exploratory phase for ^ddltion and subtraction. 

Here, children may be expected to count out collections of 'a giveQ number ' k 

(e.g., count out collections of two tens and five froiri,a pile of thirty-two 

objects). However, the collections are looked' upon by the child. as being 

just that — piles of object;]? having no particular significance in the sense 

of being lasting in th^^^ind of the child. Th^y may not be looked at as 

rep resent i;:ig two tens' and five but -rather cease to exi'^t in any way upon being 



physically destroyed. There is no representation of "tan" in the child's 

mind (here, we are not speaking necessarily of an image but a unit consisting 

of a plurality) . ^ • ' ^ 

The child who is capable of counting--on without tallying -is capable of 
/ 

counting a set P (where^ #P = 15) by counting a set S of ten, holding that 
in mind as an entity, and counting "one"* ten and one," "one ten and two," 
one ten and three," "one ten and four," "one ten and fiv^." 'So, here, 

c 

P = {s^, s^, S3, s^, s.; s^, s^, Sg, Sg, s^Q}U{q^^^, q^Q_^2' ^.10+3' 
^10+4* ^10+5^' The element ^^^0+1 ^^^^^ the child iiolds S in mind 

as an entj-ty and conceives of q-j^Q^-j^ as representing one ten (S) and one 

(the element q^Q^^) ; The ascsumption hete is that yor a child to conceive 

K 

of 15, it is necessary for him to have the potential of constructing 15 
as one^ ten and five more in the way described by the coAinting-on process. 

Obviously, under the assumption, - 10 + 5 must be a conception of 15* Then- 
*if 15 is to meaj^one ten and 5 more, a counting-all strategy alone is no.t 
sufficient- to allow the child to connect the ten and the. 5 more into one 
number, 15. i* . 

CpuntingTon without tallying,^ then^'is assumed as critical for the 
' abstraction- representation .phase for numeration. But that is not enough. 
Counting-on with tallying is also assumed as necessary. If a child has 

collection of, say^ nineteen, '^and \nows. it, if he counts out ten, he 
should be able to count-on from ten keeping track of how many he has counted- 
so he^dcJesn t go past 19. That is to say, counting-on with ta],lying is ^ 
conceived, of as essential, for ^ a' child to find th§ number of tens in a given 
nuinber*;. It would segm counting-on with tallying is a minimal condition 
for knowing how to fi^d the number of tens infa given number at some level 
'cither than .counting 'Out piles of tens. 
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Anather example is when a child counts a collection 'he doesn' t- knav 
the number of , say a pile of 25 objects. The child can count: 

» 

********** 
1 2 3 4 5 6 7 8 9 10' 

♦ '. 



123456789 10 , 
********** 

11 12 13 14 15 16 17 18 19 20 



^ 

1 2 3 4 5 . ; 

_***** • , 

21 22 23 24 25 ' ^ ' 

The numeral under the' stars represent the child's count and means he 
takes one, says "one/* takes another, says "two," etc., until 10 is 
reached. He then takes, another, says "eleven" and tallies "one," takes 
another, "twelve" and tallies "two," etc. The atfove procedure represents 
a mental count of a pile of objects. When the child is done, he knows 
lie counted, out two piles of ten. One. may object and say children do not 
do the above. Perhaps .true, but in the -case where a child is asked to 
find the number of tens in 36, he should to so on a basis other than ' 
merely being trained to say "3." The assumption is that for the question 
to have numerical meaning for the child, he will have to* construct the 
collections of ten* through counting and 'tallying, or be able to do so. 
Such a procedure involves the above represented tallying procedure, the 
tarllies, of course, may be fingers! ^ \ ^ 

Numeration activities for a child in the exfploratory phase would be 
counting oud piles of ten from a pile of objects, counting the piles and 
'then the ones renaining, ^and associating ,a numerical "ab" (a and b are 
digits) with the procedure. Visuals, such as a bundle of fen could be 
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used, but numetals would have little conceptual (or numerical) meaning, 
but would have figurative meaning* The abstraction-representation phase 
implies the child has internalized counting-on strategies available. 
Numeration now has the potential of carrying numerical information and 
is much -richer in its meaning. 

In t}ie abstraction-representation R^ase, the child can be presented 
with more abstract content concerning numeratien than children in the 
exploratory phase. Here, children are capable of learning the concept 
of place-value, of learning the numerals, ^ their names, and of conceptualizing 
one hundred as ten tens . They essentially 'view a numeral such as "56" 
as beyig five units each of plurality ten and one unit of plurality six, 

because they are capable of mentally constructing (through rational counting- 

on with' tallying) the various units. They also conceive of the five units 

of .'ten and the one unit of six as making up a total unit of 56. This 

discussion brings to mind set partition. But set partition is now' viewed, 

at this age level, as being made possjple because of rat^nal counting 

with tallying. But, for a child to have achieved the abstraction- representation^ 

phase with regard to numeration he should know, for example that it would 

take more two's to make twelve than three's to make twelve. Such 

capability is taken as manifestation of tjie above described conception • 
'» ♦ 

of "56." 

The formalization phase for numeration presupposes the formalization 
phase for addition and subtraction. The flexibility of thought implied 
by^ the formalization phase for addition, and subtraction is, of course, 
that once a Qhild starts at some point in the ordinal sequence and 
counts-on k, having p -h k, he knows, without actually counting-back, that 
if he would count-back, k, p would 'be the result. The number 36 means 
thi»«:y and six more, so a chiid should know that 36 less 6 wpuld be 30 
because 36 Is thirty and six more. 
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At the formalization phase, a child has, to-order numbers. So to order' 
30^and 36, the child should know the connecting link both ways: 30^+ 6 = 36; 

• or 30 = 36 7 6. Ordering 48 and 55 Is not^so eSsy. The child should be 
able to mentally manipulate two digit rrumbers in such a way that he knows ^ 
48 to 50 is 2, and from 50 to 55 is 5, so from 48 to 55 is 7. He would 
also know, then, that from 55 to 48 is 7. Another example is 39 and 71. 
The child should be able to go from either one to the other through rational 
coun ting-on with tallying or' rational counting-back with tallying. For 

, formalization of numeration, any two numbers should be connected by the 
child being able to find the distance between tSem, or equivalently , by 

solving a + | | = b or ^ j = b - a, and 'solving one, knowing tlie 

other. That is, if a child figures out it is 4*2 from 39 to 71, he 
should know it is also 42 from 71 to 39. 

Formalization of numeration does not involve two-digit addition and ' ^ 
sub traotion* in the sense of algorithm work. HoVever, it does involve the 
sense-'of order. That is, a < b whenever b - a = c > 0 (or equivalently, 
if there exi-sts c where a 4- c = b) . The point is, the child must not only 
prder the numbers, but^ find c mentally. The concept of place-value constructed 
at the abstraction- representation level should mediate, at some poirit 
in time, the precess in finding c. For 'example, from 39 to 71, 49 is ten, 
59 is twenty, 69 is thirty, thirty-one, thirty-two. So, 32 is the answer. 
Formalization also implies that verbal number n^mes and the written numerals 
are coordinated and each has two^connotations — a place v§lue connotation 
and a positipn in the number sequence. \ ^ 

I The work with standard algorithms for addition .and subtraction may be 
looked at as following acquisition of the f ormalization-interpretation phase 

> ■ ' - . ■ \ ■ • 

for numeration. The algorithms may be, to the child, jusXeff icient procedures 

for processing sums and differences. Learning- instructional phases must' be 
^ also deiVeJLoped for multiplication and division, and validated. 

ERIC ::;ui ^ . " • • , 
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It Should be clear that a grea\ deal of work remains in the construction , 
and validation of mociels for learning and instruction of particular concepts. 
Measurement and particular aspects of space and geometry are critical as 
are addition, subtraction, multiplication, and division of whole numbers 
and fractions. These mode3.s should be of the nature outlined by Beilin (1976) 
to be maximally useful to school prpgrams. 

Other than the problems outlined above, it continues to ^e of importance 

to continue to study the influence of variables in Ginsburg's System 1 on 

p. 

the acquisition of knowledge in his System 3. One study of immediate importance 
is to determine the itifiuence of Quantitative Comparisons on acquisition 
of numeration concepts. 
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Appendix A.l: Ordinality and Cardinality Tasks, 



Task A. 



(12 counters in a row) 



)n4 



□ □□□□□□ □ □ 



HERE ARE SOME COUNTERS tN A ROW. IF WE START COUNTING FRO>f:,THIS END (S's left), 



THIS ONE IS FIRST (point), THIS ONE IS SECOND (point)*, THIS. ONE IS THIRD (point) 
Ji ' • ' ^ > 

1, THIS ONE" IS NINTH (po:bt)-. WHICH OlJE IS. THIS? (point to tentli) 
L J correct ^jHmedMtely (go^to-//2) , ^ 

[ ] Correct the* bpgintiin^ ^ ^ * ' ^ 

L J incorrect 1 \ # , ^ Q ^ . - ^ 

THIS ONE IS NINTT (point), THIS ONITIS TENTS ^(poipt);^ ^WHICH 



a. 
b. 
c. 



ONE 



..0 



IS THIS? (point to tfleven^) . 
[ ] correct immediately 

C ]* correct but counjts from the*be;ginniri]g 
' [ ] incorrect , 

2. THIS ONE IS NINTH (poiAt)^ WHICH ONE IS THIS? •^oint* to aeven%h) 

a. ] correct immediately 

, b. [ ] correct but counts from the beginning 

c. [ ] incorrect 
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□ □ □ □ □ 




i ' 



[S ONE IS TENTH (point) . HOW MANY ABE COVERED? 
[ ] correct - HQW' DO YOU KNOW THAT? 



b. 
c. 



(c/over seven with cloth) 
a. 

[ I HOW MANY AKE THERE 11^ ALL 

[ ]^ incorrect THIS ONE IS TENTH* (point), HOW MANY ARE THERE IN ALL?. 
\*d. [ l^patrect - ftlGHT, AND HOW MNY ARE COVERED? 
e. "[ 1 five - FEEL THE FIRST ONE. WHi;CH IS NEXT? (feel second) 
f . [" ] correct - HOW MANY ARE COVERED? ^ 

[ ] "correct 

[ ] incorrect » . 

L J incorrect - STOP k 
g. [ ] incorrect (not 5) - THIS . IS TENTH (point), THIS IS ELEVENTH ' 

t (point), THIS IS TWELVTH (point). . 
' HOW MANY ARE THERE IN ALL*? 
h. [ ] correct - HOW MANY^ARE COVERED?. 

' C ] correct 
[ ] incorrect 
[ ] incorrect - STOP • * . ' 
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Task B. 
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^ 


0 o o o. o 




H — 



HERE ARE SOME COUNTERS JN A ROW. * SOME OF THEM ARE COVERED. FEEL THEi»FIRST 
ONE HERE. ^ ^ ■ • 

1. THIS ONE IS. FIFTH (point), WHICH ONE IS THIS? (point to sixth) 



a. C ] * correct - go to //2 

b. [ ] 



incorrect - THIS ONE IS FIFTH (point), THIS ONE IS SIXTH (point), 
, ^ .WHICH ONE IS THIS? (point to seventh) 

[ ]^ correct • \ 

[,] incoir^ect 

2. THIS ONE IS FIFfH (point). .HOW MANY ARE THERE JN ALL? 

a.*- [ ] correct ~ HOW D.0 YOU DO THAT? * ^ 
\b. [ ] five- REMEMBER, »THERE ARE SOME IINQER THE COVER. FEEL THE FIRST 

ONE. THIS ONE IS FIFTH (point).* HOW MANy" ARE THERE IN AJ.L? 
[ ] correct . 
"» [ ] iixcjorrect 

c. [ ] incorrect '(not 5) - THIS ONE IS FIF^ (point), THIS 6nE IS SIXTH 

(point), THIS ONE IS SEVENTH (point)*, WHICH 
. . Ol^E IS THIS (point to eigth). % 
[ ] • correct - HOW MANY ARE THERE IN ALL? 

[ ] correct. ^ X ' 

* [ ] incorrect \^ 

' [ ]^ incorrect - FIPTH (point), SIXTH^<point) , SEVENTH (point), 
* EIGHTH Cpoint). Z'^' ' 

^ ' ^ HOW MANY ARE THERE IN ALL? 



[ ] 

c 



correct • 

incorrect 
■V. . ^ 
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3. THIS. IS THE FIFTH ONE (point), HOW iMANY ARE COVERED? . ^ . 

a. [ ] correct - done 

b. [ ] incorrect' - THIS ON? IS FIFTH (point). WHICH ONE IS THIS" (point 

to fourth) 
[ ] correct - HOW MANY ARE COVERED' 
♦ , * [ ] correct immediate 

[•] correct, trial and ei;ror 
[ ] incorrect 
[ ] ii^correct - FIFTH (point), FOURTH (poin^). ' ' ^ 
HOW MANY ARE COVERED? 

[ J correct 

^. ' • [ ] incori:ect 
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Aijpendix A. 2: Test of Counting Back; Just, Before; Just After; Between. 

/.•■•• 

COUNTING BACK ' . 

WE ARE GOING TO PLAY A GAME. IT GOES LIKE THIS:^ (Count out 5 di3cs{ from the 

child's left to right," then count backward from the fifth disc), 

NOW YOU PLAY THE GAME (Give the child, 3 disfcs) . 

A. YOU PLAY THE GAME (Give the child 8 discs). 

[ ] correct-. PLAY IT WITH THESE (12 discs). 
. ^ [ ] ^ correct COUNT BACKWARD FROM 15 

[ ] wrong. * PLAY WITH THESE (4 discs), ^ ' — • 

JUST BEFORE - JUST AFTER , \ - 4 

TELL ME THE^ NUMBER THAT COMES" JUST BEFORE 3 

TELL .ME THE NUMBER THAT COMES JUST AFTER 3 / * ' ' * 

B. TELL ME THE NUMBER THAT. COMES JUST BEFORE 14 
[ ] cqrrect. Stop • > 
[ ] incorrect. JUST BEFORE 11 



C. TlELL ME THE NUMBER THAT COMES JUST AFTER 14 
[ ] correct. /Stop . " j ^ 

[ ] incorrect. 'JUST AFTER 11 ' 



BETWEEN 



CAN YOU GIVE ME A NUMBER THAT GOES BETWEEN 1 AND 3'? (ghow chlldrCard with 

1, 2, 3, 4, '5 on it). ' •' ; • • , . ' ' ' " 

^ REMOVE CARD: STOP AT FIRST WRONG, ANSWER ^ 

C. CAl? YOU GIVE ME ANOTHER NUMBER THAT GOES BETWEEN 8 AND 12? ^[ ] 

ANOTHER? '* ] 

' ANOTHER? ' . * - [ ] 

CAN YOU GIVE ME A NUMBER aSTWEEN.S AND* 6? ' ' • C ] 



235 



Appendix A'. 3: Verbal ProBlems With Objects 

1. BILL HAS 3 MARBLES. TOM .GIVES HIM 5 MORE? HOW MANY MARBLES 
.DOES BILL ^lAVE NOW? 

2. THERE ARE 7 APPLES ilN 'A BASKET. SALLY TOOK 5 OUT TO MAKE A 

* t 
t 

pie; how many apples are LEFt IN THE BASKET? * 

3- MIKE HAS -5 BLOCKS, HE FOUND SOME MORE. NOW HE HAS 8 BLOCKS- 



HOW MANY DID HE FIND? 



%\ THERE ARE 8 BUTTONS I;N A BAG. JANE T0OK 2 BUTTONS OUT OF THE 
BAG TO SEW ON A DRESS . 'HOW^ MANY BUTTONS ARE LEFT IN THE *BAG? 

5. RON HAS 4 "toy CARS. MARY^ GIVES HIM' 3 MORE TOY CARS. . HOW MANY 
T?OY CARS DOES RON HAVE NOW? ' < ' . *. 

6, L0RI HAS 3 JACKS IN HER HAND. SHE PICKED UP SOME MORE AND NOW ^ 
HAS 7 IN HER-' HAND. HQW MANY DID SHE PICK UP?* ' , / 



» 4 
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Appendix A. 4: Verbal .Problems -tjith No Objects 



^1, KEVIN HAS 4 GRAINS. JERRY dVES HIM 3 ^^bRE ' CRAYONS . MANY 
CRAYON^ DOES KEVIN HAVE 'NOW? . \ 

2. THERE ARE EIGHT MARBLES IN A BAg\ JANE TOOK 2 MARBLES OUT T0<. 
PLAY WITH, HOW MANY MARBLES ARE "LEFT IN THE. BAG? 

3. SALk^HAS 5 PENNIES. HER MOTHER 'gi'vES HER 5 MORE. HOW MANY 



» 



DOES SALLY. HSVE NOW? 



4. TOM HAS 5 COMIC BOaKS. HE GOT SOME MORE FOR HIS BIRTHDAY. NpW 
Hi^ 



HE HAS 8 COMIC BOOKS., HOW MANY MORE DID SE GET FOR HIS BIRTHDAY? 

5. THERE ARE 7 NUTS^ IN A DISH. TJOM TAKES NUTS > OUT Tt) EAT."^ HOW 
MANY NUTS 'are LEFT IN THE DISH?. . • g ' " * 

..;)•■ 

6. ^MIKE HAS 3 CkHS. ,HIS MQTHER GAVE HIM\SOME MORE. HE NOW HAS 7. 



HOW MANY DID HIS MOTHER GIVE ^IM?" 
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App^Mix A: 5: Set Partitions "i^Hcs. 



1. HOW MANY RED CHECKERS ARE HERE (child counts)? m 

flow MANY BLACK CHECKERS ARE H^RE (child counts)? 
^ ' (Get s to count and agree that there are 10 of each. Then stack the 

blacks ir^ stacks of 3, 3, 3, and 1 hnd the re^s in stacks of 5 and 5) 
' / TELL ME IF THERE ARE .MORE BLACK CHECKERS, OR MOREvRH) ONES*' OR IF * 



THEY ARE TUE"SAME..;< 



WHY? 


Red QJieckers 


. Black ChecKers 


J 


# 


• • . : 

•V* 

/ * 




•■,.1-. : , 




r * ® ' 


/ • 


r 1 1 1 r 


'Sl8« - ' 



2. HOW MANY WHITE MARBLES ARE HER5? 

HOW MANY BLUE MAEIBLES ARE HERfe?- \ 

(Get the child to count *>ana agree there ace 12 of each,. Then put 
into transparent glasses, 'white 9 - -3 and blue 4-4-4). 
TELL ME IF THERE ARE MORE "WHITE MARBLES, OR MORE BLUE ONES, OF IF 
THEY ARE THE SAME. * ' " *v\* ' 

• , ' V ^ •' ' - ■ • ; " . • 

• WHY? ' • - . .' • " . ■ 



:M9 
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White MarbhHi 


blue Morw**^ 


^ ^00' 




° nO 0 


® ^ QiP m ^ 


0.0 

. ^ ^ 0 
0 0 


® ® ® - 


® ® ® 






■QQQ 






} 





TKe child was presented with two transparent glasses of beans fiHed 
to the same levels and told there, we^e 100 beans in each. If 
necessary, adjustments were- made so the child would agree there 
<were the sapie number in both- cups. ^The beans were then 'poured 
into transparent glasses, one into'two glasses (most-fev^ and the 
other itito Tthree glasses evenly. . ' ^ 
TELL ME *IF THERE ARE MORE BEANS IN THESE CUPS (motion over the - two 

-I' ' ' ' ' . " • 

glasses), OR MORE IN^THE^E CUPS (motion over the three glasses), 

(5r IF' they are the same. ,^ , .' 



WHY? 



The child was presented with two transparent glasses of kernels of 
popcorn filled to the same level, and told there were .the. same number 
of kertiels in. each. The popcorn was then poured into two transparent 
glasses, one into two' glasses evenly and one into three glasses (most- 
few-few) " . ^ ^ 
TELL ME IF THERE ARE MORE KERNEL'S OF POPCORN IN THESE CUPS (motion 
over- the two galsses) , OR MORE IN THESE CUPS (motion 6ver the three 
glasses), OR IF THEY ARE THE SAME. 
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Appendix A. 6: Addition and Subtraction of Ordinal Numbers Tasks 
. Addition of Ordiual lumbers. 



1'. START AT FOUR AND COUNT ON THREE MORE NUMBERS FROM FOUR (If 

* r • * 

* V » 

unsuccessful^ demonstrate) . 

2. ^TART AT SEVEN AND COUNT ON FOUR MORE NUMBERS FROM* SEVEN (If 
unsuccessful, demonstrate). 

3. :sy^ AT. TWELVE 'AND COUNT^ THREE MORE NUMBERS FROM TWELVE (If 

unsuccessful', demonstrate). \ ' , . 

4. Three checkers covered with a oi^h are presented to the child. Four 
visible checkers arranged randomly ^e also presented to the child. 
E: THERE ARE THREE CHECKERS uk)ER 'THE C^OTH. . COUNT " ON TO FJNU 

HOW MAM CHECKERS AR?^ THERE ON THE 'CARD? ^ 



o 




r 












. o 


p.,-.- 













-Sunder 



5. The same as \h) except seven checker-s were under the cloth- and 
five checkers were visible. 
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Three checkers eovered with a cloth are pregentecf to the child. ^ Five 



visible checkers arranged randomly are also presented to the child, 
E. HERE ARE\FIVE CHECKERS. THERE ARE, SOME MORE UNDER THE CLOTH. 
THERE ARE EIGHT CHECKERS IN ALL ON THE CARD. COUNT ON TO 
'FIND HOW MANY ^CHECKERS ARE UNDER THE CLOTH. 



1 — ^ — ^ 

■q o ■ ■ 

0 

0 ■ . 







3 under 



The same as (6) excipt there are 12 checkers in all,. eight visible. 
1 • . 





I ■ 


0 ° °- 

0 01 



4 under 
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Subtraction of Ordinal Numbers 

1-. START AT FOUR AND COUNT BACK THREE NUMBERS (If unsuccessful, demon- 
strate). • c , ~ ' 

2, STMIT AT SEVEN AND COUNT BACK THREE NUMBERST (If unsuccessful," demon- 
strate). . " * - ' 

3; START AT TWELVE AND COUNT BACK FOUR ^NUMBERS . (If unsuccessful, demon- 
strate) , , . . , • ■ 

4. Four checkers cove^red with a cloth are presented to the child. Three 

♦ 

visible checkers arranged randomly are also presented to the. child." • * 
E. THERE ARE SOME CHECKERS- UNDER THE CLOTH. I COUNTED THEM ALL . ' 
■6N THE CARD AND THERE ARE SEVEN. COUNT BACK, STARTING^ AT 
• SEVEN, TO FIND OUT HOW MANY ARE UNDER.THE CLOTH.' 



0X0 


~ . 


■ O- ■ 





under 



*5. ^even checkers, four under one^ cloth and three under another cloth, 
are presented to the child. . r 

E. THERE ARE SEVEN CHECKERS ON THE CARD UNDER' THESE CLOTHS. THERE 
" - ARE ,FOUR CHECKERS UNDER THIS CLOTH (point). COUNT BACK, STARTING 
'AT SEVEN, TO FIND OUT IfOW MANY ARE Ul^ER THIS, OTHER CLOTH (point). 
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4 under 



6. The' same as (4), except there are seven checkers tovered and five , 

I 

visible. ° - ' > . ' 









■ • ) 








■ -0 ■ 0 






0 0 0. 






1 * 


V^7 under 









1\ The same as (5), except there are four checkers covered .under one 
cloth and eight under the other. The child is asked to* count back 
from 12 fo find ho.w many are under the cloth with*" four covered. 




V2. under 



ERIC 



* Appendix A. 7: Mental Arithmetic Test - 

E. HERE ARE SOME ADDITION AND SUBTRACTION PROJBLEMS.' I ^ULD CiKE YOU 
TO SOLVE THEM. DO NOT USE YOUR FINGERS TO HELP YOU,. OR MAKE MARKS ON 
YOUR PAPER. 



.( 









5 + 3 = 


2. 


9 + 2 = 


3. 


8 - 2 = 


4.. 


11 - 3= 
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' ^Appendix A. 8: Nested Classification Tasks, 

f 

'Tagk^.;, NESTED CLASSIFICATION 

'here are bunch of things, put all the round things inside this- 

(big) STRING. (Put Small string inside) PUT ALL THE BUTTONS INSIDE 
THIS (small) STRING. • ' . ■^ 



A- 




Warm-up tasks (correct chij-d's mistakes) 
(green feit square) PLACE THIS pERE IT GOES, 
(brown, round button) PLACE THIS WHERE IT GOES, 
(green wooden disc) PLACE tUs WHERE IT GOES, 
(black square button) PLACE THIS WHERE IT GOES. 



• Questions 

THERE IS SOMETHING IN THIS BOX THAT GOES WITH THESE, 
box with round' things not buttons)^ 



(point and place 
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'[ ]yes 



1. COULD IT BE A SQUARE? 
' ' . L ] no,^ ■ [ ] can't tell •* 

a. [ .] yes IS I':^A>SQUARE ' [ ]no 

2. COULD IT BE "A BUTTON?- 

[ ] no [ ] can't tell 

a. yls IS IT A BUTTON? "[ ]no 

3. COULD IT BE ROUND?, ^- ^ ^ 

[ ] no * [ ] can't tell ' , * 

a. [ ] yes * . . ' [ ]no . [ ]yes 

4. COULD IT BLUE? 

[ ]no-STOP < 
^ • [ ]yes [ ] can't tell| 

a. COULD IT BE A BLUE BUTTON? * 1> ^ 

^ [ ]yes - STQP 
[ ]np ' ^ - ^ 

' b. COULD IT BE A BLUE CIRCLE? 
[ ]no- - STOP ^ 

J I ]yes . - ^ , . ^ V, 
. c . COULD IT BE A BLUE S(^MR^? -..^ 
[ ]no . - , 

[ ]yes 

5. COULD IT BE A CHECKER?^ ' ^^^^^^ ,\ ' y 

[ ]no* [ ] can't tell 



[ ]can't tell 

\ 

[ ] cah'ti tell 



, [ iS^n't tell 



[ ]yes .DOES IT HAVE. TO BE i^^ECKER? [ ]no S [ ]yes ^ 



Task Br NESTED CLASSIFICATION 



(Place new loop inside button^) PLACE ALL THE WHITE .B.UTTONS INSIDE 
THIS LOOP. 



247 



E* ] yes [ jcan't tell 
[ ] yes , ] can't tell 



Wai^-u^p^sks "(correct child's mistakes) 
* (brown. square tile) -PLACE THIS ^WHERE XT' GOES, 
^(blue wooden disc) PLACE THl^ WHERE IT GOES, 
^hit^square tile) PLACE THIS WHERE IT GOES. 
ie felt circle) PLAC? THIS WHERE IT 6OES. 

' ^estions * ' 

(^^'^^ERE IS S0METH5^ IN THIS BOX THAT GOES V7ITH THESE. (point and glace 
^'box't^ith nonwhite buttons.) 

1. 'could it BE ROUND? ^ ^ 
a [ 1 no IS IT A BUTTON? * [ ] no 

' [ ] :^es IS IT ROUND? • [ ] no 

[ ] can't tell 

2. COULD IT BE A I^ITE BUTTON? 
^ [• ] no^ [ ] can't tell 

[ ] yes IS IT A WHITE BUTTQN? 
3- COULD IT BE A SQUARE? 

Q ]no [-jcan't tell 

a [ ]IS IT A SQUARE? 
4. COULD IT BE RED? 

[ ]no [ jcan't telj . 

a-[ ]yes COULD IT BE* A RED CHECKER? 
5\ COULD IT 'BE- WHITE? 

no ^ c^an't tell 

a yes IS^IJ WHITE? 
6.\ COULD IT BE A BUTTON? , 

•V. 

[ ]no .[■ jcan't tell- 

- a [ ]y * 



[ ] 



no 



[• ] 



yes 



no 



yeS 



[ ]nb 



[ ]yes 



IS IT A BUTTON^ 



D ] no ■ 

. L 

[ ]nQ 



[ ] yes 



[ ]yes 



ERIC 



. . NESTElf CLASSIFICATION SUPPLEMENT: 

Check out ^ ' , . . ^ 

POINT TO ALL THE BUTTONS, 

POINT TO ALL THE WHITE BUTTONS,-* 

POINT TO ALL THE ROUND MI^GS., 

*» • 

Questions ^ - * 

WHIG? ARE THERE MORE oV, BUTTONS OR WHITE BUTTONS? WHY? 



WHICH/ ARE THERE MORE OF, ROUND THINGS OR WHITE BUTTONS? WHY? 



(STOP if both" of the previous questions are correct*) - ^ 
Otherwise - -^re^tend the buttons are candy) » ^ ^ , 

WHICH WOULD YOU ^^THER HAVE, ALL THE CANDY OR ALL THE WHITE CANDY? WHY 

If correct - WHICH ARE THERE ^^^E OF, BUTTONS * OR WHITE BUTTONS?- WHY? 
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Appendix 'A. 9: Loop ^Inclusion, Tasks X ' ^ 

Warm-up ^ ^ — ^ . JT^ * V < • 

(one loop, stick inside) THIS STIC^ IS INSIDE BECAU^fe I CAN'T^PULL • 
THE LOOP aPT, (attempt to pull) " ' ^ . , ^ 

(two loops, orange inside^ bluje, stick inside^bl^e, outs'^e orange) 
THIS STICK IS INS IDE i^E- BLUE LOOP BECAUSE I CAN'T PULL IT OFF. . (attempt) 
THIS- STICK IS NOT INSIDE THE ORANGE LOOP BECAUSE I Cm PULL ^T OFF,- 
(pull it .off), / ' ' ^ / L <^ 



Task A 




PUT THE STICK INSIDE THE RED XOOP BUT NOT THE ' GREEIJ ON^ . 



PUT -THE STICK INSIDE THE RED LOOP AND THE GREEN ONE, 



COULD YOU PUT THE STICK INSIDE THE GREEN L005 BUT NOT INSIDE THE RED LOOP? 
[ ]no [ ]yes SHOW ME HOW. 
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Task B 




PUT THE STICK INSIDE THE BLUE RING ONLY. 

I * 

PUT THE STICK INSIDE ALt THREE RINGS. 
PUT THE STICK INSIDE EXACTLY TWO RINGS. 



Task C 




PUT THE STICK INSIDE THE YELCoW LOOP BUT NOt THE GREEN ONE. 



PUT THE STICK INSIDE THE YELLOW LOOP AND THE <;REEN ONE. 
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Appendix A. 10: Class inclusion 




Item 1. \ 




POINT 'to the airplanes. POINT TO THE HORStS. POINT TO^^THE TOYS 
WHICH ARE THERE- MORE OF, TOYS OR AIRPLANES? ' . " ' ' 
WHICH ARE THERE MORE OF, AIRP.LANES OR TOYS? 



% 

2i2 



' Item 2, 




'POINT TO THE. FLOWERS, ?OINT TO THE 'WHITE FLOWERS, POINT TO THE RED 
FLOWERS . ' , , ' ' \ * 

WHICH ARii in£.RE MORE OF, RED FLOWSSS OR FLOWERS? 

WHICH ARE THERE MORE OF, FLOWERS OR RED FLOWERS? ' '■ 





ERIC 
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Item 3. 




POINT TO THE RED SHAPE 
POMTsTO THE SQUARE SHAPES.. 
POINT TO THE ROUND SHAPES . ^ 
WHICH ARE THERE MORE OF, ROUND SHAPES OR RED SHAPES 
WHICH ARE THERE MORE OF, RED SHAPES OR ROUND SHAPES 
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Item 4. 



r 

1 




■ 1 




POINT TO^THE DOGS. 

■POINT TCyTkE CATS. 

.'• . ( — ' «" 

'POINT TO THE' ANIMALS. 

i " ' ' , 

WHICH ARE THERE MORE OF, ANIMALS OVt CATS? 
WHICH ARE THERE MORE OF; CATS OR ANIMALS? '' 



♦ t 



ERIC 



•-T 
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Item 5. 



J 




POINT 'TO THE BUTTONS . 
POINT TO THE ^ITE BUTTON'S . 

POINT TO THEJ*3LACK BUTTONS. p , . - 

WHICH ARE THERE MORE OF*, BLACK BUTTONS OR BUTTONS? 
WmCh'aRE THERE MORE OF,- BUTTpNS'OR BLAtK BUTTONS? 
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'APPENDIX A»ll. Quantitative Comparisons- 

Item W-l» TELL ME IF THERE^ARE MORE RED ONES, OR MORE GREl^ONEs/ 
OR IF THEY ARE THE SAME. WHY? > ' 





. .. ( 



• GREEN 



RED 



Item > TELL ME IF mERE ARE MORE RED ONES, OR MORE GREEN ONES, 

^OR IF THEY ME THE SAME. WHY? ^ ^ 




Item 1. I TELL ME IF THERE ARE MQRE RED' ONES, OR, MORE- GREEN ONES, 
OR IF THEY ARE THE SAME. WHY? 







r 






□ 




• 

* 












. □. □ □ 




<- 




: _ 







RED 



GREEN 



r ^ 
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Item 2, tELL >IE IF THERp ARE MORE RED ONES, OR V.O^X GREEN .ONES, 
. OR IF -THEY ARE THE SAIIE. 









□ ■ 






□ 








□□ 


r — 1 1 — \ 

□ u 








- □ 




— I 


. □ 





RED 



I.eem 3. TELL I-IE IF THERE ARE MORE RED ONES, OR ".iORE GREEN ONES, 
OR IF THE-Y ARE THE SAl-IE. mY? , > 



'■/: 



,.lt*em 4, 




MORE ^%!d 



"FELL ME IF THERE ARE 
DR -IF THEY -ARE THE- SAME. WHY? 



GREEN 



ONES or. MORE ^?REEN- ONES, 



GREEN 
RED 



ERJC 
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TELL ME IF THERE ARE MORE RED ONES, OR IIORE GREEN ONBS,- 
OR IF THEY ARE THE SAME. IfflY? 

f 



□ □□□□□□□ 



□□□□□□□□ 



GREEN 
RED 



TELL ME IF THERE ARE MORE RED ONES, OR MORE GREEN T^NES, 
OR IF THEY ARE THE SAME. WHY? 




\ 



GREEN 



TELL ME IF 'there ARE MORE RED ONES, OR liORE (JREEN ONES, 
OR IF THE^ ARE THE SAME. IfflY? 



: — > 


; 0 


□ 






'0*' 


a □ 






• □ 




■ 0 






□ 


0 . 







RED 
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Item 8. TELL ME IF THERE ARE MORE RED ONES, OR MORE GREEN ONES', 
OR .IF THEY ARE THE SAME. 

) 



I 




GREEN 



RED 



r? 



r 
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Appendix A. 12. PMDC Tests 



.4 



\ 



ERIC 




/if 



m 



PMDC ARITHMETIC TEST. GRADE 



STUDENT PROFILE SHEET 
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STUDENTS NAME. 



STUDENT'S IDNUMBER^ 



0 



Response 
Number 



'TASK 



YES 



NO 



COMMUNIS * 



I or 2 



Count from 1 to 35 



to a wrUten nutneral 16) 



corresponding 



iO or 11 



Count from 6 to 15 



T 



14 



Count a picture set of horses (3) 



15 



Count a picture set of ccws (7^ 



16 ^r ,17^ 



Count a picture set of ammalsNpOl 



35 



Construct, a set wirn 3 tr^nioersrin response 
to gral d^i^ections 



36 



Construct a set with 4 rnemders in response 
to otval <1irections - _ ' 



46 or 47 



Count back fnjm 6 to 1 



23 or 24 



Cotlht froni 90 to 112 



: 29 or 30 



Count by tens from 10 to 130 



40 or 41 



■ 44 or 45 



rrxMot Sy rwos f rora 2^ to 20 



Count oy tens to determine the number of 
'cayons 'n »our boxes, each vg^th 10 crayons 



Estdbiisn tne noiTioer equivalence of two picture 
sets without explicit dirpctrons to count the sets 
?r to establish l-l -^atrhinQ between the sets 



Construct a set wi ♦'n -nore memoers tjj^n a given 
•■att'jred :et 



20 or 22 



Oetertnine -»nether two sess have the sarne nun;oe'^ (9) 
of me»nt>ers after the two sets*we^e constructed by 
l-I tratcmnq 



26 



Determine the nutnoer of ^en'.pers m a set having es 
tablisned that 't is equivalent to a set with 7 
menbe rs 



28 



Constrjc-t ,a set wi 
01 ctured set 



:h 'ess members than a given 



.^2 



Construct a se: with one niore 
£iven jictureo set 



nember than a 



48 



Construct a set with one less meiroer tian a 



ven Di ctureo set 



52 



Construct a set witn the same numoer (7) of 
p^emoers as a t^'^e" 3 ^ctured s^t^_ 



e] 1 the '".unoer wm on corres juSst 
humber (3) 1 



arter a aiven 



ell the numoer wnicn comes justi after a gwen 



'ell tne ni^mber ^mch cones :uit itter a given 

.3j 



32 



'el1 the number wnich cones just before a -g'.ven 
'umber '5) 



33 



Tell tne n-jmber wmch com«s just before a given 
— - 3) • . 



number 



I 



34 



Tell, the numijer whicn comes just before'a given 
number L4) , > 



49 



Te>< the num.oer wmcn comes between ^0 
numbers 3 and 



50 



rel] the f3um.be r wh^ en com^s between two 



numbers and 9) 



SI 



ell the ntimber wpicn comes between two 
numbers '. 14 an6»l6) 



53 



el 1 the num.ber wrnqn comes between two 
numbers (0 and 




roo tem-solvmg exercis.e^ 
'ectrgns 



number of a picture set (C) where one 
^^ut'sVt Ts expllVitly shown (A) and a second 
sljbset if'c^veyd [31. -s given 



•■-a 



■i3' 



''5-,vjefi..two:^S joint. sets (with 2 and 4 elements;, 
detg^ilj© /^bw'redny altogether without joining the 

^wtteprftije Ine fturoeer ^7} gf a set wmch was formed 
bv TTjirir^'tvo iis>oirt >&tS witn 3 ano 4 -nembers 



So>'»;e a /ft'tss-'ing^ddWrfd/j^'roO'l^rSolving exercise 
6^1, Vra4' dfrecti&H's.' , 



'Answer Ja- cid5S inCfusloA-qi;te^triQn, without exjriici 
' - Mers IQ t3r 1e«) 




ny|OC ARITHMETIC TEST. GRAOE^ 
STVDtNT fHOFILt SHUT 
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STUDENT'S NAME. 



STUOEffr-S 10 NUMBER. 



Response 



TASK 



YES 



HO 



CtmNTS 



Count a picture ?et 0/ dots'(l3) 



,6 or ? 



^Count frow 6 to 15 



Count a picture set of horses.J^) 



Count a picture set of cows (7) 



U or 1? 



''^3unt a picture set of animals (10) 



H or \b 



Coupt from 35 to 46 



I'ount back from S'to I 



29 or 30 



Count back from 44 to 25 



32 or 33 



Count by tens from 10 to 130 



39 



uetennlne the nuriber of a set represented 
bjr 6 bundles of ten straws 



45 



Oe»e^nnine tne nmttfer of a set represented 
*bY«5 red chips, each red chip stands for ten 



51 or 52 



Count by tens 



-rfte^he nuneiai for a >&et represented by Z 
jgndles of len ytraws ana 7 single straws 
'ell ^he oufltific o>>^ set irppresented by 3 



40 



^he opiDftgg, Q^s^a ^set \rpp resented by 3 
bundles of ten s traws^ a'n<A / ^sx jqle straws 



42 



Construct a set jsfng SuniUes 3\len straws 
and single scraps corrPspo\}i ng t^a 
wruten numeral I 34) 



43 



Coostrjct a set using bundles of :en straws and 
single straws, wittt A given nunioer of fneffibers 
'^n}, in response to orjl directions 



Jr\\t tne numeral fc<" 
Chips (each stanos tor 
jeach stands for n 



set representefl by $ reo 
10! afifl 3 whue chips^N 



tell th*» "uroer of a set represented by 5 rtd 
chips leach'ftands for 10) and 3'whttp chips 



feach ^tarv^fjr 



onscruct a s^vt using reo chips ( iO each) 
white ♦nips iljeach) corresponding tp a 
written njff*er>3^ (37) 



'or>strui.t a v4t using rod cnips (10 each) ana 
white Chips/ 1 each) t) represent a given ouroer 
y^2\ ^'^ r/sponse to or^ r atrections ' _ 



49 



iivters vbeans) 



5 3 



jse coui 
|>rob 1 em>-Hiff> 6 
.se counters (beans 
problem. .Tiinuend 7 



:o sol ve an addition 



to solve a suDtractfon 



23 



use counters Ueans) to solve a addition 
problem, 2>di(^U lie) plus'l-digit (5 



2% 



jse counters (beans) to solve a subtrailtion 
problem, ?»d<qit (23) minus -I'digit (7) 



20 



Solve a written missing addend problem^ sim 9 



Solve a written "-^ssing aodeno problem, sum 27 
Solve 3 written mi^smg addeno problem. 



44 



>nyoivfng nultipi'es of IQ only 



Solve a writtef^ 'hissing addend problem, 
^n^wer a .rjilvolp of ten (30) 



34 & 35 



36 & 37 



Soi/e (without coffiputationj an addition problem 
by usin'g a -fiateo equation, T'ligit sum (24) 

Sol V* V wi tnout CCWTlOut\it 1 nn ) \»n Anrtirirvn nrnKiA 



Solve (wUhOut coffiQutation) an aaoition problem 
by using a '•plateo PQuation. 3^diqit sum QOS) 



order four nufnbers ( 
stwallest to largest 



.16 



Tell which of two nufioers (8 and 12) v? more 



Ten. j*h«ch of two numbers "(19 'and 31) is more 



leU which of two aumber'^ i7 ^nd 4) is Ties* =• 



Identify naine'. for thei>ame number (6*3 and 6*4) 



a 
«• 

ti 

■a 

3 



identify names for t)?e sam^ numoer (4*1 and 3*2} 



J9 



Identify name^ for the same number (6-^,and 3*?) 



.vdenn fy names for the same number (5-2 4fuJ 4-1') 



Identify name? for the same'humber U0-5.and 7^2) 



identify names for the- same number (4*l'and 7-2)° 
^p-:wer a ciasi mciuilAi^ gu^^?*^'^''' wllhiu!;. * 



-explicit directions ^0 coun£~ the. members ^of 
sets (numbers 10 or less) V 



•Answer a class inclusion question, after 
having counted the flfembers in eacn set 
■CftUnbers ID or less) . * 



r 
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APPENDIX B 



RECORD SHEETS 
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1/ Class Inclusion Recfcfd Sfieet 



tern 1 
) airplanes 
) horses 
) tays 

tern 2 
) ' flowers 
.) ' white flowers 
) red flowers 

t em 3 ^ 

) red shapes 
) square shapes. 
) round shapes 

Item 4 1 

> <£ogs^- ^ 

) C4ts^ - ' 

) animals 
* 

Item 5 

) buttons * 
) white buttons 
* ) black buttons 



rOYS or airplanes 



airplanes or TOYS 



^red flowers or FLOWERS 



FLOWERS or red flowers 



round shapes^ or RED SHAPES' 



RED' SHAPES or round shapes 



MII^IALS or cats 



tars dr ANIMALS' 



/ , 

black buttons 'gr BUTTONS 



BUTTONS or black buttons 



Comments: 



0 
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TASK "A: 
Inside red, not green. 

Iijside rqd and green'. 

Inside gredn/ not red. 

TASK B: ^ 



^Inside Blue ofily 



Inside all three. 



Inside exactly two, 



TASK Z\ : ' 

Inside yellow, not green. 



Inside* yellow ar^d green. 



X2. Loop Inclus.ion Record Sheet 
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r 



i 



Nested Classification Record Sl^eet (Task A) 
' , STAUT 



ERIC 



□ 



"0 



□ 



Q 
Q 

- O ' w 



r!T.A<;<;TFv 






Green -felt 






brown roun 
button 


1 




Green* disc 






)lack squar 
Jhntton 







□ 




CT:—- ^an' t - Tell 
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;4. Nested Classification Record Sheet (Task B). 



] 



yes 




] 



]■ 



1. 



.no 



]•• 






Help 






O 








u 













CLASSIFY 






Brown Sq/ 
Tile 






B-lue 
Disc 






Whi-te Sq. 
file . 




-> 


'White. Felt 
"Circle^ 






> 






i 






« * • 





C4 



^03 
Q 

iJ 



01 

O 
M 

03 
<3 
1-4 

a 



o 

Li 



03 
C 

o 
4J 



0) 

3 



CO • 
CO 

c 

.0 

c 

D 

o 
pi 



C 

4J 

t 



U3 
C 

Q 



1 



o o 

4 u- 



< .a- 



Stop 



. 5. , Counting Back and Just Before - Just Af ter*Record Sheet. 



Right 



Righr 




Count Backwards 
V-erballv from 15. 




Wrong 



1 

^8 


^2 


Verbal 









Comments : 



> 



l=correct . 

0='incarrect 

x=omit 




before* 




, ^r ig rjr\. ^ , i wrong 



J, , • after.. 







14 


11- 












" . _> 





Comments ; 



tight 



wrotaf <- 



Stoy 



0. 



I' 

o-if •= 

0-L = 



correct 
high 
low, 
omit 



7. CarcfeLnal-Ordinal Number task A Record Sheet, 




fin. 



Model • ^ 
P ^ 



Record Sheet. 



•-''•r.q..« min. Q 
. • •• • * . . 



■f: 



GO 

O 

CO 
0) 





wrong, 




right 



q ;f ti:» l>. ans ^ / /Q 



ans. 



2a ^ 



* pow do you 

Know? 



remind^ 

of 



good 



•bad. 



1/ . ^/ y 



/^Jl a wrong . 



' .-i;" ;-lretoitfd 'at ' . 
.ordinal -nos. 



■""right' \' - ' ' -. .ordinal -no 



non^ 



right; 



't^tong' right>— 



^Tipr^.,--,:;.-:;-,;-./- 




; "^purit: " - 
:\feth/ 4th;: 






I wrong 
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9. Quantitative Compari.sc^hs and' Verbal Problems VTith •Objects -Record Sheet 



ITEM- 


more 


red 


more 


gr^en 


same 


1 


(more 


red) 


mo^e 


.green 


SAME 


2 . 


(more. 




.MORE 


GREEN 


same- 


3 


(more 


red) 


mor^^ 


green 


SAME 


4 ^ 


(^ore 


red) 


more 


green 


SAME 


\ ♦ 


more 


red 


MORE 


GREEN 


same 


6 ^ 


■(more red) 


MORE 


GREEN 


same 


7 


mtjre 


red 


(more green) 


SAHET 


8 ' * 


» more 


red'.. 


(inore* gteen) ' 


SAME 















, counted 
counted after 
to ans ' why 



WHY? 



[parens largej display] ['caps = correct ans3 . 



r. 



"I Verbal Problems 



nd&^ 


■ answer 


objects 


Observable- processes [none' or describe] \ 


1 


8 






• 2- 


2 ' 




: \ ^ ; •; ■ . ■ -t 


■ 3 


' , 3 






' 4;/ 


6 • 




: i ' ^ ' V.' , , 

\} 


5 


• 7 






1 


4 







7^ 
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10. Partitions Test Recorci Sheet. 



.tnoire ir'ed 
WHY? 



more, ^lue 
WHY? 



more black 



inore >white 



same 



sain€ 



more in 2 

.WHY? 



more in 3 



same 



more in 2 

r 

■WHY? 



more in" 



same 



11. Mental. Afithraetict and- Vet|>^l. Pr^ Objectrs Record Sh^t* 

.Recor4 Sheet ' : ^ ' ^^fj/i^ ' . 

Tape 3' • ' \ , 



S5 



Mental Arltlunetic* 
response^ 


time (sec) 


c ;,*0b°6&1^^a'ble [none, 6r^ describe] 


♦ 

< ..I — '^^ ^ 






■ , ^ + 2 * 

\ 






^••8-2 




' t r-** — '^'^^ ' i t . ■ * — r-:^ — 1^'" \ ' ' ■ — "' V • 

i •- - ' . ^i:^- - - • ,C- - •' ^ 


^ -cT^ ^ — 

_^ .11 - 3 







V 



Verba! Problems 



f 





read by, . 
E,S,E+6; ' 


first, „>. 
^- P.W 




answer 


* equation . 


Obs'ervaBle Processes , - 
. [none oK-,<ies6ribe] 




.1 








7 


, ' A- +' 3 = 7 




2 








6 


8, -/2.\6 




3 








8 ; ■ 


^'■:3,4--.5 = ■Sf 


^•v • . -.. :■ 




k • 


-^s — 


V ^ 






■ 5 "+ ..3. ?= ,8r 




'^'NU /'* " 








' ' ^ 


]\2;, '''' 


7 -,-5'' ? 2 -. 






6 


tz: 


• 






;\ 3 ■=•.7 
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(U s s. 

\2) P = 
(3') C = 



4 wds-=^E /X 'E < 4 wds^^// E> 'A^&'-S 4 vd's-i^.E,' + S^, / ^ ' j. 
process' information // W == write equati^on... . ; , J'-'".'. '.'J ■■)'j'-\''y^'''''- 'l'M'<'iif-''°-:l 

closed "sentence 0 



'\',-. ; 



ADDITION 



12» Addition and^^Subtraction of Ordinal Numbers Record Sheet 



write ' 
what 
•said ^ 



ill 





Observable Processes P = S + Q , 


Comments * 

1 z 
4 


iiraned fact 


count on (Q) 


count all (P) 


♦ 


ant 


^ ANS 


CP ' 


ANS 


'CP 


ANS 




7 


P 




P 




■P 8 




i;5i 


12 


, P , • 




P 




'-P 10 


. f : 




3 






Q 




q 




[7] 




Q 




Q 

- — fc 




Q 


4 



SUBTRACTION 

w^ite \ [1 
whfat's \ [2 
said ■ , ' [3. 



^ / 



f 

• 

aivs 


immed fact. 


count back (Q) count ^^11 (P) 


source of cardinality of^S 


ANS (S) 


CP' 


minQ 


ANS(^ 


CP 


minQ* 


AN3(S) 
— % 


minQ 


tally 


V 

other- 

V 


[■4] 


4 


5 

s 






S 
















3 








S 










A 


• 


[6] 




^ s 






S 




• 


s 








B 


8 ^ 


^* i ^ s 

5 A 






S 




L^ Ia. 











.CP = used corjrect process 
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PREFACE ■ 

This publication shares with the in^ter^sted individuals the results 
of'^n exploratory investigation designed to' gain insights into the 
children's mathematical foinnulataon of observed actions upon^ objects . 
It i;s hoped that the reader interested in research on young children's 
mathematical thinking will find this publication a source of ideas for 
fCxrther exploration of this area. , * ^ ' ^ 

A special gratitude is expressed to two doctoral students in Mathematics 
Education at the Florida- State Univers^feyi Patricia .Campbell , for assisting^ 
the ^author with t^e manageifial aspect's of the interviews, and Max Gerling,, 
for videotaping the interviews . • . ' ' 

Thanks are due to the Project administrative assistant, J^Tielle Hardy^ 
for coordinating the technical aspects of the preparation of the report,' and. 
to Joe Schmerler for'^he typing. - ^ , ^ . ' * 



^ n FOREWORD 

Begle recently i'emarked that curricular efforts during the l960*s 
laught us a great dear a6out how to teach better' mathemat;ics, but very little 
about how to teach mathematics better. The mathematician will, quite likely, 
agree with both parts of this statement." The layman,, the parent, and the 
elementary school teachei:, however, uqestion thfe thesis that the "new math"' 
^ffas really better than the "old math»"^. At be^t, the fruits of tfie mathemat- . 
ics .curriculum "revolution" were not sweet. Many judge them to be bitter. 
* * . • ♦ 

'While some viewed the curricular changes of the 1960 's to be "revolu- 
tionary," others disagreed. Thomas C» 'O'Brien of Southern Illinois Univer- 
sity at Edwardsville recently wrote, "We 'have not made any f undamentalcjchange 
la school mathematics.'''^ He cites Allenc^oerf er who suggested that a 
curriculum which heeds the ways in ^hirh young chil&ren learn mathematics is 
needed. Such^a curriculum would be based ori the understanding of children's 
thinking and learniog. , tt is one thing, however, to recognize that a ^ 
conceptual model for mathematics curriculum is sound artd necessary and to ask 
that the child's thinking and learning processes be heeded,; it is quite 
another to translate these ideas into a curriculum which can be used effec- 
tively by the ordinary? elementary school teacher working in .the ordinary 
elementary school classroom. 

Moreover, to propose that children's rhinking processes should' serve as 
a basis for curriculum development is to ptesupp^se that ctirriculum makers 
agree on what these processes are. Such is not the case, but even if it 
wer.e, ^curriculum makers, do not agree on the implications which the Under- 
standing of these thinking processes would ha^e for , curriculum development. 

In ythe real ^orld of today's elementary ^school classroom, where not much 
hope for drastic changes for the fetter can be foreseen, it appea^rs that in 
order to buiAd a ^realistic, yet sound basis for the mathematics curriculum, 
children's mathematical thinking must be studied intensively ih their usual 
scnool habitat. Given an opportunity to tTiink freely, qhildren<^j::learly 
display certain patterns of ^thought as they deal with ordinary *m4thematical 
situations encountered daily in their classroom. A* videotaped record of the 
outward manifestations of a child's thinking / uninf luenceti by any teaching 
on the 'part of the interviewer, provides a rich sp^rce" for conjectures as to 
what this thinking is, what mental structur^es the chird has developfe'd, and 
•-how the child uses these strugtures when dealing ^with the ordinary 'concepts 
of arithn\etic^. In addition, ^an intensive analysis of this videotape 
generates some conjectures ks to the possible sources of *what adults view as* 
children's "misconceptions" and about how the school environment (the teacher 
and the materials), "fights" the chad's natural thought processes. , 

The Project for the Mathematical Development of Childrafi '(PMDC)2 set out 

l"Why Teach Mathematics?" The Elementary School Journal 73- (Feb. 1973), ' 
258-2.68. ^ . . . * . - . ^ ' 

2pMDC is' supported by th^ National Science Foundation, Qrant No. PES 74-' ' 
18103-iV03. ^ • ' ' 



to create a more .extensive and reliable basis on ^hieh to build mathematics 
curriculum* Accordingly ^ the emphasis 'in the fiJ^st phase is to try to. 
understand the children's intellectiial^ pursuits, specif ically^ theiu -attempts 
to acquire some basic mathematical skills and concepts. 

The PMDC, in its initial phase, works* with 'children in grades 1 ^atid 2. 
These grades seem to comprise the crucial years for 'the development of 
base^s for the future learning ' of mathamatics, since key mathematical, con- 
cepts begin^fo farm at 'these grade leygls. The- children' s/ mathematical ^ . 
dev^opment is studied by 'means of: ^ * , * ^ ^ • 

^1. One- t;o-one 'videotaped interviews sub^sequently ^analyzed; by variou^ 
individuals. ^ ' 'y - * • \ 

2". Teaching -experiments in which spejcific variables are observed m ^ 
a group teaching setting with five to fourteen children. . ^ » *" 

'3. Intensive observations of children in ^heir regular classroom 
setting . 1 ' » . - , . ^ 

^4." Studies designed to investigate intensively the ^ef fect^ of a^ -, 
particular vatiable or medium on cpmmunicating -mat)iem^tics' to yguhg 
chil&ren. 1 <^ , - . •> ' ' , ' ' 

5, Formal testing, bcffeh group and one-jto-^oTae', designed ^o provide^ , 
' further insigllts into young chlldr-en's mathematical knowledge. ^ * , 

^ The PMDC btaff and the Advisory Board wish to^reporl;, the P.roject!§ 
activities andlf ladings to all who are interested in mathematiaal education* 
One means for ^ccomplishin^J this rs the PMDC publication program. 

, / Many indijidxialS'' contributed .to the activities &f PMDC, Its 'Advisory 
Boa-rd m^ers Ire: 'Edward Begle,' Edgar Edwards, Walter Dick/ Renee Henry.// 
John XeBlanc^ cierald Rising, CSiarles' Smock , Stephen WiUpughby, an^- Lauren 
' Woodby. •J'he principal investigators are: Merlyn/Bfehr,,. Tom Denmark, 
'Stanley E^lwan^er, Janice Fl'ake, Larry HatrielQ, Wiliiam^McKillip, Eugene 
'D. 'Nichols^, Leonard. Pikaart, ^ Leslie Steffe, ^nd the ^^Evaluator , "P^y Carry.. ^ 
A special-'recpg'nition for this publication is given* to the. PMDC Puiblication^ 
Committee gonsi'sting of Merlyn Behr (Chairman) Thomas* i:boney, and Tom 
. Denmark. ! . ' . ^ " , 

. ,* ^ ;^ ^^ugene L. Nichols , 

" ^ Di^rector o< Pt4DC ^ ) 



.* • , • ' ' / ' ' ' * 

^ . . .* ^ - ' % » ^THE EJCPEJ^IMENT * . * X ° ' 

A's p^rt of several types of ^research activities of the Project for the ^ 
Mathematical Development of Chiidren, .4 clinical study of first and second 
.grade children was- carried ^ut at an elementary <ygfchoq)i of ab9ut 1,000 
.children in the southeast, Tiie purpose of the study was to find o.ut how 
childtjen interpret^ in t^rm^ of ^number sentences, certain actions p^rf6rmeji 
^,on physical objects.^ The objects used were single unifix cubes. 'To obtain 
uniformity of stimuli ^ a sequence of actions on the cubes was recoi-ded on a . 
videotape. The author performed tKe actions upon the cubes find s\ibsequently 
used \the tape individually'^ with children. * . 

The Sequence of events in interviewing each ch^ld individually was as 
follows: . * '* • ^ ' * . 

^St*ep 1 . After the child^wtote his/her .name on a sheet of paper., the 
experimenter" said: " ^ 

■ ■ ■ ■ ■ \ • ■ 

How about writi^ng a number sentence 'for me7-any ^number 
sentence you like?' • . * 

.If fefie child wrote something that was not considered, a number, 
sente'nce .(examples appear later in the .text) , the experimenter 
said: - ' * - ; ' ' ' 

How about rfow writing something that has- a plus* or a 

• » -* • 

minus ,and an equals^ sign? \. ^ - . ^ 1;^ 

S tep 2 . Next the experimenter said': 

* c . * I 

' u , , « - 'Now I am ^oing to talk tp .you on^TV. I'll tell .you to do 

.soinetHing. You watch anci do it, OK? * • . 
* ^* * * • 

t Step 3 . The eight action episodes were shown to the child on a 20^inch'' 
. 'screen. ,^^fter each episode, the tape was stopped, th.e child 

• virote'a sentence, and then the next- episode was shown. 

. .'• ' 

,Each of the eight e$)iso^es was presented in the same mode. The first 
episode is fully^ described below along with the instructions in the order ' ^ ' 
in whjich 'th6y .were presented. These instructions were also repeated, in ^ 
each, episode. / ^ , .* * ' ^ ^ • 

Episode 1 . Five^uni^^ix cubes ar^ placed on a t'aitle as' follows: * , , 



The 3xperimenter points to each cube Ifi silence, giving the 
child an opportunity to -count the cubes. Then he says, 
^ ' . i * "Watch carefully^." Two blocks^'on the left (child 'i'ViewT 

are pushed off the, table (a strip of cardboard. is used to 
assur^e that the blocks fail off simultaneously) . Then the 
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'experimenter says, "Write a number sentence that feells what 
.1 did." The resulting configuration, after the blocks 'have 
been pushed off, jremains visible on the screen for from 
three to -live* seconds, then is phased out. The child^writes 
a sentence and is asked to -read it, xVien the next episo'de 
is presented in the same . sequence. * 




"^^^ These three blocks are dropped' from the table simultaneously. 



A 



' Episode 3, 



The 'experimenter picks up« the twp block's with- the right hand 
^ and removes then from the child's view. 



Episode* 4 . ^ - " \ 

□ □. □□(□,;' 



. The experimenter ^icks up the one block with the left hand 
^ and removes it from, the view of the child. 



; Epi€g)de 5 , 



□ □ 



□ □ * □ 



Epi^sode ^6 . 



The experimenter pushes simultaneously the two and the tl^ree. 
blocks together (two strips of cardboard are used for this 
purpose), so that one pile of blocks is formed. 



□ 



.Episode 7. 



« => < ' 

The experimenter pushes the three h^locks and the -one block 
together as in Episode 5. , * ^ 



^ 



The experimenter, using two strips of cardboard, simulta- 
neously puSh^s apart the two an d^ the four blocks,^ so that 
two. sets of blocks are obtained at the opposite ends of 
the table>. 



'.V 



Episode S . 

• ' 



□ 



Thfe experiitienter pushes the 'six and the one blocks apaft, 
' as in^Spisode 7. * , 



^ . • THE RESULTS 

4 • 

\ As previously mentioned, ,it was necessary^ to ascertain the children 
had some referent for the phrase number sentence, thus the directions, 

How about writing a 'number seivtence for me — any number sentence you 
like^ I / • 

wds givejp fir^t. In response to the^e directions, the .following are some 
examples pf what children wrote. ^ , ^ 

First graders * Second graders ' ^ ' ' [ 

1 2 r 4 5 6 7 8 9 10 11 12 ' I ' like 2 . ' 

. 11 * I am nine years old • 

r +2 + 4- 5 I had 5 pieces 

^ \ ' • • A boy is big 

12345 6 789 10 .1102-04- ■ 



Q + « = / 

I am 6 years old 

5 • . ■ 



It is interesting to note that the respoffees the first, graders wro^ to the 
request for a number sentence fall in to~tnese— categorJ.es: 

(1) a*^ sequence of numbers, or 



" (2) a singj,e number, or ' i ' * ^ 

(3) a phrase crontaining addition and subtraction. 

In the examples above it can be seen that secon'd giTadejjs _ai?e more flexible 
in interpreting a "niinber, sentence," This int^rpretatioh'_embraces English , 
sentences which refer to numbers as well as size. ' , - ^ 

I. • '! - 

Following the second set of instructions, ^ 



n 



4 



How about now v;ritring something that has. a plus or a minus an<3 an equal 
sign? > • ^ . ■ ^ , * ' , . 

all qhildjren wrote numberV^ente'oces. * . , * . 

XThe fdriowing is 3 summary of rhe results for 22^ first graders (beginning 
of March) and 25 second graders" (middle of October)* - * ' ' 

^ ' Episode 1 . Five. blocks on the table, two- pushed off 

Sentences 'written .By children Frequency 

. ^ ^ • ( " First graders ' Second'^graders 

5-2 = 3 , . ^ 12 horizontal, 14 (12h; 2v) . ' 

• , ' ' 0 6 vertical) * 

'•'5-3 = 2 , " 0 .3 (2h, Iv) 

. p - 3 2 ih) ' ^ i (h) 

: ^ '3 • ^ ' * 1' * . . 2 . 

^other .7 ^5 

Episode 2 . Five blocks op the table, three pushed off 



5 - 3<.='2 ^ ' 12 (6h^ 6v) -21 '{17h, 4y) 

» a . 

,5-2 = 3 . ' 1 (V) 1 (h) . 

> Other * 3 ' , 1 

Episode.- 3 . Five blocks on the table, ,two picked up 

' 5'- 2 = 3 ' 12 (7n, 5vJ ' . 21 (17h,,4Y) 

•3 • 1 " . . 2^ ' *t 

other ' 9 . 2- 

Episode 4. Five blocks on the table, one picked up 
^T"; » /■ • iT iT - 

> I* ^ , 

5-1 = 4 ^ 11 (6h, 5v) > 19. (16h, 3v) 

4 . , 1 " * . "2 

' other t * 10 1 ^4 
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Episode 5 . Two and three blocks pushed together 
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2+3 
3 + 2 
5-0 
5 

'■5-5 
other 
Episode 6 * 

3 + 1 ^ 

4 - 0 ^ 
4 

1 + 3 ^ 
* ot^er 
Episojde 7 . 
& - 2 ■■ 
6 - 6 = 

. 6-0 = 

6 - 4 = 

6 . 

' ' other 
Episode 8 , 
7-1'= 

7 - 6 = 
7 7 = 
7 - 0 = 
7 



= 5 '3 .(2h, Iv) 

=5 ' ' • 2 (h) 

= 5' . • . 4 (3hr iv) • 

= 0 ' . ' ■ 2 (Ih, Iv) / ^ X^. 

Three blocks and one ^pcX pushed together 
= 4 ' , '^3 (2h, Iv) 

=4 4 (3h, Iv) 

^. 2 ' 

=4 ' ' 1 (h) ' ■ , 

12 : - 

six blocks, four and tfwo separated 
=4 9 (5h, 4v) 

= 0 .2 (Ih, Iv) 

= 6- . ■ 3 (h) 

= 2 , * . 0 • 

. 0 - 

. • 2 • ' . 

6 1 
Seven blocks , one and 'six separated 



/ 



6 
1 
0 
7 



^ ,(4^,. 2v) 

'1 (V).- 

2 (Ih, Iv) 
2 



1 /. 



9 
8 
1 
3 

0 
4 

12 
•2 
•2 
1 

8 

. 4 

^ 2 
2 
"2 
. 0* 



(31), Iv) 
(7h, Iv) 
(h) 



(h)' 

(Ih, iv) 



(V) 



(h) 
(h) 

(h). 



11 
4 
2 
2 
0 



•(h)' • 
Uh, Iv)- 
(h) 



5 . 



■ 1 



other 



' DISCUSSION . " 

« In- select irlg the first six episodes trie ?MDC staff postulated "key^' 
"•^responses. They were as follows:', 

1.5.-2=3 '.4.5-1 = 4. 

2. 5-- 3 = 2' , 5. .2+3=5 or 3 + 2 = 5 

'3. 5. - 2,= 3 6. 3 +.1 = 4 or 1 + '3 = 4 

Accepting .t'hese.as "correct resporises," the percents of "success" are as 
follows: ^ ^ * * • 



Episode 


First graders- ^ % ^ 


'Second grade 


1 ' 


55% 


« 

" .56% 


2 . . 


55% • * , 


84% 


3 


/ 55% 


• 

84% ^ 


' '4 


jf \ 50%' 


76% 


5 


'2 3% 

r 


68% 


. 6 


18% V* ' 


• 

52% 



'yJith the exception of the f irst\episode, the second graders have given 
the expected, response much more frequently than the first graders. It 
>wouIcf probalDly be sa£e to, ascribe' this difference to the' effect of the 
longer period of* teaching, during which the predominant^ emphasis was on 
addition and subtra(!:tipn» ^' » a . " « 

^* It' IS interegting^'to note the differences in preferences fqr the^ . 
horizontal over the vertical form of wr.itiAg sentences. For the expected 
responses, the following are the^ percents of children who .used the ^ 
horizontal form (the "keyed" response is taken ^6 beilOO%). 

* Episode ' ^ first graders ^^ ' second gra'ders 

1 . . 50% . ' « * 48%^ 

,p2. , " 50% 81%* 

3 ji. .1 58% . 81% 

• ^ 4 ' ' 55% . 84% 



8tl% 



88% 



75% 



93% 



The second graders' greater preference for the horizontal fom (except 

for* Episode 1) can probably also be attributed to instruction; at that 

particular school the horizQnta^ form Was used mo^e frequently than the 
vertical form. \ 

The construction of Episodes 7 and 8 was motivated ^y the investigiaj- 
tions of children's conoepfjuf Equality, djfscussed ,in other PMDC 
puKlications^ . " The crucial obseryatiorl jnade in thos,e investigations was 
that first and second g:(;aders' reject the equality form a = b c ^s being' . 
*'wrong" and "backward." The author attempted to cpnstruct a dynamic 
situation with manipulatives which might suggest, to children this sentence 
•form.^ The otj^ous manipplation seemed to be a motion separa^ting simulta- 
neously a set of objects into two subsets. • From the following results, it 
is seen that the intended interpretation did not take place. It seems that 
the sentence fopn a'+b = c or a-b=. cis so' strongly imbedded in 
children's thinking, that they employ these forms to the explusion of others 
in interpreting actions upon objects. 

The following results' were obtained for the last two episodes: 

Episode 7 . Six blocks, foiir and two separated 



• 


" First grader,s 


Second graders 


6-2=4 


41% 


24% 




9% 

% 14% 


16% 


6 ^ 0'= 6 
6-4=2 


• 7% 


0% 

ts 


' 12% 


other 


36% 


40% 


Episode 8. Seven blocks, 


one and six ^s^parated 




^7-1 = 6 


• 27% 


^ 44% 


7 -'7 = 0 


9% 


8% 




c 




7-0=7 


14% 


0% ^ ' ' 


.7-6=1 


5% 


;6% " 


other 


45% 


32% 




e 





3Behr, M*. , S Erlwanger , and E. Nichols. Hew Children View Equality 
"sentences '(PMDC Technical Report No. 3) ; and T. Denmark, E. Barco, and 
tr. Voran. Fyial Report— A Teaching Experiment on Equality. Tallahas- 
see, Florida': Florida State -University, 



1976. 



The^ complete abstinei^e' fro.m writing the fo^ a = b +-c sh8uld be 
investigated further*. Altho\!igh children reject^ it as "wrong" and "backvjard," 
one might ^con^truct' an* experiment in which children could be entiped into 
.pretending .that a sentence like 6 = 4 + 2 is alright anci then asked tcJ tell • 
a story about real objects •whith would fit this sentence. It would be 
important to search fdr mocjels which seem sensible to children and which 
promote the concept of equality as an equivalence rela1;ion .rather than as 
an' operator. A .^tudy carried out by Coleen .Frazer^ points out that even 
college , students do not. possess an operational concept of the symmet^ric 
property of equality. The ability of an individual to accept, with great 
e^se, the symmetric and possibly other properties of equality, does not 
ne9essarily mean that this ii^ividual is able to work with equal success ^ \ 
with the two symmetric /orms , ... v."*"''' ^ ' ^ 

This exploratory experimentl suggested that children begin very early in 
their school days to formulate mental constructs about the very crucial 
concept of equality and this particular construct, possibly extremely 
inadequate, might persist 'throughout^ the -l^ater years. 

* Our informal observation of. second graders^ whose teacher taught the , 
children to use the phrase "is the same a's" ^for th^ symbol "=" suggested 
that this phrase, rather than "is equal to" might be more conducive to 
children's mental construct of equality as a relation. * ^ 

If one accepts *he thesis that young children should indeed perceive 
mathematics as an "action" subject and that the primary goal should be to 
ceach these children how to do mathematics and, furthermore, if one would 
want the symbolism to be isomorphic to students' thinking about t^e actions 
suggested by^^he synibols, then the conventional use of the equality symbol 
is inadequate.. More than that, this use is contrary to children's percep- 
tions. The $ymbol, which Vould be consistent with children's percef)tion of 
matheinatical o'perat ions 'would have to be a non-syiranetrio , one-way symbol. 
For example, the' symbol — > in (4' + 3) — ^ 7 would more closely correspond' 
to .how first and second graders think about addition. It would suggest- that 
adding 4 and 3 results ip 7. The same symbols in 7 — (4 + 3) should' then 
possibly suggest separating 7 into 4 and 3. The latter situation, however, 
raises^ the quSbstion about the use of the addition symbol :> is it really 

analogous to the operation, expressed in (4 + 3) ^ 7, as the child 

perceives it? Perhaps separation of 7 into 4 a^id 3 would be more adequately 
expressed by 7 — > (4, 3) and corresponding action^'on objects perfoirmed in 
' such a way that 7 ^ (4, 3> would-be different from <I ^ (3, 4). 

.This investigation suggests that the sentences (3 + 4)* — =^ 7 and 
Tv^^-- — > (3 + 4) portray non-symmetric situations , as children perceive them, 
thus suggesting that the equality symbol, intended to have, the symmetric 
property, is ..not the most appropriate one to use. 

The matter of equality and' the basic operations .is central to the 
elementary school ma telematics curriculum and beyond. The investigation 

• • ' . . . . ■ > ■ 

4Frazer, C. D. "Abilities of College Students to Involve Symn/etry of Equality 
With Applications of Mathematical Generalizations," Florida State University, 
Tallahassee, Florida, 1976. « 
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described in this paper is only a beginning of the kind of research .that 
should continue. The main* goalT^f the research should be to understand 
how children, as a result of their early experiences with mathematics, > come 
to fojfmuiate mental constx'ucts which possibly dominate thear * thinking, for 
a lona time- 
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ISSUES ARISING ON THE USE OF HAND-HELD, CALCULATORS IN SCHOOLS 

^ ' by rat an D'Ambrosio 

Most of the objections to the use oS hand-held calculators 
(HHC) in- schools luay be grouped into three ^main issues : 

Ist: HHC v;ill block reasoning and will make individuals 

xnentally slow? 
2nd: the use of HHC will make individuals dependent ^on 
( the machine, and th,e absence of ±t will be a handicap 

for daily needs; . - - ^ 

3rd: HHC will broaden the gap between rich and poor, ^ 

developed and underdeveloped nations. 

V 

This talk will be addressed to questions derived from the 
three issues above.' No doubt, there* are fundamental questions which 
jnay be inserted in the very iirportant branch of WHY's*in education .A 
further question, obviously depending on the one just, raised, is HOW 
We will touch only brief ly thfe question of "HOW" to use HHC. The WHY 
question deeply relies on phi losophica.1 considerations relating .. to 
the overall goals and objectives of mathematical education, and its 
4Uiderlying philosophy is present in the paper. We refer to [l] or 
to [2] , for an expanded version. The second question, -related to 
•HOW" to use HHC, is the subject of much ongoing research and will 
obviously have a dynamic character, depending on the adopted philo - 
Bdphy of education, in particular ^pf mathematical education, on accept 
ed societal goals, .and on technological advance. Anyhow, we will 
9ive a few examples on specific uses of HHC, as well as on some oh- 
going projects, and also reference sources. 
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-Let lis address initially to the first and second 'objections, 
which are closeAy reflated. A Brazilian colleague of mine once said 
that "if a child forgets its calculator at home, it will forgets its / 
head". As a preliminary, I must say that this is not the conception/ 
I have of the power cind, potential df a child's Jiead. What, indeed qajx 
be said of the powdr and functipnihg of a child's mind? Not goin^ ' 
into an "alm(i>st' endless dlscuss,ion of the process of reasoning and 
creativity. We can bpriefly say that HHC reproduces, in very i^h- 
sophisticatel^ and crude way, some of the'tasic operative functions op 
the braj/n* 

Iri^'SeviBral instances,, inventions which are ,^ in a sense, similar 
to that of .HHa, have''caused impact and reaction.,' We might- give' the 

i^"rd~To Pla-to,\in his Phaiedrus^ , which jdescrlrb^s a conversatiron 

between the yoVg King ^heuth and the good. old King Thamus, of Egypt, 
on^the subject bf the invention ' of writing. "The. old King denn ounce d 
it as a danger for' civilization sayi*ng that ^ildren an'd young 
people, who used\ to apBly- themselves to learn and detain whatever was 

'taught them, woui^d iiow cease to exercise the±5 melnaoyies aridoDnseqi:ently^ 

\ ' . ' ■ ' \ ^ ' 

would be less dil~l§ent and capab'le.. 

\ — . ^ <. ^ 

Similar citWtions could be mentioned. - Probably, the mo'st strik 

ing is the rationale" of G,W. Leibniz, about his calculating machine\.In 
fact/ the operational ^oncept in mathematics is a recent fact, airect 
cx)ns<^quence .of the invention of arable algarisms , which by no means re 
present the. essence 6f mathefnatics , and its inclusion in a^ course of 
gei?eral studies is ev^n more recent^ which was. amply discussed in [2]. 
For long, m"anipulation\ of operations had been a merely mechanical 
ability, done with- the \^d o'f ^^nstruments - or fingers and hands, recent 
ly replace'^d by , the mech^ical use of Afabi c^ algarisms and positional - 
^notation.. In , other word^ , this is a nvere mechanization of the structu 
rewhich is the basis of positional numeric systems. Indeed, quantita- 
tive considerations, which carry the meaning "of precise counting only 



\ 
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up^to lower . two-digit numbexs , are always an attribute of qualita ^ 
tive ' analysis . Linguistic con si die rations are illustrative - of 
thi-sV We men'tion, in' particular, the recent works "on the Inca 
"quipus", carriec^ on by rMarcia^ and Robert As^her \i\ f which 
imply a strong attribute aspect to quantit^tj.ve aspects of a 
discourse.' • - " f. ^ ' . ' 

*- We regard the process of mentalization^ of reality in- the ' 
following sinplifiqd scheme: 




OF hjXLLh'SU OTIP 




f situation) 

( PnODI^M J 



I solution) r^'POBLEX / 



.souTriaJ^P-'''-*^^^"^ 




OF REAL^pj^^.^j^,^ j 



We agree with Rene Thom's' description of mathematics as a 
finer language than natural lan-gjlage to describe, -re'ali-ty.^ ^ 
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As inentioneci before, and .anthropologi cal research reinforces this 
view/ nuinbers appear with the precision of iinits only in the lower 
, range. Exemplifying, no one, with the exception- of children doing 
6cxercises and exames in arithinetics , and o& machines, ever use? 
numbers like "1,432,173". When someone needs these ^numbers , which • 
Qccur in very specific bra^iches of activitie^s, they are dealt with 
by mechanical means, be it with the- recent electronic equiprtfent or 
the iTBchanical heavy machines of the turn of the century. Mean 
while, the needed arid important capeibility of "wise and experien^&d" 
men, which call for goo'd quonti tative- evaluation , has been entirely 
siibdued by the false importan.pe of calculations precise to the unit. 
It would l:)e- Useles,s ^o repeat examples of school failure in mathe 

matics which coulci be avoided by a minimal amount of quantitative 

/ " ' ' ' ^ . 

common sense. This quantitative -common sense has been^ almost im- 

possible to achie/ve due to overburdened emphasis* on merely mechanic^ 
al abilities , .which undoubtedly do not* represent the potential of 
the human mind. / The' overall and generalized Tise of HHC will proba- 
bly make-'^man less, concerned with detail^s of "precision 'to the unit"^ 
and more conce^fned with global quantitative evaluation.' 0^ course, - 
in son^ - a few - instances, precision to the unit may be desirable* 
•Then, a HHC or eve^ a larger machine will bfs needed *and * properly 
used.* 

This brings us to the second iss^e. ^ The dependence on* the 
machine* is, indeed, a false issue. The argument between .Kin gs_T!:euth 
and Thcimus could be reproduced in ' practically . every ^noment when ^ a • 
,iiew invention is put into practice. It is remarkable the fact that 
Arabic algarisms were forbidden by legal edicts in -Florence in the 
close *of the XIII century, -and I myself remember that when ballpoint 
pens were int'roduced, we wer;e not allowed to .use^ them, otherwise our. 
handwriting would tje spoiled to the point that we* would be unable to 
write in an intelligent way. Probably, when w'rist watchers we^re ^^r 
Vfented, people would o'^'ject, saying that "the moment your watches breaks. 



you will be unable to distinguish sunrise from' sunset" . The old" 
always rejects the .new. This rejection is p.robably the inost acti\e . 
force against the absolutely needfed dynamical character which should 

prevail. in the educational process. , ' i • ^ ' ' 

' "» " . ' . ^ ' ' ' * 

In fact/ we brought to^Biscussion a • good, comparative -exanple- • 
for the issue ©f preci^SS^counting. Although in sojrfie daiiy^^pr^actices , 
precise timimg is needed, and appropriate , chronological devices are 
us^d, for most of our routine activities unprecise . an'd ^yen intuitive 
time measurement are satisfactory. No one would dare to, say he is 
sleeping i-n daytime for the reasoR his watch is not* workih^l As we' 
said before, *the overall and generalized use .of HHC '«^iir have the, ef- 
fect.^of changin^the forces from "precision tt)* the., uni.^" to global 
quantitative evaluation. ^ HHC will always be* available, to S'Omeone., 
and with the *same ease that w^ borrow *a pen from a col^league when we • 
forget ours, 9r we a'S^c a passerby -i^n .th4 Vtre^t *\W}iat' time is it?", we 
will be ^able to remedy the^ situation of not havrng a HHC. at hand when 
need is felt. It is remark^le to notige the drop in the price .0;f 
HHC. ; They are cheaper thari books: .indeed the cost of a low cost model 
of HHC ,goes in the largest part to commercifiai zation'. ^ 

We, now. come 'to discuss* the v.ery important -iss-u^ of y?hat influ 
ence yeill HHC have in soci al* unbalance ^ which preyaiVin most countries, 
aryj whkch 'seems to resist educational efforts. And also abt>ut the 
urgent 'need of bridging the gap between developed and underdeveloped 
countries*. . ' - * * - ^ 

In both .cases , the local social 'unbalance or the global world 
desequilibrium betv^een "haves" and "have nots" dan be ^ ' challenged 
only by eliminating the striki?ig difference^ 'between avail^le basic^ 
"equipment and abilities. This is the rationale ft^l lowed by training 
programs^-/ this was the ' ra^ionalef behinc^ schoo:|c systems .set up 'b$^ the 
declining'^ aristocr^acy to meet the 'challenge of the professiohbl guilds, 
.Qnd this i-s' tbe rationale for underdeveloped" count ri/2s investing most 
of theiir human^ and material resources in education. For more dis 



cussiop on this we refer tD f2] . indeed, ^he Objective ol ^ all ' 
th^se prpgrams is to prepare generations to compete with adfeqpate * 
abilities and tools. This competition, understood^in itfe fcroad 
and global aspect, is the. ultima,te goal of an evolving society*, 
in its full' c&nception. Be it a lower class family with Jiopes of 
their children having better profession»'al opportunities, be it 
an underdeveloped!" nation trying to deal and tr^de wi'th developed 
nations iD more Signifying circunstances . In both cases, Tt is 
necessary that the challenger be fully prepared to' deal witb the 
estciblislied structure, .and "if riot in possession- -of the full eqiij-g^ 
nveftt, certainly knowing how effectively powerful this equipment 
i-s. By re j'ecting ^phistication in education With the argup[)ent of 
/'this is costly'* or "we are not*yet ready .for this", socially m 
pifiviieged classes or less developed nations'- risk perp'e'tuating, 
through the ec^ucational 'system a '^"status quo" which • .thpy - ^ must 
change.The opp-ressive pbv/er oS "an absent electronic br^in", is * 
much more effective, then the debts Which might result from learn 
ing that there is not such a thing 1 , . 

Probably, the young boy' in a Peruvian village who, *^afte:f 
much' effort, learned how to do arithmetic with paper and pencil, / 
goes* for a job in a ci^y , an'd sees the 'boss pressing a few buttons 
and ^getting , the results out of that "'electronic" brain" , will ex 
perlence the same sensa1:ion as hig ances^ter v/arriors wfeio- met the 
gigantic arfabui;ed complexes of "Spaniards on Ji or ses " . ^ They were 
regarded as single -entitle^ I* * ^ ' * 

To i^ntroduce HHC'in a-schopl system is- much 'more ^-matter- 
of attitude/ and the understandable and expected reaction to its 
use must be faced. .This can be minimized if HHC i's allqwed - Jto 
come into use, rather than forced upon a school systenU- .Several 
strategies irtay be adapted. A rather successful one is to . bring 
them into playing an- important^ role In teacher training, through 
modelling courses. See, for example - [4] and [s] . HHC must be 
brought into a usfeful device for daily practices. Once the teac^ier 
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is "liberated" froin prejudices and fear of HHC "spoilihg« minds"^ 
the acceptance of 'the instrument as- a companion in daily practices 
will be^<conveyed to children. At the same time, evidence of. rather 
immediate advantageous results of tjie use of HHC in schools may be ^ 
an important^ factor. Research, projects on HHC, conducted* in schools, 
have the advar>tage ^of showing such ^results . Rather than the results 
of the ^research in iself, the main goal is to bring .awareness to 
the' use of -HHC. In- the Institute of Mathemati cs , Statistics and 
computer Science ^of the.^ State University of Campinas, 'we conduct a 
chain of research pro jects , 'in classes ^of. 30 to 40 students, in 
various levels of schooling. 

6ne typical project is being conducted in a lov/er income - 
private school in the city of Campinas. -A class-room* of 45 students ^ 
at thfe 7th yeai: of Primary School (14 years Old) is divided* into 
groups of^ 15 st*udents. Group A has 'no access to machines', Grpup B 
- has limited access to machines (during class perio'd) and Group C 
"has'^-total access to the machines ( taking them home) . Classes are 

• conducted in the usual way, with the normal prog ram .-No change in the.' 
attitude of the instructor' nor in the choice-of curri cular material , 
examples or home work. Three tests are given with intervals of one 
week', with the same kin4 of exercises and problems. The attitude of 
the student is observed and compared, in the course of the experi - 

ments . . ' . , 

.Although the programatic material is not prepared for the 
utilization of HHC resources, the general attitude of the student 
should be affected, in the sense of giving him better and more 
■^adequate methodology .for .the utilization of ^hat we have called 

• *av8ciliary equipment", .fhis easines's is dealing with equipment in 
the analysis of re'al world problemsi^ or situations is the goal we 
hope to attain with the use of HHC. . « 

In dealing with Mat^hematical Modelling, the use of HHC may 
bridge the gap between Mathematics and Appli cations , at an- early 
stage. Concepts of the Calculus, like limits, derivatives and ap- 



proximations 'find, ^in the 'use .of HHC a 'natural vehicle for. rather, 
immediate applications. Model bnilding, previously largely • re- 
strained to finite mathematics, has the possibility of reaching, 
through numerical manipulations , continuous phenomena. A few. ele- 
mentary examples are discussed in [4] and . [s] . 

Furthermore, plausible reasoning, as presented by G.Pol$ra , 
can be conveniently adapted to bring up a full understanding of 
hypothesis forming, in' the very essence of the axiomatics method'.In 
fact, borrowing from an example am^ly dis'gussed' in fSJ , we may 
present, through HHC, the full "men tali 2 ati on" of ' analysis arid' so- 
lution of real problem situations'., .Starting with the example' of a 
life-saver which has to reach a swimmer in trouble in a beach resort, 
we are able to, build up the entire process of formulating hypotheses 
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which ate approximations of a real situation. To'^bring *the situation 
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> from tHe picture onr thd'^left to'^the diagram on the' ri.ght represents 
the very essence of modelling. After thi§; the use of HHC shows, by 
^iimple computations involvi*ng solvition of right tri'^angles , through" 

> ' Pythagoras' theorem) that the solution of -the problem of minimal path 
i Is indeed a broken line. "The location of the point to "enter into 

£he 'water" is found through a nesting interval technique •Thi^ ex - 
^mple puts into effective combination, both the very deep ' conceptual 
approach of axiomatics^ regarded as -a modelling of natural phenom.8n& 
in the pure'^t line of thought of Euclid, Nev/ton, and others, and the 
use of numerical me-thods as a tool for the analysis of the same natu 
zral phenomenum modelled into a mathematical problem. 

A la,rger number of e.xamples like the one just described, 
always close to the' reality in which the educational process is faking 
place, will' enable HHC to find its meaningful use in matbemati^cal 
pducati'on. When we say reality v/e "inply cultural and ,3ociologi<^^ 
framework ; *built up in an appropriate motivation fo;: the age grp^up - 
in which the educational experierjce is taking -place . And when we. say 
meaningful use iri mathematical education , we mean HHC used not merely 
as a tool for doing less fainfull^^ r^aningless computations, but as 
a conpanion which can make possible through quantitative manipulation 
the mathematical analysis of natural phenomena, thus enheincing mathe 
matics in its p^x>per place among ^ the sciences. 

Summing up; the use of HHC will ^llow for the never before 
experienced power of employing numbers in model'ling rpal problems 
situations and reaching their understanding. 
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